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PREFACE. 

This  work  contains  elementary  proofs  of  the  principal 
properties  of  Conies,  and  is  intended  for  students  who 
proceed  to  the  study  of  the  subject  after  finishing  the 
first  six  books  of  Euclid :  the  curves  have  not,  therefore, 
been  defined  as  the  sections  of  a  cone,  although  that 
method  has  the  sanction  of  history  and  antiquity  in  its 
favour ;  and  for  the  same  reason,  no  use  has  been  made 
of  the  method  of  projections. 

As  regards  the  arrangement  of  the  subject,  I  have 
thought  it  best  to  devote  separate  chapters  to  the  para- 
bola, the  ellipse,  and  the  h}^erbola.  The  plan  of  starting 
with  a  chapter  on  general  conies,  in  which  some  funda- 
mental propositions  are  proved  by  methods  applicable 
to  all  the  three  curves,  has  no  doubt  the  advantage  of 
securing  an  appearance  of  brevity.  But,  I  believe,  be- 
ginners find  the  subject  more  iatelligible  when  the  pro- 
perties of  the  three  cur\'e.s  are  discussed  separately. 
Besides,  in  the  other  method  students,  and  even  writers 
of  text-books,  are  apt  to  overlook  the  necessity  of 
modifying  an  argument  on  account  of  the  fundamental 
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difference  in  the  figures  of  the  several  curves ;  see,  for 
instance,  Chap.  II,,  Prop,  x.,  and  Chap.  III.,  Prop,  ix., 
which  are  ordinarily  proved  by  identically  the  same 
argument.  Also,  as  the  properties  of  the  hyperbola  are 
proved,  wherever  possible,  by  the  same  methods  as  the 
corresponding  properties  of  the  ellipse,  it  is  obvious  that 
this  arrangement  does  not  tend  to  increase  the  work  of 
the  student. 

As  to  the  propositions  included  in  each  chapter  and 
their  sequence,  I  have  not  been  able  to  adopt  wholly  the 
scheme  of  any  previous  writer;  but  I  venture  to  hope 
that  the  book  includes  all  the  classical  propositions  on 
the  subject,  arranged  in  their  proper  logical  order. 
Every  attempt  has  been  made  to  render  the  proofs 
simple  and  easily  intelligible,  though  I  have  never  sacri- 
ficed accuracy  to  brevity.  Thus,  for  instance,  I  have 
not  followed  the  practice  of  referring  to  a  proposition 
when  the  truth  of  its  converse  is  really  assumed — a 
practice  which  has,  in  at  least  one  instance,  led  to  a 
remarkable  error  in  the  treatment  of  conjugate  dia- 
meters in  a  famous  text-book.  Nor  have  I  attempted 
to  secure  a  fictitious  appearance  of  conciseness  by  adding 
to  each  proposition  a  list  of  corollaries  by  no  means  less 
important  than  the  proposition  itself,  and  freely  using 
them  for  the  purpose  of  deducing  subsequent  proposi- 
tions. 

The  exercises,  of  which  there  are  about  eight  hundred, 
have  been  selected  with  great  care ;  more  than  six  hun- 
dred of  these  are  placed  under  the  different  propositions 
from  which  they  may  be  deduced ;  they  are  for  the  most 


PREFACE. 


Vll 


part  of  an  elementary  character,  and  have  been  carefully 
graduated.  Hints  and  solutions  have  been  liberally 
added,  and  these,  it  is  hoped,  will  prove  materially 
helpful  to  the  student,  and  render  the  subject  attractive. 
The  attention  of  the  student  has  also  been  directed  to 
various  methods  of  graphically  describing  the  curves, 
including  those  used  in  practice  by  draughtsmen,  and 
some  very  neat  problems  have  been  added  from  Newton, 
Book  I.,  Sections  iv.  and  v. 

At  the  end  of  the  table  of  contents  will  be  found  a 
course  of  reading  suitable  for  beginners. 

Calcutta, 
19/A  April,  1893. 
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GEOMETRY   OF    CONICS. 


INTRODUCTION. 

A  (jONic  is  a  curve  traced  by  a  point  which  moves  in  a 
plane  containing  a  fixed  point  and  a  fixed  straight  line, 
in  such  a  way  that  its  distance  from  the  fixed  point  is  in 
a  constant  ratio  to  its  perpendicular  distance  from  the 
fixed  straight  line. 

The  fixed  point  is  called  the  Focus. 

The  fixed  straight  line  is  called  the  Dieectrix. 

The  constant  ratio  is  called  the  Eccentbicity,  and  is 
usually  represented  by  the  letter  e. 

When  the  eccentricity  is  equal  to  unity,  the  Conic  is 
called  a  Parabola  (e=l). 

When  the  eccentricity  is  less  than  unity,  the  Conic  is 
called  an  Ellipse  (e  <  1). 

When  the  eccentricity  is  greater  than  unity,  the  Conic 
is  called  a  Hyperbola  (^  >  1). 

The  straight  line  drawn  through  the  focus  perpen- 
dicular to  the  directrix  is  called  the  Axis  of  the  Conic. 

The  point  (or  points)  in  which  the  axis  intersects  the 
Conic  is  called  the  Vertex. 

The  Conies  are  so  called  from  the  circumstance  that  thej  are, 
and  were  originaUj  studied  as,  the  plane  sections  of  the  surface 
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of  a  right  circular  cone,  which  is  a  surface  formed  by  the  revol- 
ution of  a  right-angled  triangle  about  one  of  its  sides.  This 
conception  does  not  lead  to  the  simplest  way  of  investigating 
the  properties  of  Conies,  as  it  necessitates  a  knowledge  of  the 
geometry  of  solids.  In  order  to  restrict  the  discussion  of  these 
curves  to  the  domain  of  plane  geometry,  they  have  been  defined 
as  above. 

The  Conies  are  said  to  have  been  discovered  by  Menaechmus, 
a  Greek  mathematician  who  flourished  about  B.C.  350,  and  were 
accordingly  called  after  him  the  "  Menaechmian  Triads.^'  They 
were  first  systematically  studied  by  Apollonius  of  Perga  (b.c. 
247-206). 


CHAPTER  I. 

THE   PARABOLA. 

DESCEIPTION  OF  THE   CURVE. 

We  have  seen  that  the  eccentricity  of  the  parabola  is 
unity,  that  is,  the  distance  of  any  point  on  it  from  the 
focus  is  equal  to  its  perpendicular  distance  from  the 
directrix. 

The  parabola  may  be  mechanically  constructed  in  the 
following  manner. 


Let  /S  be  the  focus  and  MX  the  directrix  ;  and  let  a 
rigid  bar  KMQ,  of  which  the  portions  KM  and  MQ  are 
at  right  angles  to  each  other,  having  a  string  of  the  same 
length  as  MQ,  fastened  at  the  end  Q,  be  made  to  slide 
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parallel  to  the  axis  SX  with  the  end  M  on  the  directrix ; 
then  if  the  other  end  of  the  string  be  fastened  at  the 
focus  S,  and  the  string  be  kept  stretched  by  means  of 
the  point  of  a  pencil  at  P,  in  contact  with  the  bar,  it 
is  evident  that  the  point  P  will  trace  out  a  parabola, 
since  SP  is  always  equal  to  PM. 

Ex.  A  point  moves  so  that  the  sum  of  its  distances  from  a 
fixed  point  and  a  fixed  straight  line  is  constant.  Show  that  it 
describes  a  parabola. 

In  the  above  figure,  the  siun  of  the  distances  of  P  from  S  and 
the  straight  line  tlirough  Q  parallel  to  XK  is  evidently  constant. 

Proposition  I. 

Given  the  focus  and  the  directrix  of  a  parabola,  to 
determine  any  nuwher  of  points  on  it. 


Let  S  be  the  focus  and  MXM'  the  directrix.  Through 
S  draw  ^X  perpendicular  to  the  directrix,  and  bisect  SX 
in  A  ;  then  ^  is  a  point  on  the  parabola,  since  8A=AX. 

Take  any  point  N  in  SX  or  SX  produced.  Through 
F  draw  PNP'  perpendicular  to  XN )  with  centre  /Si  and 
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radins  equal  to  XN,  describe  a  circle  cutting  PNP'  at  P 
and  P' ;  then  P  and  P'  shall  be  points  on  the  parabola. 

Draw  PM  and  P'lT  perpendicular  to  the  directrix. 

Then  PS^JlIv',  by  construction,  and  PM=XN,  being 
opposite  sides  of  a  rectangle ;  therefore  PS=PJI.  Simi- 
larly it  may  be  shown  that  FS=P'M'.  Therefore  P  and 
P'  are  points  on  the  parabola. 

In  like  manner,  by  taking  any  other  point  in  SX,  any 
number  of  points  on  the  curve  may  be  determined. 

Ex.  1.     The  parabola  is  svmmetrical  with  respect  to  its  axis. 
This  follows  from  the  fact  that  PF  is  bisected  at  right  angles 

De£  A  curve  ls  said  to  be  symmetrical  luith  respect 
to  a  straight  line,  if,  corresponding  to  any  point  on  the 
curve,  there  is  another  point  on  the  curve  on  the  other 
side  of  the  straight  line,  such  that  the  chord  joining  them 
is  bisected  at  right  angles  by  the  straight  lin& 

Ex.  2.  Alternative  Cojutructum — Join  the  f  ocas  S  to  any  point 
Mon  the  directrix  ;  draw  JfP  at  right  angles  to  the  directrix,  and 
make  the  angle  MSP  equal  to  the  angle  SMP.  P  is  a  point  on 
the  parabola. 

Ex.  3.  Alternative  Construction. — Bisect  SM  in  E,  and  draw 
EP  perpendicidar  to  SM,  meeting  MP  in  P.  P  is  a  point  on  the 
parabola. 

For  another  construction,  see  Prop.  X.,  Ex.  3. 

Ex.  4.  Describe  a  parabola  of  which  the  focus  and  vertex  are 
given. 

Ex.  5.  Given  the  focus  S,  and  two  points  P,  Q  on  the  parabola, 
construct  it. 

The  directrix  will  be  a  common  tangent  to  the  two  circles 
described,  with  centres  P,  Q  and  radii  SP,  SQ  respectively. 

Ex.  6.  The  distance  of  any  point  inside  the  parabola  from  the 
focus  is  less  than  its  distance  from  the  directrix. 

Ex.  7.  The  distance  of  any  point  outside  the  parabola  from  the 
focus  is  greater  than  its  distance  from  the  directrix. 

Ex.  8.  A  straight  line  parallel  to  the  axis  of  a  parabola  meets 
the  curve  in  one  point  only. 

Ex.  9.     There  is  no  limit  to  the  distance  to  which  the  parabola 
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may  extend  on  both  sides  of  the  axis,  so  that  the  parabola  is  not 
a  dosed  curve. 

It  is  obvious  that  the  point  If  may  be  taken  ani/where  on  the 
axis. 

Ex.  10.  Any  two  right  lines  drawn  from  the  focus  to  the  curve 
on  opposite  sides  of  the  axis,  and  equally  inclined  to  it,  are  equal ; 
and  conversely. 

Ex.  11.  If  S3f  meets  in  T  the  straight  line  drawn  through  A 
perpendicular  to  the  axis,  SY=FJI,  and  FY  is  at  right  angles  to 
SM  and  bisects  the  angle  SPM. 

Ex.  12.  If  SZ  is  drawn  at  right  angles  to  SP  to  meet  the 
directrix  in  Z,  PZ  bisects  the  angle  SPM. 

Ex.  13.  PSp  is  a  right  line  passing  through  the  focus  and 
meeting  the  parabola  in  P  and  'p.  PM  and  pm  are  perpendicular 
to  the  directrix.     Show  that  MHm  is  a  right  angle. 

Ex.  14.  The  locus  of  the  centre  of  a  circle  which  passes  through 
a  given  point  and  touches  a  given  straight  line  is  a  parabola. 

Ex.  15.  The  locus  of  the  centre  of  a  circle  which  touches  a 
given  circle  and  a  given  straight  line  is  a  parabola. 

The  focus  is  the  centre  of  the  given  circle,  and  the  directrix  a 
right  line  parallel  to  the  given  one  at  a  distance  from  it  equal  to 
the  radius  of  the  given  circle. 

Ex.  16.  P&p  is  a  straight  line  through  the  focus  S,  cutting  the 
parabola  in  P  and  p.  PN,  pn  are  drawn  at  right  angles  to  the 
axis.     Prove  that  AIf.An  =  AS^. 

Ex.  17.  Given  the  directrix  and  two  points  on  the  curve, 
construct  it.  Show  that,  in  general,  two  parabolas  satisfy  the 
conditions. 

Ex.  18.  If  from  a  point  P  of  a  circle,  PC  be  drawn  to  the 
centre  C,  and  E  be  the  middle  point  of  the  chord  PQ  drawn 
parallel  to  a  fixed  diameter  ACB ;  then  the  locus  of  the  inter- 
section of  CP  and  AR  is  &  parabola. 

The  focus  will  be  at  C,  and  the  directrix  will  be  the  tangent  to 
the  circle  at  A. 


PROPERTIES   OF  CHORDS. 

Def.  The  chord  (QQ')  of  a  conic  is  the  finite  straight 
line  joining  any  two  points  (Q,  Q')  on  the  curve. 

Def.  A  focal  chord  (PSp)  is  any  chord  drawn  through 
the  focus  (S). 

Def.  The  latus  rectum  (LL')  of  a  conic  is  the  focal 
chord  drawn  at  right  angles  to  the  axis. 
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Def.  The  focal  distance  (SP)  of  a  point  (P)  on  a  conic 
is  its  distance  from  the  focus. 

Def.  The  ordinate  (PJS)  of  a  point  (P)  on  a  conic  is 
the  perpendicular  from  the  point  on  the  axis. 

Def.  The  abscis-sa  (AX)  of  a  point  (P)  on  a  parabola, 
with  respect  to  the  axis,  is  the  portion  of  the  axis  be- 
tween the  vertex  and  the  ordinate  of  the  point 

Proposition  II. 

The  lotus  rectum,  of  a  'parabola  is  equal  to  four  tiTnes 
the  distaTice  of  the  focus  from  the  vertex  (LL'  =  -iAS). 


Let  LSL'  be  the  latus  rectum.    Draw  LM  perpendicular 
to  the  directrix. 

Since  the  parabola  is  symmetrical,  with  respect  to  the 
axis,  LS=L'S.     Therefore 

Lr=2LS=2L.V=  2XS=  4AS. 

Ex.  1.     Find  a  double  ordinate  of  a  parabola  which  shall  be 
double  the  latus  rectum. 
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Ex.  2.  The  radius  of  the  circle  described  about  the  triangle 
LAL'—^  latiis  rectum. 

Ex.  3.  Find  the  point  0  in  a  given  ordinate  PJV,  such  that  OR 
being  drawn  parallel  to  the  axis  to  meet  the  curve  in  R,  0N+  OR 
may  be  the  greatest  possible.     [OiV'=2.4*S^.] 

*  Proposition  III. 

Any  focal  chord  of  a  'parabola  is  divided  harmoni- 
cally by  the  curve,  the  focus,  and  the  directrix. 

Def.     A  straight  line  .45  is  said  to  be  divided  har- 
monically in  0  and  0',if  it  is  divided  internally  in  0  and 
externally  in  0',  in  the  same  ratio,  that  is,  if 
AO:OB  =  AO':0'B. 


Produce  the  focal  chord  PSp  to  meet  the  directrix  in  D, 
and  draw  PM,pni  from  P,  p,  perpendicular  to  the  directrix. 

Then,  from  the  similar  triangles  DMP,  Dmp, 
PD:pD  =  PM:pm. 

But  PM=  PS,  and  pm  =  pS. 

Therefore  PD:pD  =  PS:  pS. 

Hence  Pp  is  divided  harmonically  in  S  and  D. 
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Ex.1.    Prove  th.tj^+Jg=^. 
Ex.2.    I^vethat^+^=^. 


Ex.  3.  The  semi-latus  rectmn  is  a  harmonic  means  between 
the  two  segments  of  any  focal  chord  of  a  parabola. 

Ex.  4.  Focal  chords  of  a  parabola  are  to  one  another  as  the 
rectangles  contained  bj  their  segments. 


Proposition  IV. 

TTie  square  of  the  <yrdinate  of  any  point  on  a  'para- 
bola is  equal  to  the  rectangle  contained  by  the  lotus 
rectum,  and  the  abscissa  (PiV^  =  4J./S>.  AIT). 


Draw  PJ/  perpendicular  to  the  directrix,  and  join  SP. 
Then,  because  XS  is  bisected  in  A  and  produced  to  N, 
NT"  =  SN^+^AS .  AN.  [Euc.  II.  8. 

But  NX  =  PM=8P. 

Therefore  NX''  =  SP^  =  SN^+PN^.  [Euc.  1. 47- 

Therefore  PN^-  =  -iAS .  AX. 
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Ex.  1.  If  PL  be  drawn  at  right  angles  to  AP,  meeting  the  axis 
in  L,  NL  is  always  equal  to  the  latiis  rectum. 

Ex.  2.  If  a  circle  be  described  about  the  triangle  SPN,  the  tan- 
gent to  it  from  A  =\PK. 

Ex.  3.  A  straight  line  parallel  to  the  axis  bisects  PN,  and  meets 
the  curve  in  Q  ;  NQ  meets  a  line  through  A  at  right  angles  to  the 
axis,  in  T.     Prove  that  3^1  T==  2 .  PN. 

Ex.  4.  If  SQ  be  parallel  to  AP,  and  QM  be  the  ordinate  of  Q, 
prove  that  SM'^=AM .  AN. 

Ex.  5.     If  0  be  any  point  on  a  double  ordinate  PNP",  and  OQ 
parallel  to  the  axis  meets  the  curve  in  Q,  show  that 
(i.)     0P.0P=4AS.0Q; 
(ii.)    PN:ON=OR:QR. 

Ex.  6.  PNF  is  a  double  ordinate  of  a  parabola.  Through  Q, 
another  point  on  the  curve,  straight  lines  are  drawn,  one  passing 
through  the  vertex,  the  other  parallel  to  the  axis,  cutting  PP  in  I, 
v.     Prove  that  PN^ = Nl .  M. 

Ex.  7.  A  circle  has  its  centre  at  A,  and  its  diameter  is  equal  to 
ZAS.  Show  that  the  common  chord  of  the  circle  and  the  parabola 
bisects  AS. 

Ex.  8.  AP,  BQ  are  two  lines  at  right  angles  to  AB  ;  A  is  joined 
to  any  point  Q  on  BQ  ;  a  point  0  is  taken  on  AQ  such  that  the 
perpendicular  ON  on  AP=BQ.  Prove  that  the  locus  of  0  is  a 
pai'abola.     [Axis,  AP ;  Latus  rectum,  AB.] 

Ex.  9.  PM,  QN  are  the  ordinates  of  the  extremities  of  two 
chords  AP,  AQ  which  are  at  right  angles  to  each  other.  Prove 
that  AM.  4iV=  (Latus  rectum)-. 

Ex.  10.  The  latus  rectum  is  a  mean  proportional  between  the 
double  ordinates  of  the  extremities  of  a  focal  chord.  (See  Prop.  I., 
Ex.  16). 

Ex.  11.  PSp  is  a  focal  chord  ;  prove  that  AP,  Ap  meet  the  latus 
rectum  in  points  whose  focal  distances  are  equal  to  the  ordinates  of 
p  and  P  respectively.     (Apply  Prop.  I.,  Ex.  16.) 

Proposition  Y. 

The  locus  of  the  iniddle  points  of  any  system  of  parallel 
chords  of  a  parabola  is  a  straight  line  parallel  to  the 
aacis. 

Let  QQ'  be  one  of  a  system  of  parallel  chords.  Draw 
QM,   QM   perpendicular   to   the   directrix.      Draw    SY 
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perpendicular  to  QQ',  produce  YS  to  meet  the  directrix 
in  K,  axid  draw  KV  parallel  to  the  axis.  Then  KV  shall 
bisect  QQ'.    3o\ji  KQ,  KQ',  SQ,B.ndi  SQi. 


Then  MK'  =  KQ-  -  MQ'  [Eua  I.  47. 

But  KQ^^KT^+Qir^                 [Euc.1.47. 

and  Q^  =  SY'-  +  QT^.                   [Eua  L  47. 

Therefore  ME^  =  KY^-ST^. 

Similarly  MK^- = KQ'^  -  ^rQ''- 

=  KY^-SY\ 
Therefore  MK=^rK, 

but,  since  KV  is  parallel  to  MQ  and  WQ',  QQ  is  bisected 
at  F. 

Now  QQ'  being  fixed  in  direction  and  KSY  being  per- 
pendicular to  it,  KSYvi  a  fixed  straight  line  and  ^  is  a 
fixed  point.     Therefore  KV,  which  is  parallel  to  the  axis. 
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is   a  fixed   straight  line   bisecting    all    chords    parallel 

to  QQ'. 

Def.    A  diameter  of  any  curve  is  the  locus  of  the 

middle  points  of  a  system  of  parallel  chords  drawn  in 

the  curve. 

It  has  just  been  proved  that  the  diameters  of  a  parabola  are 
straight  lines.  It  will  be  shown  hereafter  that  the  diameters  of  the 
other  conies  are  also  straight  lines.  It  should  be  observed,  however, 
that  a  diameter  is  not  necessarily  a  straight  line  for  all  curves. 

Def.  The  half  chords  (QV,  QfV)  intercepted  between 
the  diameter  and  the  curve,  are  called  the  ordinates  to 
the  diameter. 

Def.  The  abscissa  of  a  point  on  a  parabola  with  re- 
spect to  any  diameter  is  the  portion  of  the  diameter 
intercepted  between  the  ordinate  of  the  point  and  the 
parabola. 

Def.  In  the  parabola,  the  vertex  of  a  diameter  is  the 
point  in  which  it  cuts  the  curve. 

Ex.  1.  The  perpendicular  from  the  focus  upon  a  system  of 
parallel  chords  intersects  the  diameter  bisecting  the  chords  upon 
the  directrix. 

Ex.  2.  If  a  system  of  parallel  chords  make  an  angle  of  45°  with 
the  axis,  their  diameter  passes  through  an  extremity  of  the  latus 
rectum  (see  Prop.  IV.). 

Ex.  3.  A  parabola  being  traced  on  paper,  find  its  focus  and 
directrix. 

The  direction  of  the  axis  is  given  by  the  straight  line  joining 
the  middle  points  of  a  pair  of  parallel  chords.  The  position  of 
the  axis  is  found  by  observing  that  the  middle  point  of  any  chord 
at  right  angles  to  its  direction  lies  on  it.  At  any  point  JV'^on  the 
axis,  draw  a  perpendicular  to  it  NK='2AN.  Join  KA,  cutting 
the  curve  in  L,  which  will  be  an  extremity  of  the  latus  rectum. 

Ex.  4.  The  difference  between  tlie  segments  of  any  focal  chord 
is  equal  to  the  parallel  chord  through  the  vertex. 

Ex.  5.  QSQf  is  a  focal  chord ;  QM,  Q'M'  are  perpendicular  to 
the  axis.  Show  that  MM'  is  equal  to  the  parallel  chord  thiough 
the  vertex. 
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Ex.  6.  AF  is  any  chord  through  the  vertex,  and  F£  is  dra-wTi 
at  right  angles  to  AP,  meeting  the  axis  in  £J.  AE  is  equal  to  the 
focal  chord  parallel  to  A  P. 

Ex.  7.  The  middle  points  of  any  two  chords  of  a  parabola 
equally  inclined  to  the  axis,  are  equidistant  from  the  axis, 

Ex.  8.  If  a  parabola  drawn  through  the  middle  points  of  the 
sides  of  a  triangle  ABC  meets  the  sides  again  in  a,  j8,  y,  the  lines 
Aa,  Bfi,  Cy  will  be  parallel  to  each  other.  [Each  is  parallel  to 
the  axis.] 

Propositiox  YI. 

The  'parameter  of  any  cUavieter  of  a  parabola,  is  four 
times  the  line  joining  the  focus  with  the  vertex  of  the 
diaTneter. 

Def.  The  parameter  of  a  diameter  is  the  length  of  the 
focal  chord  bisected  by  the  diameter. 


Draw  8K  at  right  angles  to  the  focal  chord  PSp,  to 
meet  the  directrix  \n  K ;  draw  PM,  pm  at  right  angles 
to  the  directrix,  and  KBV  parallel  to  them.  Then  KBV 
is  the  diameter  bisecting  the  chord  PSp  (Prop.  V.). 
Join  SB. 
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Then,  since  K8V  is  a  right  angle,  and  KB  =  BS,  we 
have 

KB  =  BS=BV, 

or  KV==2BS. 

Now,  because  Pp  is  bisected  in  V, 

Pp  =  PS+ S2:>  =  PM+pm 

=  2KV=4BS. 

Ex.  1.     Given  the  length  of  a  focal  chord,  find  its  position. 
Ex.  2.     Draw  a  focal  chord  PSp,  svich  that  SP=3Sp. 

Proposition  VII. 

The  ordinate  to  any  diameter  of  a  parabola  at  any 
point  is  a  mean  proportional  to  its  parameter  and 
the  abscissa  of  the  point  with  respect  to  the  diameter 
{QV^  =  4>BS.BV). 


Let  QQ'  be  any  chord.     Draw  SY  at  right  angles  to  it, 
and  produce  YS  to  meet  the  directrix  in  if.     Draw  KBV 
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parallel  to  the  axis,  so  that  BV  is  the  diameter  bisecting 

QQ'  in  V,  QF  being  the  ordinate  and  BV  the  abscissa. 

[Prop.  V. 

Draw  SV  parallel  to  QQ\  and  QM,  QD,  V'G  at  right 

angles  to  the  directrix,  ^Fand  QQ'  respectively. 

Then  QD^  =  2MK^ 

=  KY-2-ST';  [Prop.V. 

and,  from  the  similar  triangles  QVD,  KVY,  and  V'VC, 

QD:QV=KY:KV 

=  V'C:V'V 

=SY:  V'V. 

Therefore  QV^  =  KV^-  V'VK 

But  as  jK"F'  is  bisected  in  B,  [Prop.  VI. 

KV^=  V'V+ABV.BV.        [Euc.  II.  8. 

Therefore  QV'-=4BV.BV' 

=  4BS.BV.  [Prop.  VI. 

Ex.  1.  If  any  chord  BR  meets  QM  and  QQ"  in  L  and  y,  prove 
tha.tBL'^=BIf.BR 

Ex.  2.  If  QQ'  meets  anv  chord  BR  in  xV,  and  the  diameter 
through  R  in  .V,  prove  that  Qr^=  VX.  VN'. 

Ex.  3.  If  QOQ'  be  any  chord  meeting  the  diameter  jBFin  0, 
and  QV,  Q'V  ordinates  to  the  diameter,  then  BO'  =  BV.BV'. 

Let  QB  produced  meet  the  diameter  through  Q'  in  £J,  and  draw 
ER  parallel  to  the  ordinate  meeting  B  V  produced  in  R. 

Then  QV^  :^V^  =  BV'^  iBV.B V. 

But  QV2:BV^  =  Q'V^:BR:-, 

BV.BV'  =  BRr-', 
BV:BR=BR:BV'; 
or  BV:RV=BR:RV'. 

But  BV:RV=QB:QE 

=BO:RV'; 
BO=BR. 
Ex.  4.     If  POP  be  the  chord  bisected  by  the  diameter  BOV  at 

o.po^^QV.qr. 

Ex.  5.  Througli  a  given  point,  to  draw  a  chord  of  a  parabola 
■which  will  be  divided  in  a  given  ratio  at  the  point. 

Tlirough  the  given  point  0,  draw  the  diameter  BO.  Tlien  if  I'', 
V  be  the  feet  of  the  ordinates  drawn  through  the  extremities  of 
the  chord  sought,  it  is  clear  that  ^F'  :.BF  is  as  the  square  of  the 
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given  ratio.    Also,  BV.BV'=BO%  whence  the  points  V,  V  are 
known. 

Ex.  6.  If  any  diameter  intersect  two  parallel  chords,  the  rect- 
angles under  the  segments  of  these  chords  are  proportional  to  the 
segments  of  the  diameter  intercepted  between  the  chords  and  the 
curve. 

If  QQ'  be  one  of  the  chords  meeting  the  diameter  ^F  in  F,  and 
if  0  be  its  middle  point, 

QV.Q'V=Q(P-OV^=^S,BV. 

Ex.  7  QQ  is  a  fixed  straight  line,  and  from  any  point  F  in  it, 
VB  is  drawn  in  a  fixed  direction  such  that  BV  is  proportional  to 
QV .QV.  Show  that  the  locus  of  5  is  a  parabola  passing  through 
Q,  Q  and  having  its  axis  parallel  to  B  F. 

Ex.  8.  Given  the  base  and  area  of  a  triangle,  the  locus  of  its 
orthocentre  is  a  parabola. 

Ex.  9.  BOy  B'Cf  are  any  two  diameters.  A  line  is  drawn 
parallel  to  the  ordinate  to  BO,  cutting  the  curve  in  Z),  and  BO, 
BE,  B'O  in  0,  C,  E  respectively.  Prove  that  OD'^=OC.OE. 
(Through  F  draw  a  parallel  to  EO.) 

♦Proposition  VIII. 

If  two  chords  of  a  parabola  intersect  each  other,  the 
rectangles  contained  by  their  segments  are  in  the  ratio 
of  the  parallel  focal  chords. 


Let  the  chords  QQ'  and  qq'  intersect  in  a  point  0 
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within  the   parabola.      Bisect  QQ'  in   1',  an  J  draw  the 
diameters  OR,  VB.     Draw  RW  parallel  to  QQ'. 
Then,  because  QQ'  is  bisected  in  T", 

QO .Q'0  =  Qr^-0 V-  [EiK-.  II.  .5. 

=  QV2-RW'^ 

=  4BV.  BS- 4BW. BS      [Prop.  VII. 
^4^BS.WV 
=  ^BS.OR. 
Similarly,  if  bv  be  the  diameter  bisecting  qq', 
q0.q'0  =  ibS.OR. 
Therefore  QO .  Q'O :  qO  .  q'O  =  -^BS :  ihS ; 

that  is,  as  the  focal  chords  parallel  to  QQ'  and  qq'  respec- 
tively. [Prop.  YI. 
The  proposition  may  be  similarly  proved  when  the 
chords  intersect  outside  the  curve. 

Ex.  1.  If  two  intersecting  chords  be  parallel  to  two  others,  the 
rectangles  contained  by  the  segments  of  the  one  pair  are  propor- 
tional to  the  rectangles  contained  by  the  segments  of  the  other  paii". 

Ex.  2.     Deduce  Prop.  III. 

Ex.  3.  Given  three  point.s  on  a  parabola  and  the  direction  of 
the  axis,  construct  the  curve. 

Ex  4.  Inscribe  in  a  given  jmrabola  a  triangle  having  its  sides 
pjvrallel  to  three  given  straight  lines. 

*  Proposition  IX. 

If  a  circle  intersect  a  parahoUi  in  four  points  their 
common  chords  imll  he  equally  inclined,  tivo  and  tivo,  to 
the  axis. 

Let  Q,  Q',  q,  q  be  the  four  points  of  intersection. 

Then  QO .  Q'O  =  qO .  q'O.  [Euc.  III.  35. 

Therefore,  the  focal  chords  parallel  to  QQ'  and  qq'  are 
equal  to  each  other.  [Prop.  VIII. 
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And  they  are  therefore  ecj^ually  inclined  to  the  axis, 
from  the  symmetry  of  the  figure.  (See  also  Prop.  I., 
Ex.  10.) 


Therefore  the  chords  QQ',  qq  are  equally  inclined  to 
the  axis. 

In  like  manner,  it  may  be  shown  that  the  chords  Qq 
and  q'Q\  as  well  as  the  chords  Qq'  and  qQ',  are  equally- 
inclined  to  the  axis. 

Ex.  1.  If  a  circle  cut  a  parabola  in  four  points,  two  on  one  side 
of  the  axis  and  two  on  the  other,  the  sum  of  the  ordinates  of  the 
first  two  is  equal  to  the  sum  of  the  ordinates  of  the  other  two 
points.     (See  Prop.  V.,  Ex.  7.) 

Ex.  2.  If  three  of  the  points  are  on  the  same  side  of  the  axis, 
the  sum  of  their  ordinates  is  equal  to  the  ordinate  of  the  fourtlj 
l)oint. 

Proposition  X. 

If  any  chord  QQ'  of  a  parabola  intersects  the  directrix 
in  J),  SD  bisects  the  extensor  angle  between  SQ  and  SQ'. 

Draw  QM,  Q'M'  perpendicular  to  the  directrix. 
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Then,  by  similar  triangles, 

QD:Q'D  =  QM.Q'^r 
=  8Q:SQ'. 
Therefore  SD  bisects  the  exterior  angle  Q'Sq.   [Euc  VI.  A. 


Ex.  1.  Given  the  focus  aud  two  points  on  a  parabola,  find  the 
directrix. 

The  point  D,  being  the  intersection  of  the  chord  QQ"  and  the 
bisector  of  the  angle  Q'Sq,  is  on  the  directrix,  which  touches  the 
ciix'le  descriljed  with  Q  as  centre  and  radius  ^.S". 

Ex.  2.  PQ,  pq  are  ftxal  chords.  Show  that  Pp,  Qq,  as  also  Pq, 
pQ,  meet  on  the  directrix. 

If  they  meet  the  directrix  in  A',  A'',  KSK'  is  a  right  angle. 

Ex.  3.  Given  the  focus  and  the  directrix,  trace  tlie  jmrabola  by 
means  of  this  proposition.  (For  other  constructions,  see  Prop.  1., 
and  Ex.  2,  Ex.  3.) 

Determine  the  vertex  A  as  the  middle  point  of  SX.  Take  any 
ix)int  D  on  the  directrix  ;  make  the  angle  BSp  equal  to  the  angle 
DSA,  and  let  pS  and  DA  produced  meet  in  P.  P  is  a  point  on  the 
I)ai*abola. 

Ex.  4.  ^  is  a  point  on  the  pai-alwla.  If  QA  produced  meet  the 
directrix  in  Z>,  JfSD  is  a  right  angle. 

Ex.  5.  PQ  is  a  double  ordinate,  and  PA'  cuts  the  curve  in  P  : 
show  that  the  focus  lies  on  I^Q. 

Ex.  6.  If  two  fixed  points  Q,  Q  on  a  parabola  be  joined  with  a 
thirtl  variable  point  0  on  the  curve,  the  segment  qi^  intercepted  on 
the  directrix  b}-  the  chords  QO,  f/0  protluced,  subtends  a  constant 
angle  at  the  focus. 
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The  angle  qSq'  may  be  proved  to  be  equal  to  half  of  the  angle  QS(^. 

Ex.  7.  If  QQ'  be  a  focal  chord,  the  angle  qSq'  is  a  right  angle, 
and  qX .  g'A''=(semi-latus  rectuni)^. 

Ex.  8.  Show  that  a  straight  line  which  meets  a  parabola  will, 
in  general,  meet  it  in  two  points,  except  when  the  line  is  parallel  to 
the  axis,  in  which  case  it  meets  the  curve  in  one  point  only ;  and 
no  straight  line  can  meet  the  curve  in  more  points  than  two. 

Let  DQ'  be  any  straight  line  which  meets  the  directrix  in  D  and 
the  curve  in  Q'.  Make  the  angle  DSq  equal  to  the  angle  DSQ',  and 
let  qS\  DQ'  intersect  in  Q.    Then  since 

SQ  :  SQ' = QD  :  Q'D = Q2f :  Q'Hr, 
§  is  a  point  on  the  curve.  If,  however,  DQ'  be  parallel  to  the  axis, 
qS  will  coincide  with  the  axis,  and  D'Q'  will  meet  the  parabola  in 
the  point  Q'  only  (the  other  point  of  intersection  in  this  case  being 
really  at  infinity).  Again  SQ,  SQ',  being  equally  inclined  to  DS,  if 
there  be  a  third  point  of  intersection  Q",  SQ,  SQ"  will  make  the 
same  angle  with  DS,  which  is  impossible. 


PROPERTIES    OF   TANGENTS. 

Def.  A  tangent  to  a  conic  is  the  limiting  position  of  a 
chord  whose  two  points  of  intersection  with  the  curve 
have  become  coincident. 


Thus,  if  P  and  P'  be  two  points  on  a  conic,  and  if  the 
chord  PP'  be  so  turned  about  P  that  P'  may  approach  P, 
then  in  the  limiting  position  when  P'  moves  up  to  P  and 
coincides  with  it,  the  chord  becomes  the  tangent  to  the 
conic  at  P. 

Again,  if  a  chord  PP'  moves  parallel  to  itself  until  P 
and  P'  coincide  at  a  point  B  on  the  conic,  PP'  becomes 
in  its  limiting  position  the  tangent  to  the  curve  at  tlie 
point  B. 


I 
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Hence,  a  tangent  raaj'  be  said  to  be  a  straight  line 
which  passes  through  two  consecutive  or  coincident 
points  on  the  curve. 

It  will  be  seen  that,  generally,  to  a  chord-property  of  a 
conic,  there  coiTesponds  a  tangent-propert}'. 

Thus,  in  Prop.  V.,  if  the  chord  QQ'  moves  paitillel  to 
itself  until  Q'  coincides  with  Q  at  the  point  B  on  the 
curve,  the  chord  in  this  its  limiting  position  becomes  the 
tangent  to  the  parabola  at  B,  which  is  thus  seen  to  be 
parallel  to  the  sj'stem  of  chords  bisected  by  the  diameter 
BV.     (See  Prop.  XI.) 

*  Again,  in  Prop.  YIII.,  let  the  chords  QQ',  qq  intersect 
at  a  point  0  outside  the  parabola.  Let  the  chord  OQQ' 
be  made  to  turn  about  the  point  0,  until  Q'  coincides  with 
Q  at  a  point  R  on  the  curve,  so  that  OR  becomes  the 
tangent  to  the  curve  at  the  point  R,  and  OQ,  OQ'  become 
each  equal  to  OR.  In  like  manner,  let  Oqq  be  made  to 
turn  about  the  point  0,  until  q  coincides  with  g  at  a  point 
r  on  the  curve,  so  that  Or  becomes  the  tangent  to  the 
curve  at  the  point  r,  and  Oq,  Oq,  become  each  equal  to 
Or.     Hence,  we  have  the  following  proposition  : — 

The  squares  of  any  two  intersecting  tangents  to  a 
pai-abola  are  in  the  i-atio  of  the  parallel  focal  chords. 

Ex.  1.  If  OrO'  be  the  tangent  to  a  parabola  at  T,  and  if  OPQ^ 
OP(jl  be  a  pair  of  parallel  chords, 

OT-  ■.aT-=op.oq:  o'P .  aq. 

Ex.  2.  If  TOO  be  the  tangent  to  a  parabola  at  T,  CfP  a  tangent 
from  0",  and  OPQ  a  chord  jjarallel  to  (yP^  cutting  the  chord  of  con- 
tact Pq  in  R,  prove  that  OP.  OQ=OBr. 

From  Ex.  1, 

OP.OQ:  OT-=aP^  :  OfT-==OB?\OT^. 
Cf.  Prop.  XXI.,  Ex.  8. 

*  Next,  in  Prop.  IX.,  suppose  q  to  coincide  with  Q,  and 
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therefore  also  with  0 ;  then  the  circle  and  the  parabola 

will  touch  each  other  at  0,  the  chords  OQ',  oq   being 

equally  inclined  to  the  axis.     Hence 

If  two  chords  OP,  OQ  of  a  parabola  are  equally  inclined 

to  the  axis,  the  circle  round  OPQ  touches  the  parabola 

at  0. 

Ex.  If  one  of  the  cliovds  OP  Ije  at  right  angles  to  the  tangent 
to  the  curve  at  0,  the  angle  OQP  is  a  right  angle. 

Similarly,  if  a  circle  touches  a  parabola  at  0  and  cuts 
it  again  in  P  and  Q,  the  tangent  at  0  and  PQ  are  equally 
inclined  to  the  axis. 

Ex.  If  a  circle  touches  a  parabola  at  0  and  cuts  it  in  P  and  Q, 
and  PU,  ^F  parallel  to  the  axis  meet  the  circle  in  U,  V,  show  that 
r^'l'is  parallel  to  the  tangent  at  0. 

Again,  consider  Prop.  X.  Let  the  chord  QQ'  be  made 
to  turn  about  Q,  until  Q'  coincides  with  Q,  so  that  the 
chord  becomes  the  tangent  to  the  parabola  at  the  point 
Q.  The  angle  QSQ'  vanishes,  and,  therefore,  the  exterior 
angle  Q';S'(/  becomes  equal  to  two  right  angles.  But 
since  8D  always  bisects  the  angle  Q'Sq,  SD  will,  in  this 
limiting  position,  be  at  right  angles  to  SQ.  Hence  the 
following  proposition : — 

The  tangent  to  a  parabola  from  any  point  on  the 
directrix,  subtends  a  right  angle  at  the  focus.  (See 
Prop.  XII.) 

Def.  A  circle  or  a  conic  is  said  to  touch  a  conic  at  a 
point  P  when  they  have  a  common  tangent  at  that 
point. 

PROPOSITION   XI. 
'The  tangent  to  a  ijarahola  at  its  2>oint  of  intersection 
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uith  a   diameter  is  parallel  to   the  system   of  chonU 
bisected  hy  the  diameter 


Let  BY  be  the  diameter  bisecting  a  system  of  chords 
]iarallel  to  QQ'. 

Let  Q(^  be  made  to  move  parallel  to  itself,  so  that  Q 

may  coincide  with  V.     Since  QV  is  always  equal  ix)  Q'V 

(Prop,  v.),  it  is  clear  that  Q'  will  also  coincide  with  B,  or, 

the   chord    in   this,   its   limiting    position,    will   be   the 

tangent  to  the  pai~abola  at  B. 

Ex.  Draw  a  tangent  to  a  parabola  mikiug  a  given  angle  with 
the  axis. 

Proposition  XIL 

Th£  poii;ion  of  the  tantjent  to  a  imrabola  at  any  jyoint, 
intercepted  between  that  point  and  the  directrix,  subtend"^ 
o  right  angle  at  the  focus. 

Let  any  chord  QQ'  of  the  parabola  intersect  the  directrix 
in  Z. 

Then  SZ  bisects  the  exterior  angle  Q'Sq.  [Prop.  X. 
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Now,  let  the  chord  Q(^  be  made  to  turn  about  Q  until 
the  point  Q'  moves  up  to  and  coincides  with  Q,  so  that 


the  chord  becomes  the  tangent  to  the  parabola  at  Q.     lu 
this  limiting  position  of  the  chord  QQ\  since  Q  and  Q' 


coincide,   the   angle    QSQ'   vanishes,   and    therefore   the 
angle  Q'tSq  becomes  equal  to  two  right  angles.     But  since 
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SZ  always  bisects  the  angle  Q'Sq,  in  this  case  the  angle 
QSZ  is  a  right  angle. 

Ex.  1.  If  a  line  QZ  meeting  the  curve  in  Q  and  the  directrix  in 
Z,  subtend  a  right  angle  at  the  focus,  it  will  be  the  tangent  to  the 
curve  at  Q. 

Ex.  2.  The  tangents  at  the  extremities  of  the  latus  rectum  meet 
the  directrix  on  the  axis  produced. 

*  Proposition  XIIL 
If  from  any  point  0  on  the  tangent  at  P  of  a  parabola 
perpendiculars  OU  and  01  he  drawn  to  SP  and  the 
directrix  respectively,  then 

SU=Ol 


Join  /S'Z,  and  draw  PJI  perpendicular  to  the  directrix. 
Because  ZSP  is  a  right  angle,  [Prop.  XII. 

ZS  is  parallel  to  OU. 

Therefore,  by  similar  triangles, 

SU:SP  =  ZO:ZP 
=  OI:PM. 
But  SP  =  PJiT; 

therefore  SU=  01. 
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This  ])ro|)eity  of  the  parabola  is  the  partioulai-  case  of  a  <feiieral 
property  of  all  coiiics  discovered  by  Adams. 

Ex.  If  a  line  OP  meet  the  parabola  at  P,  and  01,  OU  being 
drawn  at  right  angles  to  the  directrix  and  >S'P  respectively,  8U=  01, 
then  OP  will  be  the  tangent  to  the  curve  .it  P. 

Proposition  XIV. 

Tlte  tangent  at  any  point  of  a  parabola  bisects  the 
angle  which  the  focal  distance  of  the  point  makes  with 
the  perpendicular  drctivn  from  the  point  on  the  directrix, 
and  conversely. 


Let  the  tangent  at  the  point  P  meet  the  directrix  in  Z. 
Draw  PM  perpendicular  to  the  directrix,  and  join  8P,  *S'Z. 

Then,  since  the  angle  PSZ  is  a  right  angle,     [Prop.  XII. 
>ST-^ + SZ-'  =  PZ\        ^  [Buc.  I.  47. 

Also  PJ/^  + J/Z''  =  PZ-^ ;  [^^"c.  1. 47. 

therefore  SP'^  +  SZ'^  =  PM-  4-  MZ~. 

But  SP  =  P]\I; 

therefore  SZ=MZ. 

Now,  in  the  two  triangles  ZPM,  ZPlS,  the  two  sides 
PM,  MZ  are  respectively  equal  to  the  two  sides  SP,  SZ, 


i 


PAEABOLA.  ^7 

and  the  side  PZ  is  common ;  therefore  the  two  triangles 
are  equal,  and  the  angle  SPZ  is  equal  to  the  angle  MPZ, 
that  is,  PZ  bisects  the  angle  SPM. 

Conversely,  if  PZ  bisects  the  angle  SPM,  PZ  is  the 
tangent  at  P.  For,  if  not,  and  if  possible,  let  any  other 
line  PZ'  be  the  tangent  at  P,  then  by  what  has  been 
proved  PZ'  will  bisect  the  angle  SPM,  which  is  im- 
possible ;  therefore  PZ  is  the  t<ingent  at  P. 

Xote. — It  may  be  shown  from  the  definition  of  the  parabola  that 
the  straight  line  which  bisects  the  angle  between  *S'P  and  PJI  can- 
not meet  the  cur\-e  again  in  any  other  point ;  hence  PZ  would  alf>(» 
be  the  tangent  to  the  parabola  at  P,  according  to  Euclid's  definition 
of  a  tangent. 

Corollary. — The  tangent  at  the  vertex  of  a  parabola  is  at  right 
ingles  to  the  axis. 

Ex.  1.  Show  how  to  di-aw  the  tangent  at  a  given  point  of  u 
jKii-abola. 

Ex.  2.  Draw  a  tangent  to  a  parabola  making  a  given  angle  with 
the  axis. 

Ex.  3.     If  the  tangent  at  P  meets  the  axis  in  T,  SP=ST. 

Ex.  4.  Two  parabolas  have  the  same  focus,  and  their  axes  in  the 
same  straight  line,  but  in  opposite  directions.  Prove  that  they 
intersect  at  right  angles. 

Xote. — Two  curves  are  said  to  intersect  at  right  angles  when 
their  tangents  at  a  common  point  are  at  right  angles. 

Ex.  5.  Given  the  vertex  of  a  diameter  of  a  parabola  and  a 
corresponding  double  oixlinate,  construct  the  curve.  (Applv 
Prop.  VII.) 

Ex.  6.  If  ZP  l)e  produced  to  R,  the  angles  SPR  and  MPIt  are 
equal. 

Ex.  7.     PZ  bisects  SM  nt  right  angles, 

Ex.  8.  Any  point  0  on  the  tangent  at  P  is  equidistant  from 
J/'and  S. 

Ex.  9.  If  the  tangents  to  the  parabola  at  Q  and  (/  meet  in  0, 
and  QM,  Q'M'  be  the  perpendiculars  on  the  directrix  from  Q  and  Q', 
OM,  OS,  UM'  are  all  equal. 

Hence  deduce,  by  analysis,  the  construction  for  Prop.  XVII.. 
namely,  to  draw  two  tangents  to  a  parabola  from  an  external 
point  0. 

Ex.  10.  The  tangent  at  any  point  of  a  parabola  meets  the 
directrix  and  the  latus  rectum  in  two  ]x>ints  equidistant  from  the 
focus. 
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Ex,  11.  The  focal  distance  of  any  point  on  a  parabola  is  equal  to 
the  length  of  the  ordinate  of  tliat  point  produced  to  meet  the 
tangent  at  the  end  of  the  latus  rectum.     (See  Prop.  XII.,  Ex.  2.) 

Ex.  12.     0  is  a  point  on  the  tangent  at  P,  such  that  the  perpeu- " 
dicular  from  0  on  SP  is  equal  to  ^AS ;  find  the  locus  of  0.     (A 
])arabola  of  which  the  vertex  is  on  the  directrix  of  the  given  one. 
Apply  Prop.  VII.,  Ex.  7.) 

Ex.  13.  If  a  leaf  of  a  book  be  folded  so  that  one  comer  moves 
along  an  opposite  side,  the  line  of  the  crease  touches  a  parabola. 

Let  the  leaf  BCXS  be  so  folded  that  S  coincides  with  a  point  J/ 
on  CX;  let  the  crease  7T'  meet  XS,  £S  in  T,  T'  respectively. 
Draw  MP  at  right  angles  to  CX,  meeting  TT'  in  P ;  join  SP. 
Then  SP==PM,  lSPT=-MPT;  TT\  therefore,  touches  at  P  a 
parabola,  of  which  the  focus  is  S  and  directrix  C. 

Def.     The  portion  of  the  axis  intercepted  between  the 

tangent  at  any  point  of  a  conic  and  the  ordinate  of  that 

point  is  called  the  sitbtangent 

*  Proposition  XV. 

The  subtangent  of  any  point  of  a  parahola  is  bisected 
at  the  vertex,  that  is,  is  equal  to  double  the  abscissa  of  the 
point  with  respect  to  the  axis. 


M 

P^^ 

/// 

T           X 

aI     S               N 

Let  the  tangent  PT  at  P  meet  the  axis  in  T.    Draw 
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PX,  PM  perpendicular  to  the   axis   and   directrix   re- 
spectively. 

Then,  the  angle  >STP  =  the  angle  TPM 

=  the  angle  TPS.  [Prop.  XIV. 

Therefore  ST=^  SP= PJ/=  XX 

But  AS=AX. 

Therefore  AT=AX, 

or  XT=2^X. 

Ex.  1.  If  T  is  the  middle  point  of  AX,  prove  that  X  is  the 
middle  point  of  AS. 

Ex.  2.  The  radins  of  the  circle  descril«tl  round  the  triangle  TrX 
U^f{SP.AX). 

Ex  3.  The  locus  of  the  midfUe  ix)ints  of  the  focal  chords  of  a 
jjarabola  is  another  jmrabola  having  the  same  axis  and  passing 
through  the  focus.     (Apply  Prop.  VII.,  Ex.  7.) 

Ex.  4.  The  diameter  through  P  meets  at  E,  a  right  line  through 
S  parallel  to  the  tangent  at  J\  Prove  that  the  locus  of  E  is  a 
paralx:>la. 

If  En  be  perpendicular  to  the  axis,  nS=XT=2AX.  If  S'  be 
taken  on  the  axis,  such  that  2SS'  =  AS,  the  relation  rX-  =  4AS.  AX 
gives  En'-  =  -hSS'.S7i,  showing  the  locus  to  be  a  paralwla  whose  axis 
coincides  with  that  of  the  original  one,  whose  vertex  is  at  S,  and 
latus  rectum  half  that  of  the  original  jjarabola. 

Ex.  5.     If  SM  meets  FT  in  T,  XY=  TY. 

Ex.  6.  If  the  tangent  at  P  meets  the  tangent  at  the  vertex  in 
T,AT^=AS.AX. 

Ex.  7.  If  SE  be  the  perpendicular  from  >S^on  the  line  tlirough  P 
at  right  angles  to  PT,  show  that  SE^-  =  AX.SP.  {•2SE=PT. 
Apply  Prop.  IV.) 

Ex.  8.  Given  the  vertex,  a  tangent  ami  its  point  of  contact,  con- 
struct the  cui"ve. 

Produce  PA  to  P,  such  that  AP  =  AP  ;  if  the  circle  on  J/^  as 
diameter  meets  the  tangent  at  /'  in  T,  TA  is  the  axis.  Then  applv 
Prop.  XIV. 

Ex.  9.  Find  the  locus  of  the  intei-section  of  the  perpendicular 
from  the  vertex  on  the  tangent  at  any  point  with  the  diameter 
through  that  point,  (A  right  line  pai-allel  to  the  du-ectrix.  Applv 
Prop.  IV.) 


so 
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*  Proposition  XVI. 


The  tangents  at  the  extremities  of  a  focal  chord  of  a 
'parabola  intersect  at  right  angles  on  the  directrix. 


Draw  ^Z  at  right  angles  to  the  focal  chord  PSp,  meet 
ing  the  directrix  in  Z       Join  PZ,  pZ,  and  draw  PM,  imi 
l)erpendiculars  to  the  directrix. 
Then  ZP-^=^ZS^  +  SP-' 

=  ZM~-\-PM\  [Euc.  I.  47. 

Bat  SP  =  PM. 

Therefore  ZS  =  ZM 

Therefore  from  the  triangles  Z^P  and  ZMP,  the  angle 
/5'PZ=the  angle  MPZ,  and  the  angle  SZP  =  the  angle 
MZP.  [Euc.  T.  8. 

Similarly, 

the  angle  SpZ= the  angle  mpZ, 
and  the  angle  SZp  — the  angle  mZp. 
Therefore,  l^Z  and  pZ  are  the  tangents  at  P  and  p. 

[Prop.  XI V^. 
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Also, 

the  angle  PZp  =  ^  the  angle  MZS+  i  the  angle  mZS 
=  one  right  angle 

Ex.  1.     Show  tliat  Min  is  bisected  in  Z. 

Ex.  2.  If  two  tungeiits  be  drawn  to  a  pai-alM)]a  from  any  point 
on  the  directrix,  they  shall  be  at  right  angles. 

Ex.  3.  If  perpendiculars  through  P,  p,  to  ZP,  Zp  respectively, 
meet  in  0,  the  distance  of  0  from  the  directrix  varies  as  PS.pS. 
Apply  Prop.  III.,  Ex.  4.) 

Ex.  4.  Find  the  locus  of  0  in  Ex.  3.  [A  i>ai-abola  having  the 
same  axis  as  the  given  one.] 

Ex.  5.  Show  that  the  circle  de.scribetl  on  the  focal  chord  Pp  a.s 
•liameter  touclies  the  directrix  at  Z. 

Ex.  6.  If  a  circle  described  upon  a  chord  of  a  pai-abola  as 
diameter  meets  the  directrix,  it  also  touches  it ;  and  all  chords  for 
which  this  is  possible,  intersect  in  a  fixed  ixjint.     [Tlie  f<x3us.] 

The  distance  of  the  middle  point  of  the  chord  from  the  directrix 
is  always  greater  than  half  the  chord,  unless  the  chord  passes 
through  the  focus. 

Ex.  7.  Tangents  at  the  extremities  of  a  focal  chord  cut  off  equal 
intercepts  on  the  latus  rectum.     (Apply  Prop.  XIV.,  Ex.  10.) 

Ex.  8.     Prove  that  SM,  Sm  are  respectively  j>arallel  to  Zp,  ZP. 

Ex.  9.  The  locus  of  the  intersection  of  any  two  tangents  to  a 
parabola  at  right  angles  to  each  other,  is  the  directrix. 

Ex.  10.  Given  two  tangents  at  right  angles,  and  their  points  of 
contact,  construct  the  cur\-e. 


Proposition  XVII. 

To  draw  two  tangents  to  a  imrahoUi  jroni  an  external 
point. 

Let  0  be  the  external  point.  With  centre  0  and 
radius  OS,  describe  a  circle  cutting  the  directrix  in  M 
and  M'.  Draw  MQ,  M'Q'  at  right  angles  to  the  directrix 
to  meet  the  parabola  in  Q  and  Q.  Join  OQ  and  OQf; 
these  shall  be  the  tangents  required. 

Join  OS,  OM,  021'  SQ  and  SQ^ 
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Then,  in  the  triangles  OQM,  OQS,  the  sides  MQ,  QO  are 
equal  to  the  sides  SQ,  QO  respectively,  and  OM  is  equal 


to    OS.      Therefore    the   angles    OQM,    OQS   are   equal. 
Therefore  OQ  is  the  tangent  to  the  parabola  at  Q. 

[Prop.  XIV. 
Similarly,  OQ'  is  the  tangent  at  Q'. 

Note. — For  an  analysis  of  the  construction,  see  Prop.  XIV.,  Ex.  9. 

It  should  be  observed  that  in  order  that  the  construction  may  be 
possible,  the  circle  described  with  0  as  centie  and  with  radius  OS 
must  meet  the  directrix,  that  is,  the  distance  of  0  from  S  must  be 
either  greater  than  or  equal  to  its  distance  from  the  directrix. 
The  former  is  the  case  when  the  point  is  outside  the  parabola 
(Prop.  I.,  Ex.  7)  ;  and  as  in  this  case  the  circle  must  intersect  the 
directrix  in  two  points  only,  it  follows  that  two  tangent.s,  and  no 
more,  can  be  drawn  to  a  parabola  from  an  external  point.  In  the 
second  case  the  point  0  is  evidently  on  the  pai-abola,  and  the  circle 
touches  tlie  directrix,  that  is,  meets  it  in  two  coincident  points  ; 
the  two  tangents  in  this  case  coincide,  that  is,  only  one  tangent  can 
be  drawn  to  a  parabola  at  a  given  point  on  it.  The  distance  of 
any  point  inside  the  parabola  being  less  than  its  distance  from 
the  directrix  (Prop.  I.,  Ex.  6),  no  tangent  can  be  drawn  to  a 
parabola  from  any  point  within  it. 
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Ex.  1.  If  the  point  0  be  on  the  directrix,  show  from  the 
construction  that  the  tangents  intersect  at  right  angles. 

Ex.  2.  If  0  be  on  the  axis  produced,  at  a  distance  from  the 
vertex  A  =  ^AS,  the  figure  OQSQ  will  be  a  rhombus. 

Ex.  3.  Alternative  Construction. — With  the  given  point  0  as 
centre  and  radius  OS,  describe  a  circle  cutting  the  directrix  in 
M  and  J/'.  The  perpendiculai-s  from  0  upon  SM  and  SM'  will, 
when  produced,  touch  the  curve.     (See  Prop.  I.,  Ex.  3.) 

Ex.  4  Alternative  Constructimi. — In  the  figure  of  Prop.  XIII., 
taking  0  as  the  given  point,  draw  01  at  right  angles  to  the 
directrix.  With  centre  S  and  radius  equal  to  01,  describe  a  circle  ; 
and  from  0  draw  OU  and  OU'  tangents  to  this  circle.  SU,  SU' 
produced  will  meet  the  parabola  in  the  poiuts  of  contact  of  the 
tangents  from  0.     (See  Prop.  XIII.,  Ex.) 

For  another  alternative  construction,  see  Prop.  XXIIL,  Ex.  13. 

Proposition  XVIII. 

The  two  tangents  OQ,  OQf  of  a  parabola  subtend  eqital 
angles  at  the  focus ;  and  the  triangles  SOQ,  SOQ'  are 
similar. 


With  centre  0  aad  radius  OS,  describe  a  circle  cutting 

c 
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the  directrix  in  31  and  M';  draw  MQ,  M'Q'  at  right  angles 
to  the  directrix  to  meet  the  curve  in  Q,  Q'.  Then  OQ  and 
OQ'  are  the  tangents  to  the  curve  from  0.        [Prop.  XVII. 

Join  OM,  OM,  OS,  SQ,  SQ',  and  S3f,  cutting  OQ  in  F. 

In  the  two  triangles  il/QFand  SQY,  the  sides  MQ,  QY 
are  equal  to  the  sides  SQ,  QY,  and  the  angles  MQY,  SQY 
are  equal ;  [Prop.  XIV. 

therefore  the  two  triangles  are  equal  in  every  respect ;  and 
the  angles  MYQ,  8YQ  are  equal,  each  being  thus  equal  to 
a  right  angle.  [Euc.  I.  4. 

Now,  the  angle  >SfQO  =  the  angle  3/QO, 

and  the  angle  MQO  =  the  angle  SMM', 

each  being  the  complement  of  the  angle  QMY. 

Therefore 

the  angle  SQO  =  the  angle  SMM. 
But         the  angle  SMM'  =  ^  the  angle  SOM',  [Euc.  III.  20. 
and  from  the  equality  of  the  triangles  SOQ',  M'OQ', 

[Prop.  XVII. 
the  angle  ;SfOQ'==the  angle  M'OQ', 
or,  the  angle  SOQ'=  ^  the  angle  SOM'. 

Therefore    the  angle  SQO  =  the  angle  SOQf. 

Similarly,  the  angles  QOS  and  OQ'S  are  equal,  as  also 
the  remaining  angles  QSO,  Q'SO. 

Therefore  the  two  triangles  SOQ,  SOQ'  are  similar. 

Ex.  1.    Prove  that 

(i.)    SQ.SQ'=^SO^;        (ii.)    OQ^:  OQ^^^^SQ -.SQ'. 

Ex.  2.  If  two  tangents  drawn  from  any  point  on  the  axis  be  cut 
by  any  third  tangent,  the  points  of  intersection  are  equidistant 
from  the  focus. 

Ex.  3.  The  angle  subtended  at  the  focus  by  the  segment  inteiv 
cepted  on  a  variable  tangent  by  two  fixed  tangents,  is  constant. 

Ex.  4.  OS  and  a  line  through  0  parallel  to  the  axis  make  equal 
angles  with  the  tangents. 
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Ex.  5.  The  straight  line  bisecting  the  angle  QO^  meets  the  axis 
in  R  ;  prove  that  SU—SR. 

Ex.  6.  If  two  tangents  drawn  from  any  point  on  the  axis  be  cut 
bv  a  third  tangent,  their  alternate  segments  are  equal.  (Cf.  Prop. 
XXI.,  Ex.  10.) 

Ex.  7.     If  the  tangent  and  normal  at  any  point  P  of  a  parabola 
meet  the  tangent  at  the  vertex  in  K  and  L  respectively,  prove  that 
KU:Sr-=SP-AS:AS. 

Ex.  8.  If  from  any  point  on  a  given  tangent  to  a  parabola,  tan- 
gents be  drawn  to  the  curve,  the  angles  which  these  tangents  make 
with  the  focal  distances  of  the  points  from  which  they  are  drawn, 
are  all  equal. 

Each  angle  is  equal  to  the  angle  between  the  given  tangent  and 
the  focal  distance  of  the  point  of  contact. 

Ex.  9.  Of  the  two  tangents  drawn  to  a  parabola  from  any  point, 
one  makes  with  the  axis  the  same  angle  as  the  other  makes  with 
the  focal  distance  of  the  point. 

Ex.  10.  Two  parabolas  have  the  same  focus  and  axis,  with  their 
vertices  on  the  same  side  of  their  common  focus.  Tangents  are 
drawn  from  any  point  P  on  the  outer  parabola  to  the  inner  one. 
Show  that  they  are  equally  inclined  to  the  tangent  at  P  to  the 
outer  curve.     (Apply  Ex.  9,  and  Prop.  XIY.) 

Ex.  11.  If  the  tangent  at  any  point  R  meets  OQj  0^  in  y,  j*, 
show  that  Qq:qO=0^  :  yV = qR  :  Rq'. 

[The  triangles  OqS,  Rq'S  are  similar.] 

Ex.  12.  If  tangents  be  drawn  from  any  point  on  the  latus  rec- 
tum, show  that  the  semi-latus-rectum  is  a  geometric  mean  between 
the  ordinates  of  the  points  of  contact.  (Apply  Prop.  I.,  Ex.  16,  and 
Prop.  IV.) 

Ex.  13.  If  Pr,  PT  be  two  diameters,  and  PY,  PV  ordinates 
to  these  diameters,  show  that  PT'=Pr'.  (Applv  Prop.  VII.  and 
Ex.  1.) 

Ex.  14.  If  one  side  of  a  triangle  be  parallel  to  the  axis  of  a  par- 
abola, the  other  sides  will  be  in  the  ratio  of  the  tangents  parallel 
to  them. 

Proposition  XIX 

The  eoderior  angle  between  any  two  tangents  to  a 
parabola  is  equal  to  the  angle  ivhich  either  of  them 
subtends  at  the  focus. 
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Let  OQ  and  OQ'  be  the  two  tangents,  and  S  the  focus. 
Join  SO,  SQ,  and  SQ'. 

The  angle  SOQ'  =  the  angle  SQO.  [Prop.  XYIII. 

To  each  of  these  equals  add  the  angle  SOQ ;  therefore  the 
angles  SOQ  and  SQO  are  together  equal  to  the  angle 
QOQ'.     But  the  exterior  angle  HOQ'  is  the  supplement  of 


the  angle  QOQ'  (Euc.  I.  13),  and  the  angle  OSQ  is  the 
supplement  of  the  angles  SOQ  and  SQO  (Euc.  I.  32), 
Therefore 

the  angle  HOQ' =  the  angle  OSQ 

=  the  angle  OSQ'.    [Prop.  XVIII. 

Ex.  1.  Two  tangents  to  a  parabola,  and  the  points  of  contact  of 
one  of  them  being  given,  prove  that  the  locus  of  the  focus  is  a  circle. 

The  circle  may  be  shown  to  pass  through  the  given  point  of  con- 
tact and  the  intersection  of  the  tangents,  and  to  touch  one  of  them. 

Ex.  2.  If  a  parabola  touch  the  sides  of  an  eqi;ilateral  triangle, 
the  focal  distance  of  any  vertex  of  the  triangle  passes  through  the 
point  of  contact  of  the  opposite  side. 

Ex.  3.  Given  the  base  AB  and  the  A-ertical  angle  Cof  a  triangle 
ACB,  j5nd  the  locus  of  the  focus  of  a  parabola  touching  CA,  CB  in 
A  and  B. 

Ex.  4.    EiB  the  centre  of  the  circle  described  about  the  triangle 
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OQ^  I  prove  that  the  circle  described  about  the  triangle  QECjf 
passes  through  the  focus. 

Ex.  5.  A  circle  passing  through  the  focus  cuts  the  parabola  in 
two  points.  Prove  that  the  exterior  angle  between  the  tangents  to 
the  circle  at  those  points  is  four  times  the  complement  of  the  exterior 
angle  between  the  tangents  to  the  parabola  at  the  same  points. 


*  Proposition  XX. 

The  circle  cvrcumscribing  the  triangle  foi'med  hy  any 
three  tangents  to  a  'parabola  passes  through  the  focus. 


Let  the  three  tangents  at  the  points  P,  Q,  R  form  the 
triangle  pqr. 

Join  SP,  Sp,  Sq,  Sr. 

The  angle  Srp  =  the  angle  SPr,  [Prop.  XVIII. 

and  the  angle  Sqp  =  the  angle  SPr ;  [Prop.  XYIII. 

therefore  the  angle  Srp  =  the  angle  Sqp. 

Therefore  the  points  p,  q,  r,  S  lie  on  a  circle,  or  the 
circle  round  the  triangle  pqr  passes  through  the  focus. 

Ex.  1.  What  is  the  locus  of  the  focus  of  a  parabola  which 
touches  three  given  straight  lines  ? 
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Ex.  2.  A  parabola  touches  each  of  four  straight  lines  given  in 
position.     Determine  its  focus. 

The  four  circles  circumscribing  the  iowr  triangles  formed  by  the 
given  straight  lines,  will  intersect  in  the  same  point,  namely,  the 
focus  required.  Hence,  the  curve  may  be  described.  (See  Prop. 
XXIIL,  Ex.  5.) 

Ex.  3.  If  through  p,  q,  r  lines  be  drawn  at  right  angles  to  *S^, 
JSq,  Sr  respectively,  they  will  meet  in  a  point. 

Ex.  4.  Prove  that  the  orthocentre  of  the  triangle  pqr  lies  on 
the  directrix.    (Apply  Prop.  XII.) 

*  Proposition  XXI. 

If  through  the  point  of  intersection  of  two  tangents  to 
a  parabola  a  straight  line  be  drawn  parallel  to  the  axis, 
it  will  bisect  the  chord  of  contact. 


Let  OQ  and  OQ'  be  the  two  tangents,  and  let  OV 
drawn  parallel  to  the  axis  meet  QQ'  in  V  and  the 
directrix  in  R.  Draw  Q3I  and  Q'M'  perpendicular  to 
the  directrix,  and  join  OS,  OM,  OM'. 
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Then  0M=  0S=  OM',  [Prop.  XVII. 

and  OR,  which  is  drawn  at  right  angles  to  the  base  of 
the  isosceles  triangle  OMM',  bisects  it. 

Therefore  MR^M'R. 

But  since  MQ,  RV,  M'Q  are  parallel  to  one  another, 

QV:QV=MR:M'R-, 
therefore  QV=Q'V, 

or,  QQ'  is  bisected  in  V. 

Ex.  1.  The  tangents  at  the  extremities  of  any  chord  of  a 
parabola  meet  on  the  diameter  bisecting  that  chord. 

Ex.  2.  The  circle  on  any  focal  chord  as  diameter  touches  the 
directrix. 

Ex.  3.     The  straight  lines  drawn  through  the  extremities  of  a 
focal  chord  at  right  angles  to  the  tangents  at  those  points,  meet  on 
the  diameter  bisecting  the  chord- 
Ex.  4.     Given  two  tangents  and  their  points  of  contact,  find  the 
focus  and  directrix. 

Ex.  5.  Given  two  points  P,  ^  on  a  parabola,  the  tangent  at  one 
of  the  points  P,  and  the  direction  of  the  axis,  construct  the  curve. 

If  the  tangent  at  P  meets  the  diameter  bisecting  PQ  in  T,  TQ  is 
the  tangent  at  Q.     Hence  the  focus  by  Prop.  XIV. 

Ex.  6.  If  a  line  be  drawn  parallel  to  the  chord  of  contact  of  two 
tangents,  the  parts  intercepted  on  it  between  the  curve  and  the 
tangents  are  equal. 

Ex.  7.  OP,  OQ  are  two  tangents  to  a  parabola,  and  V  is  the 
middle  point  of  PQ.     Prove  that  OP.  0Q=20S.0V. 

On  QO  produced  take  Oq  =  OQ;  then  apply  Prop.  XYIII.  to 
show  that  the  triangles  POQ  and  OSQ  are  similar. 

Ex.  8.  If  from  any  point  0  a  tangent  OT'and  a  chord  OPQ  be 
drawn,  and  if  the  diameter  TR  meet  the  chord  in  R,  prove  that 
OP.  OQ  =  OR-.     (Cf.  Tangent  Properties,  Ex.  1,  2.) 

Draw  the  tangent  KO'P'  parallel  to  the  chord,  meeting  RT  va.  K, 
OT  produced  in  0,  and  the  curves  in  P'.  Draw  the  diameter  &II 
bisecting  TP',  so  that  0'P'  =  K&.     Then 

OP.  OQ  :  OT-=-aP"^  :  aT^  =  OK^  :  aT^^OR* :  OT^. 

Ex.  9.  Given  a  chord  PQ  of  a  parabola  in  magnitude  and 
position,  and  the  point  R  in  which  the  axis  cuts  the  chord,  the 
locus  of  the  vertex  is  a  circle. 

If  the  tangent  at  the  vertex  meets  PQ  in  0,  OP.OQ  =  OB?. 
.'.  0  is  a  fixed  point ;  OR=PR.  RQI{PR  -  RQ). 


40  GEOMETRY  OF  CONICS. 

Ex.  10.  The  tangents  from  an  external  point  are  divided  by 
any  third  into  segments  having  the  same  ratio. 

In  fig.  Prop.  XX.,  draw  the  diameters  r/,  QQ,  qq'^  pp\  meeting 
PR  in  r',  Q',  q',  p'.     Then 

Pr  :  rq=rQ  :  Qp=qp  :  pR. 
(Cf.  Prop.  XVIII.,  Ex.  11.) 

Ex.  11.     The  tangent  parallel  to  QQ'  bisects  OQ,  OQ'. 

Ex.  12.  1(  E  be  the  centre  of  the  circle  through  0,  Q,  Q",  OB 
subtends  a  right  angle  at  S.     (Apply  Prop.  XX.,  and  Ex.  11.) 

Ex.  13.  If  OQQ'  be  a  right  angle  and  QJV  the  ordinate  of  Q, 
prove  that  QQ':OQ=QN:A  K 

(Cf.  Prop.  XVI.) 

*  Proposition  XXII, 

If  QV  is  the  ordinate  of  a  diameter  PV  of  a  parabola, 
and  the  tangent  at  Q  meets  VP  produced  in  0,  then  OP 
shall  he  equal  to  PV. 


Let  the  tangent  at  P  meet  OQ  in  i^;  through  li  draw 
the  diameter  RW,  meeting  PQ  in  W. 

Then,  since  MP,  RQ  are  a  pair  of  tangents, 

QW=PW.  [Prop.  XXI. 

Also,  RP  is  parallel  to  QF;  [Prop.  XL 
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therefore 

OP:PV=^OR:RQ 

=  PW:WQ. 

But 

PW=^WQ; 

therefore 

OP  =  PV. 
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Ex.  1.  Tangents  at  the  extremities  of  all  parallel  chords  meet 
on  the  same  straight  line.     (Cf.  Prop.  XXI.,  Ex.  1.) 

Ex.  2.  Given  a  tangent  and  a  point  on  the  curve,  find  the  locus 
of  the  foot  of  the  ordinate  of  the  point  of  contact  of  the  tangent, 
with  respect  to  the  diameter  through  the  given  point.  [A  right 
line  parallel  to  the  tangent.] 

Ex.  3.     If  0  V=  Q  V,  0  is  on  the  directrix. 

Ex.  4.  If  the  diameter  PV  meets  the  directrix  in  0,  and  the 
chord  drawn  through  the  focus  parallel  to  the  tangent  at  P  in  V, 
prove  that  VP=  OP. 

Ex.  5.  If  OQ,  OQ'  be  a  pair  of  tangents  to  a  parabola,  and  OQQ 
be  a  right  angle,  OQ  will  be  bisected  by  the  directrix. 

Draw  the  diameter  OP  V  and  the  tangent  at  P.  (See  Prop.  XVI., 
Ex.  9.) 

Ex.  6.  If  §F  be  an  ordinate  to  the  diameter  PV,  and  pv  meet- 
ing PQ  in  V  be  the  diameter  bisecting  PQ,  prove  that  PV=ipv. 

Ex.  7.  PQ,  PR  are  any  two  chords ;  they  meet  the  diameters 
through  E  and  Q  in  F  and  K  Show  that  EF  is  parallel  to  the 
tangent  at  P. 

Ex.  8.  If  from  the  point  of  contact  of  a  tangent  a  chord  be 
drawn,  and  any  line  parallel  to  the  axis  be  drawn  meeting  the 
tangent,  curve,  and  chord,  this  line  wUl  be  divided  by  them  in  the 
same  ratio  as  it  divides  the  chord. 

Let  the  diameter  EB  V  bisecting  the  chord  Q(^  in  V  meet  the 
tangent  at  Q  in  R.  Draw  the  line  rbv  parallel  to  the  axis,  cutting 
the  curve  and  chord  in  h  and  v.     Then 

Qv.vr^QV:  VR 
=  QV:2VB. 
But  g r2  =  iBS .BV;    (Prop.  VII.) 

QV:2BV=2SB:QV; 
Qv.QV=2SB.vr. 
Also  Qv.Q'v  =  4SB .  vb  ;    (Prop.  VIIL) 

•*.  _  Qv.  Qv=rb  :bv. 

This  is  a  generalisation  of  Prop.  XXII. 

Ex.  9.  Through  a  given  point  within  a  parabola,  draw  a  chord 
which  shall  be  divided  in  a  given  ratio  at  that  point. 
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Proposition  XXIII. 

The  locus  of  the  foot  of  the  perpendicular  from  the 
focus  upon  any  tangent  to  a  parabola  is  the  tangent  at 
the  vertex. 


Draw  SY  perpendicular  to  the  tangent  at  P,  meeting 
it  in  Y.  It  is  required  to  show  that  Y  lies  on  the 
tangent  to  the  parabola  at  the  vertex. 

Draw  PJf  perpendicular  to  the  directrix,  and  join 
MY,  AY. 

Now,  in  the  two  triangles  MPY,  SPY,  the  sides  MP, 
PF  are  equal  to  the  sides  SP,  PY  respectively,  and  the 
angle  MP  F=  the  angle  SP  Y  [Prop.  XIV. 

Therefore  the  angle  PrJf=the  angle  PYS 

=  one  right  angle ;         [Euc.  I.  4. 
therefore  MY  and  YS  are  in  the  same  straight  line. 

[Euc.  I.  14. 

Now,  since  SY=  YM, 

and  SA  =  AX, 

AY ia  parallel  to  MX,  [Euc.  VI.  2. 


I 


PAEABOLA.  43. 

and  is,  therefore,  the   tangent  to  the  parabola  at  the 
vertex.  [Prop.  XIV.,  Cor. 

Ex.  1.  Show  that  ST^=AS.SP.  [The  triangles  STFy  ST  A 
are  similar.     See  Prop.  XYIII.,  Ex.  1.] 

Ex.  2.  Show  that  SM  is  bisected  at  right  angles  by  the  tangent 
at  P. 

Ex.  3.  If  the  tangent  at  P  meet  the  axis  in  T,  and  PN  be  the 
ordinate  of  P,  prove  that  PT .TY=XT.  TS. 

Ex.  4.  If  the  vertex  of  a  right  angle,  one  leg  of  which  always 
passes  through  a  fixed  point,  moves  along  a  fixed  right  line,  the 
other  leg  will  always  touch  a  parabola. 

The  fixed  point  will  be  the  focus,  and  the  fixed  right  line  the 
tangent  at  the  vertex,  whence  the  directrix  is  known- 
Ex.  5.     Given  two  tangents  and  the  focus  of  a  parabola,  find  the 
directrix. 

The  line  joining  the  feet  of  the  perpendiculars  from  the  focus  on 
the  given  tangents,  is  clearly  the  tangent  at  the  vertex. 

Ex.  6.  Prove  that  straight  lines  perpendicular  to  the  tangents 
of  a  parabola  through  the  points  where  they  meet  a  given  fixed  line 
parallel  to  the  directrix,  touch  a  confocal  parabola. 

Ex  7.  The  focus  and  a  tangent  being  given,  the  locus  of  the 
vertex  is  a  circle. 

Ex.  8.  Given  a  tangent  and  the  vertex,  find  the  locus  of  the 
focus.  [A  parabola,  of  which  A  is  the  vertex  and  the  axis  the 
perpendicular  through  A  on  the  tangent.    Apply  Prop.  VII.,  Ex.  7.] 

Ex.  9.  Tlie  circle  described  on  any  focal  distance  as  diameter, 
touches  the  tangent  at  the  vertex. 

Ex.  10.     PSp  is  a  focal  chord  ;  prove  that  the  length  of  the  com- 
mon tangent  of  the  circles  described  on  Sp,  SP  as  diameters,  is 
^{AS.Pp). 

Ex.  11.     Prove  that 

(i.)    PT.PZ=PS^', 
(ii.)    PY.YZ=AS.SP. 

Ex.  12.  A  circle  is  described  on  the  latus  rectum  as  diameter; 
PQ  touches  the  parabola  at  P  and  the  circle  at  Q ;  show  that  SP 
SQ'a.re  each  inclined  to  the  latus  rectum  at  an  angle  of  30". 

Ex.  13.     Alternative  Construction  for  Prop.  XVII. 

Let  0  be  the  external  point ;  on  OS  as  diameter  describe  a  circle ; 
the  lines  joining  0  with  the  points  of  intersection  of  this  circle  with 
the  tangent  at  the  vertex,  will  be  the  required  tangents, 

Ex.  14.     In  the  figure  of  Prop.  VII.,  prove  that  QII^=A:AS.BV. 
Let  the  tangent  at  B  meet  the  axis  in  T,  and  the  tangent  at  ^  in 
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Y.    Then  SVZ  is  a  right  angle,  and  the  triangles  QDVy  VAT a,re 
similar  (Prop,  XI.) 

.-.     §Z)2  ;  $ 72=  YA^ :  YT^-  =  AS  :  TS=AS  :  JSaS. 
But  QD'^  =  ABS.BV.     (Prop.  VII.) 

QV^==AAS.BV. 

Ex.  15.  Given  the  focus  and  two  tangents,  construct  the  curve. 
[Ex.  53. 

Ex.  16.  Given  the  focus,  axis  and  a  tangent,  construct  the  par- 
abola. 

Ex.  17.  Given  the  focus,  a  point  P  on  the  parabola,  and  the 
length  of  the  perpendicular  from  the  focus  on  the  tangent  at  P, 
construct  the  curve. 

Ex.  18.  Given  the  focus,  a  tangent,  and  the  length  of  the  latus 
rectum,  construct  the  curve. 

Ex.  19.  If  a  parabola  roll  upon  another  equal  parabola,  the 
vertices  originally  coinciding,  the  focus  of  the  one  traces  out  the 
directrix  of  the  other.  [The  line  joining  the  foci  in  any  position 
cuts  at  right  angles  the  common  tangent.] 


PROPERTIES   OF  NORMALS. 

Def.  The  straight  line  which  is  drawn  through  any 
point  on  a  conic  at  right  angles  to  the  tangent  at  that 
point  is  called  the  normal  at  that  point. 

Def.  The  portion  of  the  axis  intercepted  between  the 
normal  at  any  point  of  a  conic  and  the  ordinate  of  that 
point  is  called  the  8uhno7'mal. 

Proposition  XXIV. 

The  normal  at  any  poiiit  of  a  parabola  makes  equal 
angles  xvith  the  focal  distance  and  the  axis. 

Let  the  normal  PG  and  the  tangent  PT  at  any  point 
P  on  the  parabola  meet  the  axis  in  G  and  T  respectively. 
Join  SP  and  draw  PM  perpendicular  to  the  directrix. 

Then         the  angle  8PT=ihe  angle  TPM     [Prop.  XIV. 

=  the  angle  STP.       [Euc  I.  29. 


PAEABOLA.  45 

But  the  angle  TPG  being  a  right  angle  is  equal  to  the 

sum  of  the  angle  STP  and  SGP.  [Euc.  L  32. 
Therefore  the  angle  SPG  =  ihe  angle  SGP. 


Ex.  1.     Prove  that  ^T=SP=SG. 

Ex.  2.  The  normal  at  anv  poiut  bisects  the  interior  angle  be- 
tween the  focal  distance  and  the  diameter  through  that  point. 

Ex.  3.  The  focus  is  equidistant  from  FT  and  the  straight  line 
through  G  parallel  to  FT. 

Ex.  4.  From  the  points  where  the  normals  to  a  parabola  meet 
the  axis,  lines  are  drawn  at  right  angles  to  the  normals;  show 
that  these  lines  touch  an  equal  confocal  parabola. 

Ex.  5.  A  chord  FQ  of  a  parabola  is  normal  to  the  curve  at  P, 
and  subtends  a  right  angle  at  S ;  show  that  SQ  =  2SF. 

Ex.  6.     Prove  that  SM  and  FT  bisect  each  other  at  right  angles. 

Ex.  7.  If  the  triangle  SFG  is  equilateral,  TG  subtends  a  right 
angle  at  M. 

Ex.  8.  Prove  that  the  points  S,  F,  M,  Z  lie  on  a  circle  which 
touches  FG  at  F. 

Ex.  9.  If  in  Ex.  8  the  radius  of  the  circle  is  equal  to  MZ,  the 
triangle  SFG  is  equilateral. 

Ex,  10.  FSp  is  a  focal  chord  ;  pG  is  the  normal  at  p ;  GHia 
perpendicular  on  the  tangent  at  F.  Prove  that  M  lies  on  the 
latus  rectum.     (Cf.  Prop.  XIY.,  Ex.  10.) 

Ex.  11.     If  FF,  FH  be  drawn  to  the  axis,  maJdng  equal  angles 
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^ith  the  normal  PG,  prove  that  SCP=SF.SH.    [The  triangles 
SPF,  SHP  are  similar.] 

Ex.  12.     If  8T,  SZhe  perpendicular  to  the  tangent  and  normal 
at  P  respectively,  prove  that  YZ  is  a  diameter. 

Proposition  XXV". 

The  subnormal  of  any  point  of  a  parabola  is  equal  to 
half  the  lotus  rectum. 
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Let  the  normal  FG  at  P  meet  the  axis  in  0.  Draw 
PM,  P]\^  perpendicular  to  the  directrix  and  axis  respec- 
tively.    Join  SP. 

Then,  the  angle  SPG  =  the  angle  SGP.  [Prop.  XXIV. 
Therefore  SG=SP  =  PM  =  NX. 

Therefore     JSrG  =  XS=2AS=^  latus  rectum.       [Prop.  11. 
The  subnormal  is  therefore  of  constant  length. 

Ex.  1.  If  the  triangle  iSPO  is  equilateral,  SP  is  equal  to  the 
latus  rectum. 

Ex.  2.  Show  how  to  draw  the  normal  at  any  given  point  with- 
out drawing  the  tangent. 

Ex.  3.     If  the  ordinate  of  a  point  Q  bisect  the  subnormal  of  a 
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point  P,  the  ordinate  of  Q  is  equal  to  the  normal  at  P.    (Apply 
Prop.  IV.) 

Ex.  4     Prove  that  PCT- =AAS.  SP. 

Ex.  5.     If  C  be  the  middle  point  of  SG,  prove  that 
CA'2-CP2=4i6«. 

Ex.  6.  If  PL  perpendicular  to  AP  meets  the  axis  in  L,  prove 
that  GL  =  2AS. 

Ex.  7.  TP,  TQ  are  tangents  to  a  given  circle  at  P  and  Q.  Con- 
struct a  parabola  which  shall  touch  TP  in  P  and  have  TQ  for  axis. 

Ex.  8.  The  locus  of  the  foot  of  the  perpendicular  from  the  focus 
on  the  normal  is  a  parabola. 

[Apply  Prop.  IV.  SG  is  the  axis,  the  vertex  is  at  S,  the  latus 
rectum  =  .4  <S'.] 

Ex.  9.     If  GK  be  drawn  perpendicular  to  SP,  prove  that 
PK=2AS. 

Ex.  10.  Pp  is  a  chord  perpendicular  to  the  axis  ;  the  perpen- 
dicular from  p  on  the  tangent  at  P  meets  the  diameter  through  P 
in  R  ;  prove  that  RP='iAS,  and  find  the  locus  of  P. 

[The  triangles  PXG,  Rpp  are  similar.  The  locus  of  ^  is  an 
equal  parabola,  having  its  vertex  A!  on  the  opposite  side  of  X, 
such  that  XI' =  4^-S'.] 

Ex.  11.  A  circle  described  on  a  given  chord  of  a  parabola  as 
diameter  cuts  the  curve  again  in  two  points ;  if  these  points  be 
joined,  the  portion  of  the  axis  intercepted  by  the  two  chords  is 
equal  to  the  latus  rectum. 

Show  also  that,  if  the  given  chord  is  fixed  in  direction,  the 
length  of  the  line  joining  the  middle  points  of  the  chords  is 
constant. 

[Apply  Prop.  VIII.  The  middle  points  of  the  chords  are  equi- 
distant from  the  axis.] 

Miscellaneous  Examples  on  the  Parabola. 

1.  Find  the  locus  of  the  point  of  intersection  of  any- 
tangent  to  a  parabola,  with  the  line  drawn  from  the 
focus,  making  a  constant  angle  with  the  tangent. 

2.  OQ,  0Q[  are  tangents  to  a  parabola ;  F  is  the  middle 
point  of  QQ' ;  OV  meets  the  directrix  in  K,  and  QQ'  meets 
the  axis  in  iV.     Prove  that  OKNS  is  a  parallelogram. 
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3.  Inscribe  in  a  given  parabola  a  triangle  having  its 
sides  parallel  to  those  of  a  given  triangle. 

4.  Inscribe  a  circle  in  the  segment  of  a  parabola  cut  off 
by  a  double  ordinate. 

5.  PGQ  is  a  normal  chord  of  a  parabola,  meeting  the 
axis  in  G.  Prove  that  the  distance  of  G  from  the  vertex, 
the  ordinates  of  P  and  Q,  and  the  latus  rectum  are  four 
proportionals. 

6.  If  AR,  SY  are  perpendiculars  from  the  vertex  and 
focus  upon  any  tangent,  prove  that 

SY^  =  SY.AR+SA^ 

7.  Describe  a  parabola  touching  three  given  straight 
lines  and  having  its  focus  on  another  given  line. 

8.  OP,  OQ  are  tangents  to  a  parabola  at  the  points 
P,  Q.  If  SP  +  SQ  is  constant,  prove  that  the  locus  of  0 
is  a  parabola,  and  find  its  latus  rectum. 

9.  Through  any  point  on  a  parabola  two  chords  are 
drawn,  equally  inclined  to  the  tangent  there  ;  show  that 
their  lengths  are  proportional  to  the  portions  of  their 
diameters  intercepted  between  them  and  the  curve. 

10.  The  focal  chord  PSp  is  bisected  at  right  angles  by 
a  line  which  meets  the  axis  in  0  ;  show  that  Pp  =  2 .  SO. 

11.  On  a  tangent  are  taken  two  points  equidistant  from 
the  focus ;  prove  that  the  other  tangents  drawn  from  these 
points  will  intersect  on  the  axis. 

12.  The  locus  of  the  centre  of  the  circle  circumscribing 
the  triangle  formed  by  two  fixed  tangents  and  any  third 
tangent  is  a  right  line. 

]  3.  A  chord  PQ  is  normal  to  the  parabola  at  P,  and 
subtends  a  right  angle  at  the  vertex;  prove  that 
BQ^S.SP. 
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14.  Given  the  vertex,  a  tangent,  and  the  latus  rectum, 
construct  the  parabola. 

15.  P,  Q  are  variable  points  on  the  sides  AC,  AB  of  a 
given  triangle,  such  that  AP :  PC—BQ :  QA.  Prove  that 
PQ  touches  a  parabola. 

16.  Apply  properties  of  the  parabola  to  prove  that — 
(i.)  In  any  triangle  the  feet  of  the  three  perpendiculars 

from  any  point  of  the  circumscribing  circle  on  the  sides 
lie  on  the  same  straight  line. 

(ii.)  If  four  intersecting  straight  lines  be  taken  three 
together,  so  as  to  form  four  triangles,  the  orthocentres  of 
these  trianorles  lie  on  a  rifjht  line. 

17.  Describe  a  parabola  through  four  given  points. 

18.  A  parabola  rolls  on  an  equal  parabola,  the  vertices 
originally  coinciding.  Prove  that  the  tangent  at  the 
vertex  of  the  rolling  parabola  always  touches  a  fixed 
circle. 

19.  If  two  intersecting  parabolas  have  a  common  focus, 
the  angle  between  their  axes  is  equal  to  that  which  their 
common  tangent  subtends  at  the  focus. 

20.  AP,  AQ,  are  two  fixed  straight  lines,  and  B  a  fixed 
point.  Circles  described  through  A  and  B  cut  the  fixed 
lines  in  P  and  Q.  Prove  that  PQ  always  touches  a 
parabola  with  its  focus  at  B. 


CHAPTER  II. 


THE    ELLIPSE, 
DESCRIPTION  OF  THE  CURVE. 

Proposition  I. 

Given  the  focus,  directrix,  and  eccentricity  of  an  ellipse 
to  determine  any  number  of  points  on  it. 


Let  S  be  the  focus,  MXM'  the  directrix,  and  e  the 
eccentricity. 

Through  /S  draw  SX  perpendicular  to  the  directrix. 
Divide  SX  in  A,  so  that 

SA=eAX. 
60 
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Also  in  XS'  produced,  take  A'  so  that 

SA'  =  eA'X* 
Then  A  and  A'  are  points  on  the  ellipse  and  are  its 
vertices. 

Take  any  point  JV  on  A  A';  through  -ST  draw  PXP'  per- 
pendicular to  AA';  with  centre  S  and  radius  equal  to 
e .  XX,  describe  a  circle,  cutting  PXP'  in  P  and  P'.  Then 
P  and  P'  shall  be  points  on  the  ellipse.  Draw  PM,  P'M^ 
perpendicular  to  the  directrix. 

Then  SP  =  e.  XX  [Const 

=  e.PM, 
and  8^=6. XN 

=  e.P'M'. 
Therefore  P  and  P'  are  points  on  the  ellipse. 

In  like  manner,  by  taking  any  other  point  on  AA',  any 
number  of  points  on  the  curve  may  be  determined. 

Def.  The  length  of  the  axis  intercepted  between  the 
vertices  (J.  and  J.')  of  the  ellipse  is  called  the  major  axis. 

Del  The  middle  point  (C)  of  the  major  axis  is  called 
the  centre  of  the  ellipse. 

Def.  The  double  ordinate  {BCR)  through  the  centre 
(c)  is  called  the  minor  axis  of  the  ellipse. 

Ex,  1.     The  ellipse  is  symmetrical  ■with  respect  to  its  axis. 

Corresponding  to  any  point  X  on  the  line  AA'  we  get  two  points 
P  and  P',  such  that  the  chord  PP"  is  bisected  at  right  angles  by  the 
axis  A  A'. 

Ex.  2.  Any  two  right  lines  drawn  from  any  point  on  the  axis  to 
the  curve,  on  opposite  sides  of  the  axis  and  equally  inclined  to  it, 
are  equal,  and  conversely, 

Ex.  3.  If  two  equal  and  similar  ellipses  have  a  common  centre, 
the  points  of  intersection  are  at  the  extremities  of  central  chorda  at 
right  angles  to  each  other. 

*  Since  e  is  less  than  unity  it  is  clear  tliat  A  will  lie  between  X 
and  S  and  A'  without  XS  on  the  same  side  as  S. 
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Ex.  4.  Prove  that  the  ellipse  lies  entirely  between  the  lines 
drawn  through  A  and  A'  at  right  angles  to  the  axis. 

In  order  that  the  circle  may  intersect  PJVP'  the  point  lY  must  be 
so  situated  that  aS'^V  may  not  be  greater  than  the  radius  of  the  circle 
SF,  that  is,  eJVX.  It  may  easily  be  shown  that  this  is  the  case  only 
when  iV  lies  between  A  and  A'. 

Ex,  5.  Show  that  as  F  moves  from  A  to  A',  itsfocal  distance 
(SF)  increases  from  SA  to  SA'. 

For  SF=e.^LY,  and  JVX  has  AX  and  A'X  for  its  least  and 
greatest  values  respectively. 

Ex.  6.     Hence  prove  that  the  ellipse  is  a  closed  curve. 

Ex.  7.  If  a  parabola  and  an  ellipse  have  the  same  focus  and 
directrix,  the  parabola  lies  entirely  outside  the  ellipse. 

Ex.  8.  A  chord  QQ'  of  an  ellipse  meets  the  directrix  in  D. 
Prove  that 

SQ  :  QD=SQ' :  Q'l). 

Ex.  9.  A  straight  line  meets  the  ellipse  at  F  and  the  directrix 
in  J).  From  any  point  K  in  FB,  K  U  is  drawn  parallel  to  DS  to 
meet  SF  in  U,  and  KI  is  drawn  perpendicular  to  the  directrix. 
Prove  that  SU=e.  KI.  (Cf.  Prop.  XVI.,  which  is  a  particular  case 
of  this.) 

Ex.  10.  A  point  F  lies  within,  on  or  without  the  ellipse,  accord- 
ing as  the  ratio  SF  :  FM  is  less  than,  equal  to,  or  greater  than  the 
eccentricity,  FM  being  the  perpendicidar  on  the  directrix. 

Proposition  II. 

The  ellipse  is  symmetTncal  with  respect  to  the  minor 
axis  and  has  a  second  focus  (S')  and  directrix. 

Let  S  be  the  given  focus  and  MX  the  given  directrix. 

Take  any  point  M  on  the  directrix,  and  through  the 
vertices  A  and  A'  draw  AH  and  A'H'  at  right  angles  to 
AA',  meeting  the  straight  line  through  M  and  8  at  H  and 
//'  respectively.  Describe  a  circle  on  HH'  as  diameter 
and  through  M  draw  MPP\  parallel  to  AA',  to  meet  the 
circle  in  P  and  P'.  Then  P  and  P'  shall  be  points  on  the 
ellipse. 

For  MH:HS=XA:AS=l:c, 

and  MH':  B'S=XA':  A'S=  1 :  e. 
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Therefore  MH :  HS  =  MB' :  H'S, 

and  the  angle  HPH'  is  a  right  angle.  [Euc.  III.  31. 

Therefore,  PH  bisects  the  angle  SPM. 

Therefore  SP:PJI  =  SH:  HM 


Therefore,  P  is  a  point  on  the  ellipse.     Similarly,  it  may- 
be shown  that  P'  is  a  point  on  the  ellipse. 


Again,  the  straight  line  drawn  through  0,  the  centre  of 
the  circle,  at  right  angles  to  AA'  will  bisect  both  AA'  and 
PP"  at  right  angles,  and  will  therefore  coincide  with  the 
minor  axis  in  position. 

The  ellipse  is  therefore  symmetrical  with  respect  to  the 
minor  axis.  [Def. 

As  the  minor  axis  divides  the  curve  into  two  parts  such 
that  each  is  the  exact  reflexion  of  the  other,  if  A'S'  be 
measured  off  equal  to  AS  and  A'X'  =  AX,  and  X'M  be 
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drawn  at  right  angles  to  X'X,  the  curve  could  be  equally 
well  described  with  S'  as  focus  and  X'lF  as  directrix. 

The  ellipse  therefore  has  a  second  focus  {S')  and  a 
second  directrix  {X'M). 

Ex.     Every  chord  drawn  through  the  centre  (7  is  bisected  at  tliat 
point.     (From  the  symmetry  of  the  figure.) 

From  this  property  the  point  C  is  called  the  centre  of  the  curve. 


PROPEETIES   OF   CHORDS   AND   SEGMENTS   OF 
CHORDS. 

Proposition  III. 

/71  tJie  ellipse  GA  =  e.  OX (1) 

08=6. CA (2) 

CS.GX=CA'' (3) 


We  have,  from  the  definition, 
SA^e.AX, 
SA'  =  e.A'X=e.AX\ 
1'herefore,  by  addition, 

AA'=e{AX+AX') 
=  eXX\ 
Therefore  GA=e.CX 


.(1) 
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By  subtraction,         SS'  =  e(A'X  -  AX) 
==e.AA'. 

Therefore  CS=e.CA (2) 

Therefore  CS .  CX  =  CA'-. (n) 

Ex.  Given  the  ellipse  and  one  focus,  find  the  centre  and  the 
eccentricity. 

Describe  a  circle  ■with  S  as  centre,  cutting  the  curve  in  P,  f. 
The  axis  bisects  PF"  at  rij^ht  angles. 


Proposition  IY. 

The  sum  of  the  focal  distances  of  any  point  on  an 
ellipse  is  constant  and  equal  to  the  major  axis. 


Let  P  be  any  point  on  the  ellipse.      Join  PS,  FS',  and 
through  P  draw  MP^F  perpendicular  to  the  directrices. 
Then  SP  =  e.PM, 

ST  =  e.PM\ 
Therefore  SP  +  S'P  =  e.  (P1I/+  P^^) 

=  e.MM' 
==eXX' 
=  AA'.  [Prop.  in. 

Ex.  1.     Show  how  to  construct  the  ellipse  mechanically. 

First  Method. — Fasten  the  ends  of  a  string  to  two  drawing  pins 
fixed  at  iS'  and  .S*  on  a  board,  and  trace  a  curve  on  the  board  with 
a    pencil    pressed   against   the  string,   so  as   to    keep  it  always 
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stretched.     The  curve  traced  out  will  be  an  ellipse,  with  foci  at 
S  and  S',  and  major  axis  equal  to  the  length  of  the  string. 

Secotid  Method. — Suppose  two  equal  thin  circular  discs  A  and  B, 
attached  to  each  other,  to  rotate  in  opposite  directions  round  an 
axis  through  their  common  centre  ;  and,  suppose  one  end  of  a 
fine  string  (which  is  wrapped  round  the  discs,  and  passing  through 
small  rings  at  C  and  D  in  the  plane  of  the  discs,  is  kept  stretched 
by  the  point  of  a  pencil  at  P)  to  be  wound  on  to  its  disc,  while 
the  other  is  wound  off.  The  curve  traced  by  P  will  have  the 
pro]5erty  CP  +  J)P= constant, 

and  will,  therefore,  be  an  ellipse. 

Ex.  2.  The  sum  of  the  focal  distances  of  any  point  is  greater 
than,  equal  to,  or  less  than  the  major  axis,  according  as  the  point 
is  without,  u])on,  or  within  the  ellipse,  and  conversely. 

Ex.  3.  The  distance  of  either  extremity  of  the  minor  axis  from 
either  focus  is  equal  to  the  semi-axis-major. 

Ex.  4.  A  circle  is  drawn  entirely  within  another  circle.  Prove 
that  the  locus  of  a  point  equidistant  from  the  circumferences  of 
the  two  circles,  is  an  ellipse.     [The  centres  will  be  the  foci.] 

Ex.  5.  Two  ellipses  have  a  common  focus,  and  their  major  axes 
equal.     Show  that  they  cannot  intersect  in  more  than  two  points. 

The  conmion  points  may  be  shown  to  lie  on  the  line  bisecting  at 
right  angles  the  line  joining  the  second  foci. 

Ex.  6.  Prove  that  the  external  bisector  of  the  angle  SPS' 
cannot  meet  the  ellipse  again,  and  is,  therefore,  the  tangent  to  the 
ellipse  at  P,  according  to  Euclid's  conception  of  a  tangent,  (("f. 
Prop.  XVII.) 

Prove  also  that  every  other  line  through  P  will  meet  the  curve 
again.     [Apply  Ex.  2.] 

Ex.  Y.  The  major  axis  is  the  longest  chord  that  can  be  drawn 
in  the  ellipse. 

Joining  the  foci  with  the  extremities  of  any  chord,  it  may  be 
shown  that  twice  the  chord  is  less  than  the  sum  of  the  four  focal 
distances,  that  is,  less  than  twice  the  major  axis. 

Ex.  8.  In  what  position  of  P  is  the  angle  SP^  greatest? 
[When  7'  is  at  either  extremity  of  the  minor  axis.] 

Ex.  9.  If  r  and  R  be  the  radii  of  the  circles  inscribed  in  and 
described  about  the  triangle  SP,S',  prove  that  Rr  varies  as  SP.S'P. 

Proposition  V. 
In  the  ellipse 
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Let  J5  be  an  extremity  of  the  minor  axis.     Join  BS, 
BS'. 

Then  SB+S'B=AA'.  [Prop.  IV. 

But  8B=8'B. 

Therefore  SB  =  CA. 

Therefore  CB^  =  SB'-  -  CS"-  [Euc.  I.  47. 

=  CA^-CS^ 
=  SA.S'A.  [EuaIL5. 


Ex.  1 .     Prove  that  e-  =  l  — .. 

Ex.  2.     Prove  that  S'.S-  =  A' A-  -  SET-. 

Ex.  3.     If  the  angle  SBS  be  a  right  angle,  show  that 
CA^^i.CB. 

Ex.  4.     A  circle  is  described  passing  through  B  and  touching 
the  major  axis  in  H  ;  if  ><K  be  its  diameter,  prove  that 
SK.BC=AC-. 

Ex.  5.  Circles  are  described  on  the  major  and  minor  axes  a.s 
diameters.     PP'  is  a  chord  of  the  outer  circle  cutting  the  inner  in 

q,  q.    Prove  that  pq .  P'q=CS\ 

Ex.  6.  Given  a  focus  S  and  a  point  P  on  an  ellipse,  and  the 
lengths  of  the  major  and  minor  axes,  find  the  centre. 

On  SP  produced,  take  >S'A''  equal  to  the  major  axis  ;  *S"  lies  on  the 
circle  with  centre  P  and  radius  PK.  On  >S'A'a.s  diameter  describe  a 
circle,  and  place  in  it  KIT  equal  to  the  minor  axis  ;  S'  lies  on  the 
circle  with  centre  *S'  and  radius  SU. 
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*  Proposition  VI. 

The  latus  rectum  of  an  ellipse  is  a  third  proportional 
to  the  major  and  minor  axes  (SL  =  CB^/GA). 


Let  LSL'  be  the  latus  rectum.    Draw  LM  perpendicular 


t<:)  the  directrix. 

Then 

CS=eCA, 

[Prop.  III. 

SL  =  eLM 

[Def. 

=  eSX; 

therefore 

SL.CA  =  C8.SX 

=  CS{CX-CS) 
=  CS.CX-CS^ 

=  CA^-GS-' 

[Prop.  III. 

=  C]? 

[Prop.  V. 

Ex.  1.  Construct  on  the  minor  axis  as  base  a  rectangle  which 
shall  be  to  the  triangle  SLS'  in  the  duplicate  ratio  of  the  major  axis 
to  the  minor  axis. 

Draw  BK  parallel  to  LS',  meeting  the  major  axis  in  A' ;  the  other 
side  of  the  rectangle  =  :^CA'. 

Ex.  2.  The  extremities  of  the  latera  recta  of  all  ellipses  which 
have  a  common  major  axis,  lie  on  two  parabolas. 

If  LN  be  perpendicular  to  CB,  LN'^  =  AC{AC-  CN)  ;  hence,  L  lies 
on  a  parabola  of  which  CB  is  the  axis,  and  the  vertex  is  at  a 
distance  from  C=  CA 
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♦Proposition  VII. 

Any  focal  chord  of  an  ellipse  is  divided  liarmonicaU'if 
hy  the  fociis  and  the  directrix. 


Produce  the  focal  chord  PSp  to  meet  the  directrix  iu 
D,  and  draw  PM,  pm  perpendicular  to  the  directrix. 

Then  PD:j)D  =  PM  :i^m, 

but  PS  =  e.PM, 

and  pS=e.pm  ; 

therefore  PD :  pD  =  PS :  pS. 

Hence  Pp  is  divided  harmonically  in  S  and  D. 

Ex.  1.     Tlie  semi-latus  rectum  is  a  harmonic  mean  between  the 
segments  of  any  focal  chord. 

Ex.  2.     Focal  chords  are  to  one  another  as  the  rectangles  con- 
tained by  their  segments. 

Proposition  VIII. 

//  any  choixl  QQ'  of  an  ellipse  intersects  the  directrix 
in  D,  SD  bisects  the  exterior  angle  bettveen  SQ  and  SQ'. 

Draw  QM,  QM'  perpendiculars  on  the  directrix,  and 
produce  QS  to  meet  the  ellipse  in  q. 


60 


GEOMETRY  OF  CONICS. 


Then,  by  similar  triangles, 

QD:Q'D  =  QM:Q'M' 
=SQ:SQ'; 
therefore  8D  bisects  the  exterior  angle  Q'Sq.     [Euc  ^'I.  A. 


Ex.  1.  PSj)  is  a  focal  chord.  Prove  that  21 F  and  A'p  are  eqiially 
inclined  to  the  axis. 

Ex.  2.  Given  the  focus  and  three  points  on  an  ellipse,  find  the 
directrix  and  the  axis. 

Ex.  3.  If  P  be  any  point  on  an  ellipse,  and  PA,  PA'  when 
produced  meet  the  directrix  in  J^J  and  F,  show  that  £F  subtends  a 
right  angle  at  the  foc;us. 

Ex.  4.  If  A'S'  be  measured  off  along  A'A  equal  to  AS,  and 
A'X'  be  measured  off  along  AA'  equal  to  AX,  and  if  PA  and  PA' 
when  pi'oduced  meet  the  straight  line  through  A''  at  right  angles  to 
the  axis  in  E',  F',  show  that  E'X' .  F'X'  =  EX.  FX,  and  that  E'F' 
subtends  a  right  angle  at  S'.  (This  is  to  be  proved  without  assum- 
ing the  existence  of  the  second  focus  and  directrix  of  the  curs-e.) 

Ex.  5.  Hence,  show  that  if  PK  be  tiie  perpendicular  on  E'F', 
S'P=e.  PK ;  and  deduce  the  existence  of  a  second  focus  and 
directrix  corres])onding  to  the  vertex  A'. 

Ex.  6.  If  two  fixed  points  Q,  Q'  on  an  ellipse  be  joined  Avith  a 
third  variable  point  0  on  the  curve,  the  segment  qq'  intercepted  on 
either  directrix  by  the  chords  QO  and  (^0  produced,  subtends  a 
constant  angle  at  the  corresponding  focus. 

The  angle  qSq'  may  be  proved  to  be  equal  to  half  of  the  anglo 

QSq. 
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Ex.  7.  PSp  is  a  focal  chord  ;  0  is  any  point  on  the  curve  ;  PO, 
pO  produced  meet  the  directrix  in  /),  d.  PS:ove  that  Dd  subtends  a 
right  angle  at  the  focus. 

Ex.  8.  Given  the  focus  of  au  ellipse  and  two  points  on  the  curve, 
prove  that  the  directrix  will  pass  through  a  fixed  point. 

Ex.  9.  A  straight  line  which  meets  au  ellipse  will,  in  general, 
meet  it  in  two  points,  and  no  straight  line  can  meet  it  in  more 
points  than  two. 

The  first  part  follows  at  once  from  the  fact  that  the  eUipse  is  a 
closed  curve.  (Prop.  I.,  Ex.  6.  Cf.  also  Ch.  I.,  Prop.  X-,  Ex.  8.) 
Then,  if  the  line  meets  the  cur\-e  in  Q  and  Q',  and  the  directrix  in 
2),  SQ  and  S(/  will  be  equally  inclined  to  DIS.  Hence,  if  there  be  a 
third  point  of  intersection  (jf',  SQ'  and  »S'^  will  make  the  same  angle 
with  DS,  which  is  impossible. 

Proposition  IX. 

Tlie  square  of  the  ordinate  of  any  point  on  an  ellipse 
varies  as  the  rectangle  under  the  segments  of  the  axis 
made  hy  the  ordinate  (PN^ :  AX  A'N=CB^ :  CA"-). 


Let  PX  be  the  ordinate  of  any  point  P  on  the  ellipse. 
Let  PA  and  A'P  produced  meet  the  directrix  in  D  and 
jy.  Join  SD,  SU,  and  SP,  and  produce  PS  to  meet  the 
curve  in  p. 
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Then,  from  the  similar  triangles  PAN  and  DAX, 
PN:AN=DX:AX. 
Also,  from  the  similar  triangles  PA'N  and  D'A'X^ 

PN.A'N=D'X:A'X', 
therefore      PN^ :  AN .  A'N=  DX.D'XiAX.  A'X. 
Again,  SD  and  8D'  bisect  the  angles  pSX  and  PSX 
respectively ;  [Prop,  VIII. 

therefore  the  angle  DSD'  is  a  right  angle,  and 

DX.D'X  =  SX^;  [Euc.VI.8. 

therefore  PN'^ :  AN .  A'N=  SX^-.AX.  A'X. 

But  the  ratio  SX'-:AX .A'X  is  constant;  therefore  the 
ratio  PN^-.AN.A'N  has  the  same  value  for  all  positions 
of  P. 

In  the  particular  case  when  P  coincides  with  the 
extremity  B  of  the  minor  axis,  the  ratio  PN^iAN.A'N 
becomes  GB^  :  GA^ ;  therefore 

PN^ :  AN.  A'N=  GB^ :  GA\ 
P  being  any  point  on  the  ellipse. 

Ex.  1.     Prove  that  P^^^ :  CA^  -  CN^  =  CB^  ;  CA*. 
Ex.2.     Prove  that         ^+^^^-  =  1, 

Ex.  3.  Prove  that  CP^=CB^+^.  CJP  ;  and  hence  deduce  that 
of  all  lines  drawn  from  the  centre  to  the  curve  CA  is  the  greatest 
and  CB  the  least.     (See  Prop.  V.,  Ex.  1.) 

Ex.  4.     Show  that  FN  increases  as  ^  moves  from  yl  to  C. 

Ex.  5.  If  PM  he  drawn  perpendicular  to  the  minor  axis,  de- 
duce that  PM' :  BM.  B'M=^  CA^ :  CB^. 

Ex.  6.  P,  Q  are  two  points  on  an  ellipse.  AQ,  A'Q  cut  PA^  in 
L  and  M  respectively.     Prove  that  PJV^  ^  xiV.  MK 

Ex.  7.     Deduce  Prop.  VI. 

Ex.  8.  If  JVQ  be  drawn  parallel  to  AB,  meeting  the  minor  axis 
in  Q,  show  that  PJV^  =  BQ.BQ. 

Ex.  9.  If  a  point  P  moves  such  that  PJV^  -.AN.A'N  in  a  constant 
ratio,  PN  being  the  distance  of  P  from  the  line  joining  two  fixed 


ELLIPSE. 


63 


points  A,  A',  and  JT  being  bet-ween  A  and  A',  the  locus  of  P  is  an 
ellipse  of  which  AA'  is  an  axis. 

Ex.  10.  The  locus  of  the  intersection  of  lines  dra-^Ti  through 
A,  A'  at  right  angles  to  JP,  A'F,  is  an  ellipse.  [AA'  will  be  the 
minor  axis.     See  Ex.  5,  9.] 

Ex.  11.  The  tangent  at  any  point  P  of  a  circle  meets  the 
tangent  at  the  extremity  .4  of  a  fixed  diameter  AB  in  T.  Find 
the  locus  of  the  point  of  intersection  (Q)  of  AF  and  BT. 

QM  being  perpendicular  to  AB,  the  triangles  QJIA,  APB,  and 
ATG  are  similar  ;  so  are  the  triangles  QMB  and  TAB.     Hence 
QM-^:AM.BM=AC:AB. 

Ex  12.  The  ordinat^s  of  all  points  on  an  ellipse  being  produced 
in  the  same  ratio,  the  locus  of  their  extremities  is  another  ellipse. 

Ex.  13.  P  is  any  point  on  an  ellipse ;  AQO  is  drawn  parallel 
to  CP  meeting  the  curve  in  Q  and  CB  produced  in  0.  Prove  that 
A0.AQ=2CB^. 

Proposition  X. 

The  loeiis  of  the  middle  jxnnts  of  any  system  ofjparallel 
chords  of  an  ellipse  is  a  straight  line  passing  through  the 

centre. 


Let  QQ'  be  one  of  a  system  of  parallel  chords  and  Fits 
middle  point. 

Draw  QM,  Q'M  perpendicular  to  the  directrix.      Draw 
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SY  perpendicular  to  QQ'  and  produce  it  to  meet  the 
directrix  in  K.  Produce  QQ'  to  meet  the  directrix  in 
R.    Join  SQ,  SQ\ 

Then  SQ:SQ'  =  QM- Q'M' 

=  QR:Q'R 
Therefore    SQ'  -  SQ''' :  QR^  -  Q'R' = SQ^ :  QR^. 
But  SQ^-SQ'^  =  QY^--Q'l^ 

=  (QY+Q'YKQY-Q'Y) 
=  2QQ\YV. 
Similarly     QR^  -  Q'R^  =  2QQ'  .RV, 
Therefore         YV:  R  V=  SQ'- :  QRK 

Now  the  ratio  SQ :  QM  is  constant,  also  the  ratio 
QM\  QR  is  constant,  since  QQ'  is  drawn  in  a  fixed 
direction.     Therefore  SQ :  QR  is  a  constant  ratio. 

Therefore  also  YV:RV  is  a  constant  ratio  for  all 
chords  of  the  system. 

But  as  R  always  lies  on  a  fixed  straight  line  (the 
directrix)  and  F  on  another  fixed  straight  line  (the 
focal  perpendicular  on  the  parallel  chords)  intersecting 
the  former  in  K,  V  must  also  lie  on  a  third  fixed 
straight  line  passing  through  the  same  point  K. 

Also  C,  the  centre  of  the  ellipse,  is  evidently  a  point 
on  this  line,  since  the  parallel  chord  through  G  is,  from 
the  symmetry  of  the  figure,  bisected  at  that  point. 

Hence,  the  diameter  bisecting  any  system  of  parallel 
chords  of  an  ellipse  is  a  chord  passing  through  its  centre. 

Ex.     The  diameter  bisecting  an}'  system  of  parallel  chords,  meets 
the  directrix  on  the  focal  perpendicular  ou  the  chords. 
JVote.—See  Prop.  XI.,  Ex.  10. 

Def.  The  circle  described  on  the  major  axis  (AA')  as 
diameter  is  called  the  auxiliary  circle. 
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Proposition  XI. 

Ordinates  drawn  from  the  same  point  on  the  axis  to 
the  ellipse  and  the  auxiliary  circle  are  in  the  ratio  of  the 
minor  to  the  m.ajor  aocis. 


^^^^^HV 


Let  ApA'  be  the  auxiliary  circle  and  let  NPp  he  a 
common  ordinate  to  the  ellipse  and  the  circle. 

Then  PN'^:  AX.  A'N=  CB^ :  GA\  [Prop.  DL 

and  pN^  =  AN  .A'N.    [EuaIIL3&35. 

Therefore  PN^ :  pN~  =  GB^ :  CA\ 

Therefore  PIf :  pN=  CB :  GA. 

Note. — By  the  help  of  this  important  property  of  the  circle  upoa 
the  major  axis  as  diameter,  many  propositions  concerning  the 
ellipse  may  be  easily  proved,  as  will  be  shown  hereafter.  Hence 
the  name  auxiliary  circle. 

Defl  The  points  P  and  p  lying  on  a  common  ordinate 
pPN  of  the  ellipse  and  its  auxiliary  circle  are  called 
corresponding  'points. 

Ex.  1.  A  straight  line  cannot  meet  the  ellipse  in  more  than 
two  points.     (Cf.  Prop.  YIII..  Ex.  9.) 
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Ex.  2.  PM  drawn  perpendicular  to  BB'  meets  the  circle  on  the 
lainor  axis  as  diameter  in  p'.     Prove  that 

PM'.p'M^CA'.CB. 
(See  Prop.  IX.,  Ex.  5.) 

Ex.  3.  PNy  PM  are  perpendiculars  on  the  axes,  meeting  the 
circles  on  the  axes  as  diameters  in  p,  p'  respectively. 

Prove  that  p  and  p'  being  properly  selected,  pp'  passes  through 
the  centre. 

Ex.  4.  Through  P,  KPL  is  drawn  making  the  same  angle  with 
the  axes  as  pC,  and  cutting  them  in  K  and  L.  Show  that  KL  is 
of  constant  length.     {KL  =  CA  +  CB.) 

Ex.  5.  If  the  two  extremities  of  a  straight  line  move  along  two 
fixed  straight  lines  at  right  angles  to  each  other,  any  given  point 
on  the  moving  line  describes  an  ellipse. 

Let  the  fixed  straight  lines  intersect  in  0,  and  let  P  be  the  given 
point  on  the  moving  line  AB  oi  which  C  is  the  middle  point.  Let 
QPN  drawn  at  right  angles  to  OB,  meet  OC,  OB  in  Q  and  N 
respectively.  Then,  since  OQ=AP,  the  locus  of  Q  is  a  circle; 
also,  as  PN:QN=PB:FA,  the  locus  of  P  is  an  ellipse. 

Ex.  6.  Given  the  semi-axes  in  magnitude  and  position,  construct 
the  curve  mechanically. 

Mark  off  on  the  straight  edge  of  a  slip  of  paper  two  lengths  PA 
and  PB  in  the  same  direojtion  and  equal  to  the  semi-axes  respec- 
tively. If  the  paper  be  now  made  to  move  so  that  A  and  B  may 
always  be  on  the  lines  representing  the  axes  in  position,  P  will 
trace  out  the  ellipse.     (See  Ex.  5.) 

Ex.  7.  If  a  circle  roll  within  another  circle  of  double  its  radius, 
any  point  in  the  area  of  the  rolling  circle  traces  out  an  ellipse. 

First  Method. — Let  C  be  the  centre  of  the  rolling  circle,  and  0 
that  of  the  other.  If  the  given  point  P  be  on  the  radius  CM,  M 
will  describe  the  diameter  A'OA  of  the  outer  circle.  Draw  RPN 
perpendicular  to  OA',  meeting  OC  in  R  and  OM  in  N.  Then  since 
Ci2=CP,  the  locus  of  iil  is  a  circle;  and,  as  PN  •.RN=PM  :0R, 
the  locus  of  P  is  an  ellipse. 

Second  Method. — The  point  J/ coincided  with  A'  at  the  beginning 
of  the  motion  ;  if  in  any  position,  the  circles  touch  at  §, 

axe  MQ=&rc  A'Q,  angle  QCM=2  angle  QOMy 
.■.  OCQ  is  always  a  straight  line,  so  also  is  MCN,  N  being  the 
intersection  of  the  inner  circle  with  that  radius  of  the  outer  which 
is  at  right  angles  to  OA.  It  is  clear,  therefore,  that  the  motion  of 
a  point  P  in  J/]A^  is  exactly  the  same  as  that  of  a  point  in  the 
moving  rod  in  Ex.  6. 
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Ex.  8.  From  the  centre  of  two  concentric  circles,  a  straight  line 
is  drawn  to  cut  tliem  in  P  and  Q  ;  through  P  and  Q  straight  lines 
are  drawn  parallel  to  two  given  lines  at  right  angles.  Prove  that 
the  locus  of  their  point  of  intersection  is  an  ellipse,  of  which  the 
outer  circle  is  the  auxiliary  circle. 

Ex.  9.  yPp,  yPp'  are  ordinates  of  the  ellipse  and  its  auxiliary 
circle.  Show  that  PP,  pj/  produced  meet  on  the  axis  in  the  same 
point  T. 

Ex.  10.     Deduce  from  Ex.  9  a  proof  of  Prop.  X. 

Let  Vy  vhe  the  middle  points  of  PP,  pp'.  Vv  produced  bisects 
yy  at  right  angles  in  M.  Now  as  long  as  PP  remains  parallel 
to  itself,  pp'  must  remain  parallel  to  itself,  and,  therefore,  ita 
middle  point  v  lies  on  a  fixed  straight  line,  the  diameter  at  right 
angles  to  pp'.  T,  therefore,  lies  on  a  fixed  straight  line  through 
C,  since  vM :  VM=  CB :  CA. 


♦Propositiok  XII. 

If  a  system,  of  chords  of  an  ellipse  he  drawn  thi'ough  a 
fixed  point  the  rectangles  contained  by  their  segments  are 
as  the  squares  of  the  parallel  serai-diameters. 


Let  QOQ'  be  one  of  the  system  of  chords  drawn  through 
the  fixed  point  0  and  CP  the  semi-diameter  parallel  to 
QQ'.     Then  QO.OQ:  CF^  shall  be  a  constant  ratia 
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Describe  the  auxiliary  circle,  and  let  p,  q,  q'  be  the  cor- 
responding points  to  P,  Q,  Q\  Join  Cp  and  qq'  and  draw 
through  0  a  line  perpendicular  to  the  major  axis,  meeting 
it  in  D  and  qq'  in  o. 

Then,  since  QM :  qM=  QM :  q'M 

=  GB:GA,  [Prop.  XL 

the  straight  lines  QQ'  and  qq'  produced  meet  the  axis  pro- 
duced in  the  same  point  T. 

Again,  the  triangles  FNG  and  QMT  being  similar 
NGiMT=PN:QM 

=pN:qM.  [Prop.  XL 

Therefore  the  triangles  pNG  and  qMT  are  similar. 

[Euc.  VI.  6. 
Therefore  pG  is  parallel  to  qT. 
Therefore  the  triangles  pPG  and  qQT  are  also  similar. 

Now  QO:qo  =  QT:qT, 

also  OQ':oq'  =  QT:qT. 

Therefore        QO.OQ':qo.oq'  =  QT^  :qT^ 

=  GI^:G^, 
or  QO .  OQ' :  GP'  =  qo .  oq':  GP\ 

Now,  since  OD:oD  =  GB:GA, 

and  the  point  0  is  fixed,  the  point  o  is  also  fixed ;  hence 
qo .  oq'  is  constant.  [Eua  III.  35. 

Also  Gp = GA  =  constant. 

Therefore  QO.OQ'iGP^ 

is  a  constant  ratio. 

Ex.  1.  The  ratio  of  the  rectangles  under  the  segments  of  any 
two  intersecting  chords  of  an  ellipse,  is  equal  to  that  of  the  rect- 
angles under  the  segments  of  any  other  two  chord:)  parallel  to  the 
former,  each  to  each. 
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Ex.  2.  If  two  chords  of  an  ellipse  intersect,  the  rectangles 
under  their  segments  are  as  the  parallel  focal  chords.  (Apply 
Prop.  VIL,  Ex.  2.) 

Ex.  3.  Ordinates  to  any  diameter  at  equal  distances  from  the 
centre  are  equal, 

Ex.  4.  QCq  is  the  central  chord  parallel  to  the  focal  chord 
PSp.     Prove  that 

SP.Sp:CQ.Cg=CJP:  CA*. 

*  Proposition  XIII. 

If  a  circle  intersect  an  ellipse  in  four  points  their 
common  chm'ds  will  he  equally  inclined,  tvx>  and  two,  to 
the  axis. 


Let  Q,  Q\  q,  q',  be  the  four  points  of  intersection. 

Join  QQ',  qq\  intersecting  in  0. 
Then  QO .  OQ' ^  qO .  Oq\  [Euc.  Ill  35. 

Therefore  the  semi-diameters  parallel  to  QQ'  and  qq' 
respectively,  are  equal  to  each  other,  [Prop.  XIL 

and  they  are,  therefore,  equally  inclined  to  the  axis  from 
the  symmetry  of  the  figure.  (See  also  Prop.  I.,  Ex.  2.) 
Therefore,  the  chords  QQ^  and  qq'  are  equally  inclined  to 
the  axis. 
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In  like  manner  it  may  be  shown  that  the  chords  Qq 
and  Q'q'  as  well  as  the  chords  Qq'  and  qQ'  are  equally 
inclined  to  the  axis. 

Ex.  1.  If  two  chords,  not  parallel,  be  equally  inclined  to  the 
axis  of  an  ellipse,  their  extremities  lie  on  a  circle. 

Ex.  2.  If  P  be  a  fixed  point  on  an  ellipse  and  QQ'  any  ordinate 
to  CF,  show  that  the  circle  QPQ'  will  intersect  the  curve  in 
another  fixed  point. 

PEOPERTIES   OF   TANGENTS. 

It  has  been  already  observed  in  Chapter  I.  that,  gene- 
rally, from  a  chord  property  of  a  conic  a  corresponding 
tangent  property  may  be  deduced.  The  student  should 
work  out  the  following  exercises  as  illustrating  the 
method  in  the  case  of  the  ellipse. 

*  Deduce  from  Prop.  XII. : — 

Ex.  1.  The  tangents  to  an  ellipse  from  an  external  point  are 
proportional  to  the  parallel  semi-diametei"s. 

Ex.  2.  If  the  tangents  at  three  points  F,  Q,  R  on  an  ellipse, 
intersect  in  r,  q,  p,  show  that 

Fr.pQ.qR=Pq.rQ.pR. 

Ex.  3.  If  two  parallel  tangents  OP,  O'P  be  met  by  any  third 
tangent  OQCf,  then  OP .  0'P'  =  OQ  .  O'Q. 

Ex.  4.  If  from  any  point  without  an  ellipse  a  secant  and  also 
a  tangent  be  drawn,  the  rectangle  under  the  whole  secant  and  the 
external  segment  is  to  the  square  of  the  tangent  as  the  squares 
of  the  parallel  semi-diameters. 

Ex.  5.  If  two  tangents  be  drawn  to  an  ellipse,  any  line  drawn 
parallel  to  either  will  be  cut  in  geometric  progression  by  the  other 
tangent,  the  curve  and  the  chord  of  contact. 

Ex.  6.  Any  two  intersecting  tangents  to  an  ellipse  are  to  one 
another  in  the  sub-duplicate  ratio  of  the  parallel  focal  chords. 

Ex.  7.  If  two  parallel  tangents  J  Q  and  OR  be  cut  by  any  third 
tangent  APO,  and  RP  meets  QA  in  B,  show  that  AQ=AB. 

♦Deduce  from  Prop.  XIII. : — 

Ex.  1.  PQ,  PQ"  are  chords  of  an  ellipse  equally  inclined  to  the 
axis.     Prove  that  the  circle  PQQ'  touches  the  ellipse  at  P. 
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Ex.  2.  PF  is  a  chord  of  an  ellipse  parallel  to  the  major  axis  ; 
FQ,  FQ  are  chords  equally  inclined  to  that  axis.  Sho-w  that 
Q^  is  parallel  to  the  tangent  at  P. 

Ex.  3.  If  a  circle  touch  an  ellipse  at  the  points  P  and  §,  proye 
that  PQ  is  parallel  to  one  of  the  axes. 

See  also  Props.  XTV.  and  XV. 

Proposition  XTV. 

The  tangent  to  an  ellipse  at  either  end  of  a  diameter  is 
parallel  to  the  system  of  chords  bisected  by  the  diameter. 


Let  PVGP'  be  the  diameter  bisecting  a  system  of 
chords  parallel  to  QQ'.  Let  QQ^  be  made  to  move 
parallel  to  itself  so  that  Q  may  coincide  with  V.  Since 
QV  is  always  equal  to  Q'F,  [Prop.  X. 

it  is  clear  that  Q'  will  also  coincide  with  V,  and  the 
chord  in  this  its  limiting  position  will  be  the  tangent 
to  the  ellipse  at  P. 

Ex  1.  The  tangent  at  the  vertex  is  at  right  angles  to  the  major 
axis.  [From  symmetn',  the  chords  at  right  angles  to  the  major 
axis  are  bisected  by  it.] 

Ex.  2.  The  line  joining  the  points  of  contact  of  two  parallel 
tangents  is  a  diameter. 

Ex.  3.  Any  tangent  is  cut  harmonically  by  two  parallel  tan- 
gents and  the  diameter  passing  through  their  points  of  contact. 
(See  note  on  Tangent  Properties,  I.,  Ex.  3.) 
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Ex.  4.  An  ellipse  is  described  about  the  triangle  ABC,  having 
its  centre  at  the  point  of  intersection  0  of  the  medians.  OA^  OB, 
OC  produced  meet  the  ellipse  in  a,  (i,  y.  Prove  that  the  tangents 
**  «>  A  y  ^o™i  a  triangle  similar  to  ABC  and  four  times  as  large. 

Proposition  XV. 

The  portion  of  the  tangent  to  an  ellipse  at  any  point 
intercepted  betiveen  that  point  and  the  directrix  suhtends 
a  right  angle  at  the  focus,  and  conversely. 

Also  the  tangents  at  the  ends  of  a  focal  chord  intersect 
on  the  directrix. 


First. — Let  any  chord  QQ'  of  the  ellipse  intersect  the 
directrix  in  Z. 

Then  SZ  bisects  the  exterior  angle  Q'Sq.  [Prop.  VIII. 
Now,  let  the  chord  QQ'  be  made  to  turn  about  Q  until 
the  point  Q'  moves  up  to  and  coincides  with  Q,  so  that  the 
chord  becomes  the  tangent  to  the  ellipse  at  Q.  In  this 
limiting  position  of  the  chord  QQ',  since  Q  and  Q'  coincide, 
the  angle  QSQ'  vanishes  and  therefore  the  angle  Q'Sq 
becomes  equal  to  two  right  angles.  But,  since  SZ  always 
bisects  the  angle  Q'Sq,  in  this  case  the  angle  QSZ  is  a 
right  angle. 
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Again,  let  QZ  subtend  a  right  angle  at  S;  then  it  shall 
be  the  tangent  to  the  ellipse  at  Q.  For,  if  not,  and  if 
possible,  let  QZ  be  the  tangent  at  Q;  then  the  angle 
QSZ  is  a  right  angle,  which  is  impossible.  Therefore  QZ 
is  the  tangent  at  Q. 


Secondly. — Let  QSq  be  a  focal  chord  and  QZ  the  tan- 
gent at  Q.     Join  ZS,  Zq. 

Then  the  angle  QSZ  being  a  right  angle,  the  angle 
ZSq  is  also  a  right  angle,  and  therefore  qZ  is  the  tangent 
to  the  ellipse  at  q.  Therefore  the  tangents  at  Q  and  q 
intersect  on  the  directrix. 

Ex.  1.  Tangents  at  the  extremities  of  the  latus  rectum  inter- 
sect in  X 

Ex.  2.  If  through  any  point  F  of  an  ellipse,  an  ordinate  QPN 
be  drawn,  meeting  the  tangent  at  L  in  Q,  prove  that  Qy=SP. 

Ex.  3.     To  draw  the  tangent  at  a  given  point  P  of  an  ellipse. 

Ex.  4.     By  drawing  the  tangent  at  B,  prove  that  CS.  CX=CA*. 

^  Ex.  5.     If  ZQ  meets  the  other  directrix  in  Z'y  ZP  subtends  a 
right  angle  at  S. 

Ex.  6.     If  QZ  intersect  the  latus  rectum  in  2),  prove  that 
SB^e.fiZ. 
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Proposition  XVI. 


If  from  a  point  0  on  the  tangent  at  any  point  P  of  an 
ellipse  perpendiculars  0  U  and  01  be  drawn  to  SP  and 
the  directrix  respectively,  then 

SU=e.OI, 
and  conversely. 


Join  SZ  and  draw  PM  perpendicular  to  the  directrix. 
Because  ZSP  is  a  right  angle,  [Prop.  XV. 

ZSf  is  parallel  to  OU. 

Therefore,  by  similar  triangles, 

SU:SP  =  ZO:ZP 
=  OI:PM. 
But  SP^e.PM; 

therefore  811=6. 01. 

Again,  for  the  converse  proposition,  if  a  line  OP  meets 
the  ellipse  at  P,  and  the  same  construction  is  made  as 
before,  we  have 

8U=e.0I, 
and  SP  =  e.PM; 

therefore  SU:  SP=0I:PM 

==Z0:ZP. 
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Therefore  OU  is  pamllel  to  ZS,  [Euc.  VI.  2. 

and  the  angle  PSZ  is  a  right  angle. 

OP  is,  therefore,  the  tangent  at  P.  [Prop.  XV. 

Note. — See  Chap.  I.,  Prop.  XTTL,  also  Prop.  I.,  Ex.  9. 

Proposition  XYII. 

The  tangent  at  any  ix^int  of  an  ellipse  makes  eqiud 
angles  with  the  focal  distances  of  the  'point. 


Let  the  tangent  at  F  meet  the  directrices  in  Z  and  Z'. 

Draw  MPM'  perpendicular  to  the  directrices,  meeting 
them  in  M  and  M'  respectively.  Join  SP,  SZ,  S'P,  and 
S'Z'. 

Then,  in  the  two  triangles  PSZ  and  PS'Z',  the  angles 
PSZ  and  PS'Z'  are  equal,  being  right  angles,  [Prop.  XV. 
and  SP:S'P  =  PM:PM' 

=  PZ:PZ', 
and  the  angles  PZS  and  PZ'S'  are  both  acute  angles. 

Therefore  the  triangles  are  similar ;  [Eua  VI.  7. 

therefore  the  angle  <SPZ=the  angle  S'PZ'. 
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Ex.  1.  If  a  line  drawn  tlirough  P  bisect  the  exterior  angle 
between  SP  and  S'P,  it  will  be  the  tangent  at  P. 

Ex.  2.  The  tangent  at  the  vertex  is  at  right  angles  to  the 
major  axis. 

Ex.  3.  The  perpendiculars  from  Z  and  Z'  on  SP  intercept  a 
length  equal  to  AA'. 

Ex.  4.  The  tangent  at  any  point  makes  a  greater  angle  with 
the  focal  distance  than  with  the  perpendicular  on  the  directrix. 

Ex,  5.  If  SY,  S'Y'  be  the  perpendiculars  upon  the  tangent  at  P, 
and  PiV  be  the  ordinate  of  P,  prove  that  jTiV  bisects  the  angle 

Ex.  6.  If  ST,  the  perpendicular  on  the  tangent  at  P,  meet  S'P 
produced  in  s,  prove  that 

(i)  sr=sr,      (ii)  sp=Ps,     (iii)  s's==aa'. 

On  account  of  property  (i),  s  is  called  the  image  of  the  focus  in  the 
tangent. 

Ex.  7.  Prove  that  the  locus  of  the  image  of  the  focus  in  the 
tangent  is  a  circle. 

The  circle,  of  which  the  centre  is  a  focus  and  the  radius  equal 
to  the  major  axis,  is  sometimes,  though  i^.ot  quite  properly,  called 
the  Director  Circle,  by  way  of  analogy  to  the  directrix  of  the 
parabola,  which  is,  in  the  case  of  that  curve,  the  locus  of  the  image 
of  the  focus  in  the  tangent.     (See  Chap.  I.,  Prop.  XIV.,  Ex.  7.) 

Ex.  8.  Given  a  focus  and  the  length  of  the  major  axis,  describe 
an  ellipse  touching  a  given  straight  line  and  passing  through  a 
given  point.     (Apply  Prop.  IV. ;  Newton,  Book  I.,  Prop.  XVIII.) 

Ex.  9.  Given  a  focus  and  the  length  of  the  major  axis,  describe 
an  ellipse  touching  two  given  straight  lines.  (Apply  Prop.  IV., 
cf.  Prop.  XXIII.,  Ex.  4 ;  Newton,  Book  I.,  Prop.  XVIII.) 

Ex.  10.  If  a  circle  be  described  through  the  foci  of  an  ellipse, 
a  straight  line  drawn  from  its  intersection  with  the  minor  axis 
to  its  intersection  with  the  ellipse,  will  touch  the  ellipse. 

Proposition  XVIII. 

To  draw  two  tangents  to  an  ellipse  from  an  external 
point. 

Let  0  be  tTie  external  point.  Draw  01  perpendicular 
to  the  directrix,  and  with  centre  S  and  radius  equal  to 


ELLIPSE.  77 

e .  01,  describe  a  circle.  Draw  OU,  OTJ'  tangents  to  this 
circle,  and  let  SU,  SU'  meet  the  ellipse  in  Q,  Q\  Join 
OQ,  OQ'.     Then  OQ,  OQf  shall  be  the  tangents  required. 


For  OfT"  is  at  right  angles  to  SQ,  [Euc.  IIL  la 

and  SU=e.OL 

Therefore  OQ  is  the  tangent  to  the  ellipse  at  Q. 

[Prop.  XVL 

Similarly  OQf  is  the  tangent  at  Q'. 

Ex.  1.  Alternative  CoTistructton. — With  centre  0  and  radios  OS 
describe  a  circle  ;  with  centre  S'  and  radius  equal  to  the  major 
axis  describe  another  circle  intersecting  the  former  in  M  and  M'. 
Join  S'M  and  S'M',  meeting  the  ellipse  in  Q  and  Q' ;  OQ,  OQ'  are 
the  tangents  required.  [The  angle  0^3/=  the  angle  OQS.  Then 
apply  Prop.  XVII.,  Ex.  1.  It  may  be  shown  that  the  construction 
given  in  Chap.  I.,  Prop.  XVI.,  is  immediately  deducible  from  this.] 

Ex.  2.  Show  that  only  two  tangents  can  be  drawn  to  an  ellipse 
from  an  external  point.     (See  Note  to  Chap.  I.,  Prop.  XVI.) 

Proposition  XIX. 

The  two  tangents  which  can  he  drawn  to  an  ellipse 
from  an  external  point  subtend  equal  angles  at  the 
focus. 
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Let  OQ,  OQ'  be  the  two  tangents  from  0. 
Join  SO,  SQ,  SQ',  and  draw  01,  OU,  OU'  perpendi- 
culars upon  the  directrix,  SQ,  SQ'  respectively. 


Then  SU==e.  OI=SU\  [Prop.  XVI. 

Therefore  OU=OU'.  [Euc.  I.  47. 

Therefore  the  angles  OSU  and  OSU'  are  equal, 

[Euc.  I.  8. 
and  they  are  the  angles  which  the  tangents  subtend  at 
the  focus  S. 

Ex.  1.  QQ  produced  meets  the  directrix  in  Z.  Prove  that  OZ 
subtends  a  right  angle  at  S.  [Prop.  XV.  is  a  particular  case  of 
this.] 

Ex.  2.  If  P  be  any  point  on  an  ellipse,  the  centre  of  the  circle 
touching  the  major  axis,  SP,  and  S'P  produced  lies  on  the  tangent 
at  the  vertex. 

Ex.  3.  The  two  foci  and  the  intersections  of  any  tangent  with 
the  tangents  at  the  vertices,  are  concyclic  points. 

Ex.  4.  A  variable  tangent  meets  a  fixed  tangent  in  T.  Find 
the  locus  of  the  intersection  with  the  variable  tangent  of  the  straight 
line  through  S  at  right  angles  to  ST. 

[The  locus  is  the  tangent  at  the  other  extremity  of  the  focal  chord 
through  the  point  of  contact  of  the  fixed  tangent.] 

Ex,  6.     The  tangents  at  the  ends  of  a  focal  chord  meet   the 
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tangents  at  the  vertex  in  T^  and  T^.     Prove  that  ATi.AT^  is  con- 
stant.    (=-AS\) 

Ex.  6.  The  angle  subtended  at  either  focus  by  the  segm^t  inter- 
cepted on  a  variable  tangent  by  two  fixed  tangents  is  constant. 

Ex.  7.  If  OS  intersect  QQ^  in  R  and  JtK  be  drawn  perpen- 
dicular to  the  directrix,  prove  that  QK,  Q'K  are  equally  inclined 
to  the  axis. 

Ex.  8.  An  ellipse  is  inscribed  in  a  triangle  ;  if  one  focus  moves 
along  the  arc  of  a  circle  passing  through  two  of  the  angular  points 
of  the  triangle,  find  the  locus  of  the  other  focus.  [An  arc  of  a  circle 
through  the  same  angular  points.] 

Ex.  9.  If  a  quadrilateral  circumscribes  an  ellipse,  the  angles 
subtended  by  opposite  sides  at  one  of  the  foci  are  together  equal  to 
two  right  angles. 

♦Proposition  XX. 

The  two  tangents  drawn  to  an  ellipse  from,  an  external 
point  are  equally  inclined  to  the  focal  distances  of  that 
point. 


Let  OQ,  OQ  be  the  two  tangents  from  0. 
Join  SQ,  SO,  SQ',  S'Q,  S'O,  S'Q\  and  produce  SQ  to  R. 
Let  H  be  the  point  of  intersection  of  SQ'  and  S'Q. 
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Then 
the  angle  SOQ= the  angle  OQR- the  angle  08Q 

[Euc.  I.  32. 
= half  the  angle /Sf'QiJ- half  the  angle  QSQ' 
[Props.  XVII.  and  XIX. 
=  half  the  angle /SfHQ. 
Similarly, 
the  angle  ^'0Q'  =  half  the  angle  S'HQ'. 

Therefore, 
the  angle  SOQ= the  angle  S'OQ'.  [Euc.  I.  15. 

Ex.  1.  Given  two  tangents  to  an  ellipse  and  one  focus,  show 
that  the  locus  of  the  centre  is  a  right  line. 

Ex.  2.  On  OQ,  OQ'  take  OK,  OK'  equal  to  OS,  OS'  respectively. 
Prove  that  KK'  is  equal  to  the  major  axis.  [If  SQ  produced  to 
E  be  equal  to  the  major  axis,  the  triangles  SOE  and  KOK'  are 
equal.] 

Ex.  3.  The  straight  line  joining  the  feet  of  the  perpendiculars 
from  a  focus  on  two  tangents  is  at  right  angles  to  the  line  joining 
the  intersection  of  the  tangents  with  the  other  focus. 

Ex.  4.  The  exterior  angle  between  any  two  tangents  is  half  the 
sum  of  the  angles  which  the  chord  of  contact  subtends  at  the  foci. 
[Cf.  Chap.  I.,  Prop.  XIX.] 

Ex.  5.  The  angle  between  the  tangents  at  the  extremities  of  a 
focal  chord  is  half  the  supplement  of  the  angle  which  the  chord 
subtends  at  the  other  focus. 

Ex.  6.     Prove  that 

lS0S'+lS'Q0  +  lSQ'0  =  2  right  angles. 

Ex.  7.  If  from  any  point  on  an  ellipse  tangents  are  drawn  to 
a  confocal  ellipse,  these  tangents  are  equally  inclined  to  the  tangent 
at  that  point. 

Def.  Ellipses  which  have  the  same  foci  are  called  confocal 
ellipses. 

Ex.  8.  If  a  perfectly  elastic  billiard  ball  lies  on  an  elliptic 
billiard  table,  and  is  projected  in  any  direction  along  the  table, 
show  that  the  lines  in  which  it  moves  after  each  successive  impact 
touch  a  confocal  conic. 

Ex.  9.  Normals  at  the  extremities  of  a  focal  chord  intersect  in  €>, 
and  the  corresponding  tangents  meet  in  T.  Prove  that  OT  passes 
through  the  other  focus. 
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Proposition  XXI. 
The  tangents  at  the  extremities  of  any  cJtorcl  of  an 
ellipse  intersect  on  the  diameter  which  bisects  the  choi'd. 


Let  QQ'be  the  chord,and  qq  any  other  chord  parallel  to  it. 
Let  qQ  and  q'Q'  produced  meet  in  0.     Bisect  QQ  in 
Tand  let  OF  meet  35^  in  v. 
Then  QV.qv^OV.Ov 

=  QfV:g^v. 
But  QV=QfY. 

Therefore  qv  =  c^v. 


Therefore  OVv  is  the  diameter  bisecting  the  system  of 
chords  parallel  to  QQ.  [Prop.  x. 
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If  now  the  chord  qcl  be  made  to  move  parallel  to  itself 
until  it  coincides  with  QQ,  qQO  and  q'Q'O  will  become 
the  tangents  to  the  curve  at  Q  and  Q'  respectively,  and 
they  thus  meet  on  the  diameter  bisecting  QQ'. 

Ex.  1,  The  diameter  of  an  ellipse  through  an  external  point 
bisects  the  chord  of  contact  of  the  tangents  from  that  point. 

Ex.  2.  Given  a  diameter  of  an  ellipse,  to  draw  the  system  of 
chords  bisected  by  it. 

Ex.  3.  The  tangent  at  any  point  P  of  an  ellipse  meets  the 
tangent  at  A  in  Y.     Prove  that  CF  is  parallel  to  A' P. 

Ex.  4.     If  OPCP'  be  a  diameter  through  0,  OQ  a  tangent  from 
0,  and  Q  V  be  drawn  parallel  to  the  tangent  at  P,  then 
OP.OP'=OG.OV. 

Hence  show  that  OP :  OP'  =  PV:  P'  V.  [This  shows  that  PP'  is 
divided  harmonically  in  T'^and  0.] 

Ex.  6.  If  any  line  drawn  parallel  to  the  chord  of  contact  of  two 
tangents  to  an  ellipse  meets  the  curve,  the  segments  intercepted 
between  the  curve  and  the  tangents  are  equal. 

Proposition  XXII. 

If  the  tangent  at  any  point  Q  of  an  ellipse  meets  any 
diameter  GP  produced  in  T,  and  if  QVhe  the  ordinate 
to  that  diameter, 

CV.CT=CI^. 


Draw  the  tangent  PR  at  P,  meeting  QT  in  B,  and 
draw  PO  parallel  to  QT  meeting  QFin  0. 
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Then  since  POQR  is  a  pai-allelogiam,  RO  bisects  PQ, 
and  therefore  passes  through  the  centre  C. 

[Prop.  XIV.  and  XXL 
By  similar  triangles 

CV:  CP  =  CO:GR  =  CP:CT. 
Therefore  CV.  CT=  CP^. 

Xote. — When  the  diameter  coincides  with  the  major 
axis,  the  result  is  stated  thus  : — 

Iftlie  tangent  at  Q  meets  the  major  axis  produced  in 
T,  and  QX  be  the  'perpendicular  on  the  major  axis, 
CN.CT=CA\ 

When  the  diameter  coincides  with  the  minor  axis,  the 
result  is  stated  thus  : — 

If  the  tangent  ai,  Q  meets  tJie  minor  axis  produced  in 
t,  and  Qn  he  the  perpendicular  on  the  minor  axis, 
Cn.Ct^CW. 

These  two  particular  cases  are  important,  and  should  be  carefully 
noted  by  the  student. 

Ex.  1.  VH  drawn  parallel  to  PQ  meets  CQ  in.  R.  Prove  that 
PH  is  pai-allel  to  the  tangent  at  Q. 

Ex.  2.  If  a  series  of  ellipses  have  the  same  major  axis,  the  tan- 
gents at  the  extremities  of  theii*  latera  recta  meet  at  the  same  point 
on  the  minor  axis. 

Ex.  3.  If  PT  be  a  tangent  to  an  ellipse  meeting  the  axis  in  Tj 
and  AP,  A'P  be  produced  to  meet  the  perpendicular  to  the  major 
axis  through  7'  in  ^  and  Q',  then  QT=(j[T.  [If  PXhe  the  ordinate 
of  P,  the  relation  CT :  C'A  =  CA  :  CX  gives  A'T :  A'y=AT:  AX.^ 

Ex.  4.  If  PX  be  perpendicular  to  the  major  axis,  and  the  tangent 
at  P  meet  the  major  axis  produced  in  T,  any  circle  through  ^V  and 
T  cuts  the  auxiliarv  circle  at  right  angles.  [If  E  be  the  centre  of 
tho  circle,  show  that  EX^ +  CA'=EC'-.'\ 

Ex.  5.  The  locus  of  the  middle  points  of  all  focal  chords  of  an 
ellipse  is  a  similar  ellipse. 

Let  0  be  the  middle  point  of  a  focal  chord  PSp,  and  let  the 
tangent  at  Q  where  CO  produced  meets  the  curve,  meet  the  major 
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axis  in  T.     If  OM  and  QN  be  the  ordinates  to  the  major  axis,  it 
readily  follows  that 

CM.  ISM    CN.TN    AN.A'N' 
Then  apply  Prop.  IX.,  Ex.  9. 

Ex.  6.  If  CY,  AZhe  the  perpei«liculars  from  the  centre  and  an 
extremity  of  the  major  axis  on  the  tangent  at  any  point  P,  show 
that  CA.AZ=Cr.Aiy. 

Ex.  7.  If  a  variable  tangent  to  an  ellipse  meet  two  fixed  parallel 
tangents,  it  will  intercept  segments  on  them  whose  rectangle  is 
constant. 

Let  the  tangent  at  Q  meet  the  two  parallel  tangents  PR  and  pr 
in  R  and  r.  Pp  is  a  diameter  (Prop.  XIV.,  Ex.  2).  Let  CD  be  the 
semi-diameter  parallel  to  PR  meeting  Rr  in  t.  Let  ^T''and  Qv  be 
ordinates  to  CP,  CD  ;  and  let  rR,  pP  meet  in  T.  Then  apply  the 
proposition  with  respect  to  the  diameters  CD,  CP. 

Ex.  8.  In  Ex.  7  prove  that  the  rectangle  under  the  segments  of 
the  variable  tangent  is  equal  to  the  square  of  the  semi-diameter 
drawn  parallel  to  it.  (See  Note  on  Tangent- Properties  Ex.  1,  2. 
Newton,  Book  I.,  Lemma  XXIV.) 

Ex.  9.  If  P  is  any  point  on  the  ellipse,  find  the  locus  of  the 
centre  of  the  circle  inscribed  in  the  triangle  SPS',  [An  ellipse.  If 
ON  be  the  perpendicular  from  the  centre  0  on  A  A',  it  mav  be 
shown  that  ON-^ :  JS .  NS'  =  aS-^I^  :  CEK 

Then  apply  Prop.  IX.,  Ex.  9.] 

Ex.  10.  CD,  CP  are  two  semi-diameters  of  an  ellipse.  Tangents 
at  D  and  P  meet  CP  and  CD  in  K  and  T  resiDcctively.  Prove  that 
the  triangles  CDK  and  CPT  aie  equal  in  area. 

Proposition  XXIII. 

The  locus  of  the  foot  of  the  'perpendicular  drawn  from 
either  focus  upon  any  tangent  to  an  ellipse  is  the 
auxiliai'y  circle ;  and  the  rectangle  under  the  focal 
perpendiculars  on  the  tangent  is  equal  to  the  square  of 
the  semi-axis  minor.     (SY.8'Y'  =  GB^.) 

Let  8Y,  S'Y  be  the  focal  perpendiculars  upon  the  tan- 
gent at  any  point  P. 

Join  SF  and  ST.  Produce  S'F  to  meet  SY  in  R. 
Join  GY. 
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Then  in  the  triangles  SPY,  RPY, 

the  angle  6'PF=  the  angle  STT  [Prop.  XVIL 
=  the  angle  RPY,      [Eue.  I.  15. 


and  the  angles  SYP,  RYP  are  equal,  each  being  a  right 

angle,  and  YP  is  common, 

therefore  SP  =  PR. 

and  SY=  YR.  [Euc  1. 26. 

Also  SOLOS', 

therefore  CY  is  parallel  to  S'R,  [Euc  VI.  2. 

therefore  CY=  | .  S'R  [Euc.  VI.  4. 

=  h{S'P+PR) 

=  l(S'P-j-SP) 

=  hAA'  [Prop.  IV. 

=  'CA. 
Therefore  the  locus  of  Y  is  the  auxiliary  circle. 

Similarly  it  may  be  shown  that  the  locus  of  Y  is  the 
same  circle. 
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Again,  produce  YG  and  Y'8'  to  meet  in  2/,  then  y  will 
be  on  the  auxiliary  circle. 

For,  since  (75=678'  and  8Y  is  parallel  to  S'y  the  tri- 
angles SGY  and  S'Gy  are  equal.  [Euc.  I.  26. 
Therefore  Gy  =  GY=  GA,  showing  that  y  is  on  the  auxiliary 
circle. 

Also  SY=8'y 

Therefore  SY.  ST^S'y .  S'Y' 

=  S'A' .  8' A  [Euc.  III.  35. 

=  GB\  [Prop.  V. 

Ex.  1.  CE  parallel  to  the  tangent  at  P  meets  SP,  S'P  in  B,  E'. 
Prove  that 

(i)  PE^PE'  =  CA. 

(ii)  SE=SE'. 

(iii)  the  circle  circumscribing  the  triangles  CSE  and  CH'E'  are 
equal. 

Ex.  2.  The  central  perpendicular  on  the  tangent  at  P  meets  SP 
produced  in  Q,  Prove  that  the  locus  of  <?  is  a  circle.  [Centre  B. 
Radius = (Til.] 

Ex.  3.  If  from  the  centre  of  an  ellipse  lines  be  drawn  parallel 
and  perpendicular  to  the  tangent  at  any  point,  they  enclose  a  part 
of  one  of  the  focal  distances  of  that  point  equal  to  the  other. 

Ex.  4.  Given  a  focus  and  the  length  of  the  major  axis,  describe 
an  ellipse  touching  two  given  straiglrt  lines. 

Ex.  5,  Given  a  focus,  a  tangent,  and  the  eccentricity,  the  locus 
of  the  other  focus  is  a  circle.  [Since  C8=e.CY,  the  locus  of  the 
centre  is  obviously  a  circle.] 

Ex.  6.  Prove  that  the  perimeter  of  the  quadrilateral  SYY'S'  is 
the  greatest  possible  when  TV  subtends  a  right  angle  at  the  centre. 

Ex.  7.  A  line  is  drawn  through  >S"  parallel  to  SP  meeting  YSin 
0.     Prove  that  the  locus  of  l^is  a  circle. 

Ex.  8.  The  right  line  drawn  from  either  focus  to  the  adjacent 
point  of  intersection  of  any  tangent  with  the  auxiliary  circle  is  per- 
pendicular to  the  tangent. 

Ex.  9.  If  through  any  point  }'  on  the  auxiliary  circle  YP  be 
drawn  at  right  angles  to  SY,  YP  will  be  a  tangent  to  the  ellipse. 

E.\.  10.     If  the  vertex  of  a  right  angle  moves  on  a  fixed  circle, 
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iiud  one  leg  passes  through  a  fixed  point,  the  other  leg  will  always 
touch  an  ellipse.     {Ci.  Cliap.  T.,  Prop.  XXIII.,  Ex.  4.) 

Ex.  11.  Given  the  major  axis  and  a  tangent,  show  that  the 
directrix  passes  through  a  fixed  point. 

Ex.  12.  The  circle  described  on  SP  a.s  diameter  touches  the 
auxiliary  circle. 

Ex.  13.  Given  a  focus,  a  tangent,  and  the  length  of  the  major 
axis,  the  locus  of  the  centre  is  a  circle. 

Ex.  14.     Given  the  foci  and  a  tangent,  construct  the  ellipse 

Ex.  15.  Alternative  Construction  for  Prop.  XVIII. 

Let  0  be  the  external  point.  On  OS&a  diameter  describe  a  circle 
intersecting  the  auxiliary  circle  in  Fand  Y'  Then  OF  and  OT' 
{produced  will  be  the  tangents  required. 

Ex,  16.  The  right  line  drawn  from  the  centre  parallel  to  either 
focal  radius  vector  of  any  point  on  an  ellipse  to  meet  the  tangent  at 
that  point,  is  equal  to  the  semi-axis  major. 

Ex.  17.  Draw  a  tangent  to  an  ellipse  parallel  to  a  given  straight 
line, 

Ex.  18.  Two  ellipses,  whose  axes  are  equal,  each  to  each,  are 
placed  in  the  same  plane,  with  their  centres  coincident  and  axes 
inclined  to  each  other.  Draw  their  common  tangents.  [The  com- 
mon tangents  pass  through  the  points  in  which  the  lines  joining 
the  foci  of  the  curves  meet  the  common  auxiliary  circle.] 

Ex.  19.  Given  a  focus,  a  tangent,  and  the  length  of  the  minor 
axis,  the  locus  of  the  other  focus  is  a  straight  line. 

Ex.  20.  If  the  rectangle  under  the  perpendiculars  from  the  fixed 
pomts  on  a  right  line  be  constant  (=i'^),  the  line  always  touches 
an  ellipse  of  which  the  fixed  points  are  the  foci,  and  the  minor 
axis  =  2h. 

Ex.  21  A  chord  of  a  circle,  centre  C  and  radius  r,  subtends  a 
right  angle  at  a  fixed  point  0.  Prove  that  it  always  touches  an 
ellipse,  of  which  C  and  0  are  the  foci,  and  the  square  of  the  semi- 
axis  minor =r^  <^*  CO-. 

Ex.  22.  If  a  second  tangent  to  the  ellipse  intersect  TPT'  at 
right  angles  in  0,  prove  that  OY.  OY'  =  CB^. 

Hence,  prove  that  CO-  =  CA^  -\-  CD\ 

(a.  Prop,  XXIV.) 

*  Proposition  XXIY. 

The  locus  of  Hie  intersectuyn  of  tangents  to  an  ellipse 
which  cut  at  right  angles  is  a  circle. 
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Let  the  tangents  OT,  OT  cut  at  right  angles  at  0. 

Draw  SY,  OK  perpendicular  to  OT  and  8U,  GK'  per- 
pendicular to  OT.  Join  CY,  GU,  GO.  Let  GK,  SU 
intersect  in  H. 


Now  Y  and  U  are  on  the  auxiliary  circle,  [Prop.  XXIII. 
therefore  GY=GU  =  GA. 

Then  GO"^  =  GK'~  +  GK"'  [Euc.  I.  47. 

and  CY^  =  GK^+YK\ 

therefore  GA^  =  GK^ + SH' ; 

also  GU^  =  GK'^+UK'\ 

therefore  GA^  =  GK'' + GE\ 

therefore  2GA'=^  GK'~  +  GK'- +SIP+ HG^ 

=  GO''  +  GS^;  [Euc.  I.  47. 

but  GS^  =  GA-'-  GB\  [Prop.  V. 

therefore  CO^  =  GA''  +  GB\ 

Hence  the  locus  of  0  is  a  circle  described  with  the  centre 
G  and  radius  equal  to  AB. 

Note. — This  circle  is  called  the  Director  Circle  of  the  ellipse. 
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Ex.  1.  An  ellipse  slides  between  two  fixed  Hues  at  i-ight  angles 
to  each  other ;  prove  that  the  locus  of  its  centre  is  an  arc  of  a 
circle. 

Ex.  2.  Any  rectangle  circumscribing  an  ellipse  is  inscribed  in 
the  director  circle. 

Proposition  XXV. 

Tangents  at  coi^esponding  'points  of  an  ellipse  and  its 
auxiliary  circle  intersect  on  the  major  axis. 


^ 


Let  the  ordinate  pPN  meet  the  ellipse  in  P  and  the 
auxiliary  circle  in  the  corresponding  point  j^-  Let  qQM 
be  any  other  ordinate. 

Then,  because 

QM:qM=CB:CA 

=  Pj^:pX,  [Prop.  XI. 

the  straight  line  QP,  qp  produced  meet  the  major  axis  in 
the  same  point  T. 

Now,  if  qQM  be  made  to  move  parallel  to  itself  so  as  to 
coincide  with  j^P^,  the  points  Q,  P  and  q,  p  will  coalesce, 
and  the  chords  QPT  and  qj^T  will  become  tangents  to  the 
ellipse  and  the  circle  at  P  and  p  respectively. 

Ex.  1.  Deduce  this  proposition  from  the  property  OK.  CT=  CA\ 
(Prop.  XXII.) 

Ex.  2.  The  tangent  at  p  meets  CB  produced  in  Jv.  Prove  that 
CK.PA'^CA.CB. 
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Ex.  3.  Show  that  the  locu3  of  the  intersection  of  the  normals 
at  P  and  jo  is  a  circle  of  which  the  radius  is  CA  +  CB.  [If  the 
normals  intersect  in  0,  and  if  PR  be  drawn  parallel  to  the  major 
axis  to  meet  CO  in  11,  then,  bv  similar  triangles,  it  may  easily  be 
shown  that  Oli  =  CA,  CIt  =  CB.] 

Ex.  4.  OQ,  OQ'  are  tangents  to  an  ellipse  ;  OJV  is  drawn  per- 
pendicular to  the  axis.  Prove  that  the  tangents  to  the  auxiliary 
circle  at  the  corresponding  points  q,  q'  meet  on  0^1 

If  QQ'  produced  meet  the  major  axis  in  T,  prove  also  that 
Ciy.CT=C'A'. 

[For  the  second  i)art,  note  that  if  OJV  meet  the  auxiliary  circle 
in  R,  the  tangent  at  R  meets  the  major  axis  at  the  point  where 
QQ',  qq'  meet  it.  Cf.  also  Prop.  XXII.,  note,  which  is  a  limiting 
case.] 

Ex.  5.  In  Ex.  4,  if  OJV  meets  the  ellipse  in  r,  the  tangent  at  r 
intex'sects  the  major  axis  in  2\ 


PEOPERTIES  OF  NORMALS. 

Proposition  XXVI.  ^ 

The  nonnal  at  any  point  of  an  ellipse  bisects  the 
angle  between  the  focal  distances  of  the  point. 


Let  the  normal  at  the  point  P  meet  the  major  axis 
in  G.     Let  YPY'  be  the  tangent  at  P. 

Then  the  angle  SFY=  the  angle  STY'.       [Prop.  XVIL 
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But  the  angles  GPY,  GPY'  are  equal,  being  right  angles ; 

[Def. 
therefore  the  angle  SPG  =  the  angle  S'PG. 

Ex.  1.  If  the  tangent  and  normal  at  any  point  P  meet  the 
muior  axis  in  t  and  g,  then  P,  t,  g,  S,  and  S'  lie  on  the  same  circle. 

Ex  2.     Prove  that  the  triangles  SPG  and  gPS"  are  similar. 

Ex.  3.  If  from  g  a  perpendicular  gK  be  drawn  on  SP  or  S'P, 
ahowthAtPK=CA. 

Ex.4.  Prove  that  SP.SP=PG.Pg.  [The  triangles  PSg, 
PS'G  are  similar.     Ex.  1.] 

Ex.  5.  No  normal  can  pass  through  the  centre,  except  it  be  at 
an  end  of  one  of  the  axes. 

Ex.  6.  The  normal  PG  and  the  focal  perpendiculars  on  the 
tangent  at  P  are  in  harmonic  progression. 

Ex.  7.  The  circle  described  on  PG  as  diameter  cuts  SP,  /S'P  in 
K  and  Z.     Prove  that  PG  bisects  KL  at  right  angles. 

♦Proposition  XXVII. 

If  the  normal  at  any  point  P  of  an  ellipse  meets  the 
major  aads  in  G,  SG  =  e .  SP. 


Join  S'P. 

Then,  since  PG  bisects  the  angle  SPS',       [Prop.  XXVI. 
SG :  S'G  =  SP :  S'P  ;  [Euc  VL  3. 

therefore         SG:SG+S'G  =  SP:SP+ S'P, 
or  SG :  SP  =  SG  -{-S'G:  SP + S'P. 
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But 
and 
therefore 


SG-^S'0==8S'  =  e.AA\  [Prop.  III. 

HP-\-ST  =  AA';  [Prop.  IV. 

SG  =  e.SP. 


Ex.  1.  Show  how  to  ilraw  the  iioriaal  at  any  point  without 
drawing  the  tangent. 

Ex.  2.  If  PM  be  drawn  perjjendicular  to  the  directrix,  and 
JfS  meet  the  minor  axis  in  g,  sliow  that  Pg  is  the  normal  at  P. 

Ex.  3.  A  perpendicular  is  drawn  from  a  fixed  point  Jlf  on  the 
major  axis  of  an  ellipse,  on  the  tangent  at  any  point  P.  The  locus 
of  the  intersection  of  this  perpendicular  with  SP  is  a  circle. 

Ex.  4.  If  GB  be  perpendicular  to  SP,  prove  that  PE  is  equal 
to  half  the  latus  rectum.  [PS^  and  SBG  are  similar  triangles ; 
therefore  SE=e.SN,  SP=e.NX,so  that  PE=e.SX.'\ 

Ex.  5.     In  Ex.  4,  show  that  GE=e.PN. 

Ex.  6.     Show  that 

PG^:SP.S'P=CJ^'.CAK 
(Cf.  Prop.  XXVI.,  Ex.  4,  and  Prop.  XXVIII.) 

Proposition  XXVIII. 

The  normal  at  any  point  of  an  ellipse,  terTninated  hy 
e'ltJier  axis,  varies  inversely  as  the  central  perpendicular 
on  the  tangent.     (PG .  PF=  GB^     Pg .  PF=  GA^.) 


Let  the  normal  at  P  meet  the  major  axis  in  G  and  thri] 
minor  axis  in  g ;   let  the  taugent  at  P  meet  them  in 
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and  t  respectively.  Draw  PK,  Pn  perpendicular  to  the 
major  and  minor  axis,  and  let  a  straight  line  through  the 
centre,  drawn  parallel  to  the  tangent  at  P,  meet  PJV,  PG, 
and  Pn  produced,  in  R,  F,  and  r  respectively. 

Then,  since  the  angles  at  X  and  F  are  right  angles, 
G,  F,  R,  N  lie  on  a  circle  ;  therefore 

PG.PF=  PX .  PR  [Euc  IIL  36. 

=  Cn .  Ct  [Euc.  I.  34. 

=  CR^.  [Prop.  XXII.,  Xote. 

Again,  since  the  angles  at  n  and  F  are  right  angles,  g,  F, 
n,  r  lie  on  a  circle ;  therefore 

Pg.PF=Pn.Pr  [Euc.  IIL  36. 

=  CN.CT  [Euc.  L  34. 

=  CA-.  [Prop.  XXTL,  Note. 

Therefore  both  PG  and  Pg  vary  inversely  as  PF,  which 
is  equal  to  the  central  perpendicular  upon  the  tangent 
at  P. 

Ex.  \.  If  CF  meet  the  focal  distances  of  i*  in  ^  and  K,  prove 
that  Pg  subtends  a  right  angle  at  E  and  E.  (See  Prop.  XXIII., 
Ex.  1.) 

Ex.  2.  If  the  circle  throiigh  S,  P,  S'  meets  the  minor  axis  iu 
//  on  the  side  opposite  to  P,  prove  that  .S^  varies  as  PG. 

Ex.  3.  PQ  is  drawn  at  right  angles  to  SP,  meeting  the  diameter 
I>arallel  to  the  tangent  at  P  in  Q.  Prove  tliat  PQ  varies  inverselv 
as  PX. 

Proposition  XXIX. 

If  the  Tiormal  at  any  point  P  on  an  ellipse  meets  the 
major  aans  in  G,  and  PX  he  the  ordinate  to  that  axis, 
(i)  GN:CX=CBr-:GA\ 
(ii)  CG  =  e\CX. 
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Let  the  normal  meet  the  minor  axis  in  g.  Draw  Pn 
perpendicular  to  the  minor  axis,  and  GF  parallel  to  the 
tangent  at  P. 


SB^^B^^^I 


Then,  because  the  triangles  PNG  and  Png  are  similar, 
GN:CN=PG:Pg  [Euc.  VI.  2. 

=  PG.PF:Pg.PF 
=  CB^:CA^;  [Prop.  XXVIII. 

therefore    ON-GN:CN=  GA^ - GB^ : GA\ 
or  GG :  GN=  G8^ :  GA\  [Prop.  V. 

But  GS=e.GA;  [Prop.  III. 

therefore  GG  =  e^.GN. 

Ex.  1.     In  the  figure  of  Prop.  XXVIII.,  prove  that  :— 
(i)  CG.CT=CS^. 
(ii)  Cg.Ct=CS\ 
(iii)  J^G.CT=CI?. 
(iv)  Tg,  tG  intersect  at  right  angles. 
Ex,  2.     Find  a  point  P  on  the  ellipse  such  that  PO  may  bisect 
the  angle  between  PC  and  PN. 

Ex.  3.     In  the  figure  of  Prop.  XXVI II.,  prove  that  the  rect-' 
angle  under  the  focal  perpendiculars  on  PG=CF.  PT. 

PROPERTIES  OF  CONJUGATE  DIAMETERS. 

Proposition  XXX. 
If  one  diameter  of  an  ellipse  bisects  chords  parallel  to\ 
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a  second,  the  second  diameter  bisects  citords  lyarallel  to 
the  first. 


Let  CP  bisect  chords  parallel  to  CD ;  then  CD  bisects 
chords  parallel  to  CP. 

Draw  A'Q  parallel  to  CD,  meeting  CP  in  V;  join  AQ, 
meeting  CD  in  U. 

Then  A'Q  is  bisected  in  V  and  AA'  in  C\  therefore 
CV  Ls  parallel  to  A  Q.  [Euc  VI.  2. 

Again,  since  AA'  is  bisected  in  (7,  and  CD  is  parallel  to 
^'Q,  ^Q  is  bisected  by  CD.  [Eua  A'L  2. 

Therefore  CD  bisects  all  chords  parallel  to  J.Q,  [Prop.  X 
and  therefore  all  chords  parallel  to  CP. 

Def.  Two  diameters  so  related  that  each  bisects  chords 
parallel  to  the  other  are  called  Conjugate  Diameters. 

Thus  CP  and  CD  are  conjugate  to  each  other ;  so  also  are  the 
major  and  minor  axes. 

Ex.  1.  If  one  diameter  is  conjugate  to  another,  the  first  is 
parallel  to  the  tangent  at  an  extremity  of  the  second.    (Prop.  XIV.) 

Ex.  2.  Given  an  ellipse  and  two  conjugate  diameters,  show  how 
to  draw  the  tangent  at  any  point. 

If  CP,  CD  be  conjugate  diameters,  and  QV  is  drawn  parallel 
to  CD,  QV  is  the  ordinate  to  CP.  In  CP  produced  take  T,  such 
that  CV.CT=CP^.     QT  is  the  tangent  at  Q.    (Prop.  XXII.) 
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Ex.  3.  If  CQ  be  conjugate  to  the  normal  at  /",  then  CP  is  con- 
jugate to  the  normal  at  Q. 

Ex.  4.  The  focal  perpendiculars  upon  CP  and  CD,  when  pro- 
duced backwards,  will  intersect  CD  and  CP  on  the  directrix. 
(Apply  Prop.  XXIX.,  Ex.  2.) 

Ex.  5.  The  focus  is  the  orthocentre  of  the  triangle  formed  by 
any  two  conjugate  diameters  and  the  directrix.  (See  Prop.  X'., 
Ex.  1.) 

Ex.  6.  Any  diameter  is  a  mean  j^roportional  between  tlie  focal 
chord  parallel  to  it  and  the  major  axis.  [The  conjugate  diameter 
CD  will  bisect  the  focal  chord.  Then  applv  Prop.  XXII.,  and 
Prop.  XXIII.,  Ex.  16.] 

Ex.  7.  The  rectangle  under  the  intercepts  on  any  tangent 
between  the  curve  and  any  two  conjugate  diameters,  is  equal  to 
the  square  of  the  semi-diameter  parallel  to  the  tangent,  and 
conversely. 

Let  the  tangent  at  Q  meet  the  conjugate  semi-diameters  CP, 
CD  in  T,  T,  and  let  CR  be  the  semi-diameter  parallel  to  TT'. 
Let  the  tangent  at  R  pai'allel  to  CQ  meet  CD  in  t.  Draw  the 
ordinates  Q  V,  Rv  with  respect  to  CD,  parallel  to  CP.     Then 

C  V.  CT  =  Cv .  Ct  =  CDl  [Prop.  XXII. 

By  similar  triangles, 

QT'.CR=CV:Cv  =  Ct:CT'  =  CR:QT'. 
Therefore  QT .  QT'  =  CR\ 

Ex.  8.  Given  in  magnitude  and  position  any  two  conjugate 
semi-diameters  CP,  CD  of  an  ellipse,  find  the  major  and  minor  axes. 

Produce  CP  to  K,  such  that  CP.PK=-CDK  Bisect  CK  in  0, 
and  let  the  line  tlu-ough  0  at  right  angles  to  CK  meet  the  line 
through  P  parallel  to  CD  in  //.  With  centre  H  and  radius  HC, 
describe  a  circle  cutting  PH  in  T,  T' ;  the  circle  will  also  pas.s 
through  K.  Then  CT,  CT'  will  coincide  with  the  directions  of 
the  major  and  minor  axes  respective! v. 

For  PT .  PT'  =  CP . PK=CD- ;  therefore  CT,  CT  are  conjugate 
diameters  (Ex.  7),  and  as  they  are  at  right  angles,  they  must 
coincide  with  the  directions  of  the  major  and  minor  axes.  (Cf. 
Prop.  XXXIII.,  Ex.  3  ;  see  also  Miscellaneous  Examples,  13,  14, 
15,  16.) 

To  determine  the  magnitudes  of  the  axes,  observe  that  TPT'  is 
the  tangent  at  P,  and  apply  Prop.  XXII.,  note. 

Ex.  9.  PP'  is  a  fixed  line.  Find  the  locus  of  a  point  Q  which  so 
moves  that  Q  V  being  drawn  in  a  fixed  direction  to  meet  PP'  in  V, 
Q  V^  is  to  PV .  P' Fin  a  given  ratio. 

Bisect  PP'  in  C,  and  through  C  draw  CD  in  the  fixed  direction, 
Buch  that  CD^  is  to  CP^  in  the  given  ratio.     Then  thtf  locus  of  Q 
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will  be  the  ellipse  described  with  CP  and  CD  as  conjugate  semi- 
diameters  (Ex.  8).     Apply  Prop.  XII.,  and  cf.  Prop.  XXXII. 

Note.—liQV^-=PV.  P'  r,  the  semi-diameters  CP,  CD  will  be  equi- 
conjugate.  In  this  case  the  position  of  the  major  and  minor  axes 
may  be  at  once  determined,  as  they  bisect  the  angles  between  the 
equiconjugate  diametei-s.     (See  Prop.  XXXI.,  Ex.  3  ) 

Ex.  10.  A  series  of  ellipses  have  their  equiconjugate  diameters 
of  the  same  magnitude.  One  of  these  diameters  is  fixed  and  com- 
mon, while  the  other  varies.  The  tangents  drawn  from  any  point 
on  the  fixed  diameter  produced  will  touch  the  ellipses  in  points 
situated  on  a  circle.    (Apply  Prop.  XXII.) 

Ex.  11,  If  CX,  CP  ai'e  the  abscissa  and  ordinate  of  a  point  P  on 
a  circle  whose  centre  is  C,  and  A''^  be  taken  equal  to  AP,  and  be 
inclined  to  it  at  a  constant  angle,  the  locus  of  Q  is  an  ellipse. 

Def.  Chords  which  join  any  point  on  an  ellipse  to  the 
extremities  of  a  diameter  are  called  supplemental  chords. 


Proposition  XXXI. 

Supplemental  chords  of  an  ellipse  are  parallel  to  conju- 
gate diameters. 


Join  any  point  Q  on  the  ellipse  to  the  extremities  of  a 
diameter  LCM.  Then  QL  and  QM  are  supplemental 
chords. 

Draw  CP,  CD  parallel  to  QL,  QM  respectively;  then 
they  shall  be  conjugate  diameters. 
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Because  LM  is  bisected  in  Cand  CP  is  parallel  to  LQ, 
OF  bisects  MQ,  [Euc.  VI.  2. 

and,  therefore,  all  chords  parallel  to  CD.  [Prop.  X. 

Therefore  CD  bisects  all  chords  parallel  to  CP,  [Prop.  XXX. 
and  is  therefore  conjugate  to  CP. 

Ex.  1.  Prove  that  for  any  assumed  pair  of  conjugate  diameters 
there  can  be  drawn  a  pair  of  supplemental  chords  parallel  to  them. 

Ex.  2.  The  diagonals  of  any  parallelogram  circumscribed  to  an 
ellipse  are  conjugate  diameters.  [The  diagonals  pass  through  the 
centre  of  the  ellipse.  Then  see  Note  on  Tangent-Properties, 
Ex.  1,  3.] 

Ex.  3.  The  diagonals  of  the  rectangle  formed  by  the  tangents  at 
the  extremities  of  the  major  and  minor  axes  of  an  ellipse  are  equi- 
conjxigate  diameters. 

Ex.  4.  The  tangent  at  any  point  Q  on  an  ellipse  meets  the  equi- 
conjugate  diameters  in  T  and  T'.  Prove  that  the  triangles  OCT 
and  QCr  are  as  CP  :  CT"\     [Apply  Prop.  XXII.] 

*  Proposition  XXXII. 

The  square  of  the  ordinate  of  any  iwint  on  an  ellipse 
with  respect  to  any  diameter  varies  as  the  rectangle  under 
the  segments  of  the  diameter  Tnade  by  the  ordinate. 
{QV^:PV.FV=CD^:CP\) 


Let  QVQ'  be  a  double  ordinate  with  respect  to  the    i 
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diameter  PCF,  meeting  it  in   V.     Let  CD  be  the  semi- 
diameter  parallel  to  Q  V. 

Now  GP  bisects  QQ'  and  therefore  all  chords  parallel  to 
QV  or  CD.  [Def.  and  Prop.  X. 

Therefore  CD  is  conjugate  to  CP.  [Def. 

But  QV.qV:PV.P'V=CD'':CF\      [Prop.  XIL 

and  QV=qV. 

Therefore  QV^  .PV.  rV=  CD^  :  CP\ 

Ex.     If  QP,  QP'  meet  CD,  CP  in  J/,  S  respectively,  prove  that 
C2f.CS=CD^ 

Proposition  XXXIII. 

IfCP,  CD  he  tvjo  conjugate  semi-diameters  of  an  ellipse 
and  ordinates  PX,  DP  be  draivn  to  tlte  inajor  axis,  then 
(i)  PN:CR  =  DR'.GN=CB.CA. 

(ii)  GN-^+CR''  =  CA'-. 


Let  NP  and  RD  produced  meet  the  auxiliary  circle  in 
p  and  d.  Join  Cp,  Cd,  and  let  the  tangents  at  P  and  p 
meet  the  major  axis  produced  in  T.  [Prop.  XXV. 

Then,  because  PT  is  parallel  to  CD,  [Props.  X  and  XIV. 
the  triangles  NPT  and  RDG  are  similar. 
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Therefore  NT :  RC=PN :  DR ;  [Euc.  VL  4. 

but  PN  :DE=pIi:  dR.  [Prop.  XI. 

therefore  NT  :RG=pN:  dR, 

and  the  angles  pNT  and  dRC  are  equal,  being  right 
angles.  Therefore,  the  triangles  iVpT  and  RdC  are 
similar.  [Euc.  VI.  6. 

Therefore  the  angles  pTiV  and  dCR  are  equal. 

Therefore  pT  is  parallel  to  dG  and  the  angle  dCP  =  ihe 
angle  CpT=a.  right  angle. 

Therefore  the  angle  ^:)C'iV=  the  angle  CdR,  each  being 
the  complement  of  the  angle  dCR. 

Therefore  the  two  triangles  p(7iV^  and  dCR  are  equal  in 

[Euc.  I.  2G. 


[Prop.  XL 


Ex,  1.     li  CQ  be  perpendicular  to  PT,  prove  that 
CQ.QT-.CT^^ CiV.  FN :  CIP. 

Ex.  2.     If  the  normal  at  P  meets  the  major  and  minor  axes  in  O 
and  g  respectively,  prove  that 

(i)    PO:CD=CD:CA, 
(ii)     Pg.CD=CA.CB, 
(iii)     PQ.Pg  =  CD-. 

Ex.  3.     Prove  that  if  two  conjugate  diameters  be  at  right  angles 
to  each  other,  they  must  be  the  major  and  minor  axes  of  the  ellipse. 

Ex.  4.     Prove  that 

{SP  -CAf  +  {SD  -  CAf  =  <75^. 

Ex.  5.     If  the  tangent  at  the  vertex  A  cut  any  two  conjugate 
diameters  in  T'and  t,  show  that  AT.  At  =  CB^. 

Ex.  6.     Apply  Prop.  XXII.  to  prove  this  proposition. 


every  respect. 

Therefore 

CR=pN 

and 

PN:CR  =  PN:pN 

=  CB:CA. 

Similarly 

DR:CN=CB:CA. 

Again, 

CN^+CR^  =  GN^+pN^ 

=  Cp^  =  CA\ 
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If  the  taugents  at  P  and  D  meet  the  major  axis  in  Taxxd  t,  it  may 
easily  be  shown  from  the  relation 

CIt:CX=CT:Ct, 
that  CN^=CR.Et=AR.A'IL 

Then  apply  Prop.  IX. 

Proposition  XXXIV. 

The  sum  of  the  squares  of  any  two  conjugate  semi- 
diameUrs  is  constant.     (CT-  +  CD-=^CA'^  +  C£^.) 


Let  CF,  CD  be  the  conjugate  semi-diameters,  and  let 
PN,  DR  be  the  ordinates  to  the  major  axis. 

Then  P2^:CR  =  CB:CA.   [Prop.XXXIIL 

Therefore  PN^'  :  CR'  =  CB^ :  CA\ 

Similarly  DR'' :  CN^=CB^ :  CA', 

therefore  P.y^ + DR" :  CX^ + CR^  =CJBr-.CA'-, 
but  CN'- +CR-  =  CA^;        [Prop.  XXXIII. 

therefore  PX'^ + DR^  =  CRT-, 

therefore  CP^ +CD''=CA'-^  CB-.      [Euc.  I.  47. 

Therefore,  in  the  ellipse,  the  sum  of  the  squares  of  any 
conjugate  semi-diameters  is  constant,  being  equal  to  the 
sum  of  the  squares  of  the  semi-axis  major  and  semi-axis 
minor. 

Ex.  1.     Find  the  greatest  value  of  the  sum  of  a  ]Miir  of  conjugate 
diameters.     [The  diameters  must  be  equiconjugate.] 
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[SP+S'P=2CA.      Then 


Ex.  2.      If  PG,  DH  be   the  normals  at  P  and  D,  prove  that 
PG-  +  DH^  is  constant. 

Ex.3.      Prove    that    >SP.S'P=CD\ 
square  and  substitute.] 

Ex.  4.     OP,  OQ  are  tangents  to  an  ellipse,  and  SQ  is  produced  to 
meet  the  directrices  in  R,  It'.     Prove  that 

PR .  PR'  :  QR .  QR'=  OP^  :  Oq\ 
[If  PM  and  QN  be  the  ordinates,  it  can  easily  be  shown  that 
PR.  PR ^ MX.  MX' ^ SP.S'P 
Qli .  QR'    XX .  XX'    SQ .  JS'Q' 
Then  apply  Ex.  3  and  Note  on  Tangent-Properties,  Ex.  I.,  1.] 

*  Proposition  XXXV. 
The  area  of  the  parallelogram  formed  by  the  tangents 
at  the  extremities  of  a  i^air  of  conjugate  diameters  is  con- 
stant   (CD.FF=GA.CB.) 


The  tangents  at  the  extremities  of  two  conjugate 
diameters  PGP'  and  BCD'  will  evidently  form  a 
parallelogram,  [Prop.  XIV. 

the  area  of  which  is  four  times  that  of  the  parallelogram 
CDTP,  where  T  is  the  intersection  of  the  tangents  at  P 
andD. 
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Let  the  normal  at  P  meet  the  major  axis  in  G  and 
DGU  in  F.  Draw  the  ordinates  PN  and  DR  to  the 
major  axis. 

Then,  since  the  angles  at  N  and  F  are  right  angles, 
the  angle  GPN  =i\ie  angle  GCF  =i\iQ  angle  DOR. 

[Euc.  I.  15  and  I.  32. 
Therefore  the  two  right-angled  triangles  GPK  and  DOR 
are  similar. 

Therefore  PG:CD  =  PX :  CR 

=  CB :  CA,        [Prop.  XXXIII. 
therefore     PG .PF:CD .PF=CK-:CA  .CB; 
but  PG .  PF=  CBT-,  [Prop.  XXVIIL 

therefore  CD .  PF=  CA  .  CB. 

Again,  the  area  of  the  parallelogram  CDTP 
=  CD .  PF=  CA.CB  =  constant, 
which  proves  the  proposition. 

Ex.  1.  Find  the  least  value  of  the  sum  of  a  pair  of  conjugate 
diameters.  [The  diameters  are  the  major  and  the  minor  axis.  Cf. 
Prop.  XXXIV.,  Ex.  I.] 

Ex.  2.  Prove  that  the  parallelogram  formed  by  the  tangents  at 
the  extremities  of  a  pair  of  conjugate  diameters  is  the  least  that 
can  be  circumscribed  about  the  ellipse. 

Ex.  3.     If  FG  meets  the  minor  axis  in  cf,  prove  that 
PG.Pg  =  CI>^. 
(Prop.  XXVIII.     Cf.  Prop.  XXXIII.,  Ex.  2.) 

Ex.  4  If  ST  be  the  perpendicular  upon  the  tangent  at  P,  prove 
that  SP:ST=CD:CB. 

[In  the  figure  of  Prop.  XXIII., 

SP_S'P  _SP+S'P_CA 

8Y    a'Y'    SY+S'T'    CK" 

where  CK  is  the  central  perpendicular  upon  the  tangent  at  P. 

Therefore  |?=^=SS.  1 

SY    PF    CB   A 

Ex.  5.     Prove  that  SP.  S'P==CIfi.     [From  Ex.  4 

SP.S'P  _CI^ 

SY.S'Y'     CB*' 
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Then  apply  Prop.  XXIII.     Cf.  also  Prop.  XXXIV.,  Ex.  3,  and 
Prop.  XXXIII.,  Ex.  2,  along  with  Prop.  XXVI.,  Ex.  4.] 

Ex.  6.  If  the  tangent  at  P  meet  the  minor  axis  in  T,  prove  that 
the  areas  of  the  triangles  SPS',  STS'  are  as  CD^:ST^.  [Cf.  Prop. 
XXVI.,  Ex.  1.] 

Ex.  7.  If  DQ  be  drawn  parallel  to  SP  and  CQ  perpendicular  to 
DQ,  prove  that  CQ  =  CB.     (See  Ex.  4.) 

Ex.  8.  The  tangents  drawn  from  D  to  the  circle  on  the  minor 
axis  as  diameter  are  parallel  to  the  focal  distances  of  P.    (See  Ex.  4.) 

Ex.  9.  If  on  the  normal  at  P,  PQ  be  taken  equal  to  the  semi- 
conjugate  diameter  CD,  the  locus  of  (?  is  a  circle  whose  centre  is  C 
and  radius  equal  to  CA  -  CB.     [Apply  Prop.  XXXIV.] 


Miscellaneous  Examples  on  the  Ellipse, 

1.  Find  the  locus  of  the  point  of  intersection  of  any 
tangent  to  an  ellipse,  with  the  line  drawn  from  the  focus 
raakinor  a  constant  angle  with  the  tanj^^ent. 

O  O  C3 

[A  circle.  Cf.  Prop.  XXIII.  Observe  that  if  the  vertex  of  a 
triangle  of  a  given  species  be  fixed,  while  one  base  angle  moves 
along  a  fixed  circle,  the  locus  of  the  other  base  angle  is  a  circle.] 

2.  The  line  drawn  parallel  to  the  axis  through  the 
intersection  of  normals  at  the  extremities  of  a  focal 
chord,  bisects  the  chord. 

3.  8,  S'  are  the  foci  of  an  ellipse ;  >S^'jR  is  drawn  equal 
to  A  A' ;  the  line  bisecting  R8  at  right  angles  touches  the 
ellipse.     (Newton,  Book  I.,  Prop.  XVII.) 

4.  Given  a  focus,  the  length  of  the  major  axis  and  two 
points  on  the  curve,  to  construct  it.  (Apply  Prop  IV. 
Newton,  Book  I.,  Prop.  XVIII.) 

5.  Given  a  focus,  the  eccentricity,  and  two  tangents,  to 
construct  the  curve.  (Apply  Prop.  XXIIL,  Ex.  5. 
Newton,  Book  I.,  Prop.  XX.) 

6.  Given   a  focus,   the   eccentricity  and   two    points 
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on    the    curve,    to    construct    it.       (Newton,    Book    I., 

Prop.  XX.) 

[The  directrix  touches  the  two  circles  having  their  centres  at 
the  given  points,  and  radii  equal  to  e  times  their  focal  distances,] 

7.  Given  a  focus  and  the  eccentricity,  to  describe  an 

ellipse  touching  a  given  line  at  a  given  point.     (Newton, 

Book  I.,  Prop.  XX.) 

[Let  B  be  the  given  focus,  and  P  the  given  point  on  the  tangent 
TPT .  (Fig.  Prop.  XXIII.)  Draw  >SF  at  right  angles  to  PT, 
and  produce  it  to  ^,  so  that  TR=  TS.  Divide  8R  internally  and 
externally  at  the  points  K,  L  in  the  ratio  BA  .AX;  the  circle  on 
KL  as  diameter  meets  RP  in  »S".] 

8.  The  rectangle  under  the  perpendiculars  let  fall  from 

any  point  on  an  ellipse   on  two  opposite   sides   of  an 

inscribed  quadrilateral   is   in   a   constant    ratio    to   the 

rectangle  under  the  perpendiculars  let  fall  on  the  other 

two  sides. 

[The  proposition  holds  if  instead  of  perpendiculars  on  the  sides, 
lines  are  drawn  making  a  constant  angle  with  them.  Newton, 
Book  I.,  Lemmas  XVIL-XTX.] 

9.  The  rectangle  under  the  perpendiculars  let  fall  from 
any  point  on  an  ellipse  on  two  fixed  tangents  is  in  a 
constant  ratio  to  the  square  of  the  pei'pendicular  on  their 
chord  of  contact, 

10.  If  two  fixed  tangents  to  an  ellipse  be  cut  by  a 
diameter  parallel  to  their  chord  of  contact  and  by  a  third 
variable  tangent,  the  rectangle  under  the  segments  of  the 
two  fixed  tangents,  intercepted  between  the  diameter  and 
the  variable  tangent,  is  constant. 

11.  The  right  line  joining  the  middle  points  of  the 
diagonals  of  a  quadrilateral  circumscribing  an  ellipse  will 
pass  through  the  centre.  (Apply  Ex.  10  and  Prop.  XXL, 
Ex.  5.) 
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12.  If  a  quadrilateral  be  circumscribed  to  an  ellipse 
the  diagonals  will  intersect  on  the  chord  of  contact  of  the 
sides. 

13.  Given  two  conjugate  diameters  in  magnitude  and 

position  to  construct  the  ellipse. 

[Through  the  extremities  P,  P,  D,  D'  of  the  given  conjugate 
diameters  PCP',  BCD',  draw  lines  parallel  to  them,  forming  the 
parallelogram  EFOH.  Divide  the  half  side  DE  into  any  number 
of  equal  parts  at  E,  R\  etc.  Divide  DC  into  the  same  number  of 
equal  parts  at  /,  /',  etc.  The  intersection  of  PR'  and  Pr'  deter- 
mines a  point  on  the  ellipse.] 

14.  Given  two  conjugate  semi-diameters  in  magnitude 
and  position,  determine  the  axes. 

[Let  CPy  CD  be  the  conjugate  semi-diameters.  Draw  PR  per- 
pendicular to  CD,  and  on  PR  take  PQ,  P(^  on  opposite  sides  or  P, 
each  equal  to  CD ;  then  the  axes  are  in  direction  the  bisections  of 
the  angle  QC^,  while  their  lengths  are  the  sum  and  difference  of 
CQ,  CQ'.] 

15.  Given  two  conjugate  semi-diameters  in  magnitude 
and  position,  determine  the  axes. 

[Let  CP,  CD  be  the  conjugate  semi-diameters.  Draw  PR  per- 
pendicular to  CD,  and  on  it  take  PQ  =  CD.  On  CQ  as  diameter, 
describe  a  circle,  and  let  0  be  its  centre.  Join  OP,  cutting  the 
circle  in  E  and  F ;  join  CE,  CF,  and  take  on  CE,  CF,  CA  =  FP, 
CB—EP.     Then  CA,  CB  are  the  semi-axes  sought.] 

16.  Given  two  conjugate  semi-diameters  GP,  CD,  with 
centre  G  and  radius  GP  describe  a  circle,  and  let  KK'  be  j 
its  diameter  at  right  angles  to  GP ;  then  will  the  axes  of 
the  ellipse  be  equal  to  KD  ±  K'D,  and  parallel  to  thej 
bisectors  of  the  angle  KDK\ 

17.  Any  diameter  of  an  ellipse  varies  inversely  as  the 
perpendicular  focal  chord  of  its  auxiliary  circle. 

18.  If  any  rectangle  circumscribe  an  ellipse  the  peri- 
meter of  the  parallelogram  formed  by  joining  the  points 
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of  contact  is  twice  the  diameter  of  the  director  circle. 
(Prop.  XXIV.) 

19.  Given  a  focus,  the  length  of  the  major  axis,  and 
that  the  second  focus  lies  on  a  fixed  straight  line,  prove 
that  the  ellipse  touches  two  fixed  parabolas  having  the 
given  focus  for  focus. 

20.  Two   given    ellipses   in   the   same   plane   have   a 

common  focus,  and  one  revolves  about  the  common  focus 

while  the  other  remains  fixed ;  the  locus  of  the  point  of 

intersection  of  their  common  tangents  is  a  circle. 

[If  H  be  the  second  focus  of  the  fixed  ellipse,  K  of  the  revolving 
ellipse,  and  fc^,  6,  their  serai- minor  axes, 

where  T  is  the  point  whose  locus  is  sought.] 

21.  TQ,  Tq  are  tangents  to  an  ellipse  ;  CQ,  Cq,  QjQf, 
CT  are  joined ;  QQ'  and  CT  intersect  in  V.  Prove  that 
the  area  of  the  triangle  QCQ  varies  inversely  as 

\Tv)  '^\GV)' 

22.  SY,  S'Y'  are  perpendiculars  on  the  tangent  at  P. 
Perpendiculars  from  Y,  Y'  on  the  major  axis  cut  the 
circles  of  which  SP,  S'P  are  diametei*s  in  /,  J  respectively. 
Prove  that  IS,  JS',  and  BG  produced  meet  in  the  same 
point. 

23.  An  ellipse  touches  two  given  lines  OP,  OQ  in  P 
and  Q,  and  has  one  focus  on  the  line  PQ.  Find  the  other 
focus  and  the  directrices. 

24.  S,  S'  are  the  foci  of  an  ellipse  ;  ^F  is  perpendicular 
on  the  tangent  at  P.  Prove  that  S'Y  bLsects  the  normal 
at  P. 

25.  GP,  GD  are  two  conjugate  semi-diameters  of  an 
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ellipse ;  Rr  is  a  tangent  parallel  to  PD ;  a  straight  line 
GIJ  cuts  at  a  given  angle  PD,  Rr  in  /,  J.  Prove  that 
the  loci  of  /  and  J  are  similar  curves.  [It  can  easily  be 
shown  that  GP  :CJ^  =  1:  2.] 

26.  A  system  of  parallelograms  is  inscribed  in  an 
ellipse  whose  sides  are  parallel  to  the  equiconjugate 
diameters.  Prove  that  the  sum  of  the  squares  on  the 
sides  is  constant. 

27.  OP,  OQ  are  tangents  to  an  ellipse  ;  GU,  GV  are  the 
parallel  serai-diameters.     Prove  that 

0P.0Q+GU.GV=0S.08'. 

28.  P,  Q  are  points  on  two  confocal  ellipses  at  which 
the  line  joining  the  common  foci  subtends  equal  angles. 
Prove  that  the  tangents  at  P,  Q  include  an  angle  equal 
to  that  subtended  by  PQ  at  either  focus. 

29.  The  foci  of  a  given  ellipse  A  lie  on  an  ellipse  B 
the  extremities  of  a  diameter  of  A  being  the  foci  of  B. 
Prove  that  the  eccentricity  of  B  varies  as  the  diameter 
of  A. 

30.  Normals  at  the  extremities  P  and  D  of  two  con- 
jugate semi-diameters  meet  in  ^.  Prove  that  GK  is 
perpendicular  to  PD. 

31.  If  GP,  GP'  be  semi-diameters  of  an  ellipse  at  right 
angles  to  each  other,  prove  that 


Qp-2   '    (jp"2 

is  constant. 

32.  Having  given  the  auxiliary  circle  of  an  ellipse  and 
a  tangent  to  the  ellipse  touching  the  ellipse  at  a  given 
point,  find  the  foci. 


i 
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33.  Find  the  locus  of  the  centres  of  circles  cutting  a 
given  ellipse  orthogonally. 

3-i.  An  ellipse  is  inscribed  in  a  given  triangle.  If  one 
of  the  foci  is  known,  show  how  to  find  the  ellipse  and  its 
points  of  contact  with  the  sides  of  the  triangle. 

35.  Two  fixed  points  Q,  R  and  a  variable  point  P  are 
taken  on  an  ellipse ;  the  locus  of  the  orthocentre  of  the 
triangle  PQR  is  an  ellipse. 


CHAPTER  III. 


THE  HYPERBOLA. 
DESCRIPTION  OF  THE   CURVE. 

Proposition  I. 

Given  the  focus,  directrix,  and  eccentricity  of  a  liyper- 
bola  to  determine  any  number  of  points  on  it. 


^^^^^^^^^^^^^B  ^^^^^^^^^^^^H  ^^^^^^^^^IH 


Let  S  be  the  focus,  MXM  the  directrix,  and  e  the 
eccentricity.  * 

Through  S  draw  8X  perpendicular  to  the  directrix. 
Divide  SX  in  A  so  that 

8A=e,AX. 
110 
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Also,  in  SX  produced,*  take  A'  so  that 

SA'  =  e.A'X. 
Then  A  and  A'  are  points  on  the  hyperbola  and  are  its 
vertices. 

Take  any  point  NonA'A  produced.  Through  iV  draw 
PNP'  perpendicular  to  A  A'.  With  centre  S  and  radius 
equal  to  e .  XN,  describe  a  circle  cutting  PXP"  in  P  and 
P'.     Then  P  and  P'  shall  be  points  on  the  hyperbola. 

Draw  PM,  P'M  perpendicular  to  the  directrix. 

Then  SP  =  e.XN  [Const 

=  e.PN, 
and  SF^e.XN 

=  e.P'M'. 
Therefore  P  and  P'  are  points  on  the  hyperbola. 

In  like  manner,  by  taking  any  other  point  on  A' A  pro- 
duced, a  series  of  points  on  the  curve  may  be  determined 
lying  on  the  right  hand  side  of  the  directrix. 

Again,  if  N  be  taken  on  AA'  produced,  another  series 
of  points  on  the  curve  may  be  determined  lying  on  the 
left  hand  side  of  the  directrix. 

Def.  The  length  of  the  axis  intercepted  between  the 
vertices  {A,  A')  of  the  hyperbola  is  called  the  transverse 
axis. 

Def.  The  middle  point  ((7)  of  the  transverse  axis  is 
called  the  centre  of  the  hyperbola. 

Def.  A  straight  line  BCR  passing  through  the  centre 
and  perpendicular  to  the  transverse  axis,  such  that 

CB'-  =  CB"2  =  CS^-GA^=SA.SA' 
is  called  the  conjugate  axis. 

*  Since  e  is  greater  than  unity,  it  is  clear  that  A  will  lie  between 
S  and  JT,  and  A'  without  SX  on  the  side  remote  from  S. 
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The  conjugate  axis,  unlike  the  minor  axis  of  the  ellipse,  does  not 
meet  the  curve  at  all.  (See  Ex.  3  below.)  Its  utility  in  establish- 
ing properties  of  the  hyperbola  will  appear  later  on. 

Ex.  1.     The  hyperbola  is  symmetrical  with  respect  to  its  axis. 

Correspondhig  to  any  point  N  on  the  line  A' A  produced,  we  get 
two  points  P  and  P'  such  that  the  chord  PP'  is  bisected  at  right 
angles  by  the  axis  A' A.  [Def. 

Ex.  2,  Any  two  right  lines  drawn  from  any  point  on  the  axis  to 
the  curve  on  opjjosite  sides  of  the  axis,  and  equally  inclined  to  it, 
are  equal,  and  conversely. 

Ex.  3.  Show  that  the  hyperbola  lies  wholly  outside  the  lines 
drawn  through  A  and  A'  at  right  angles  to  the  axis. 

In  order  that  the  circle  may  intersect  the  line  PNP,  the  point  N 
must  be  so  situated  that  8N  may  not  be  greater  than  the  radius  of 
the  circle  SP,  that  is,  e .  XN.  It  may  be  shown  that  this  is  the 
case  only  when  N  does  not  lie  between  A  and  A'. 

Ex.  4.  Hence,  the  hyperbola  consists  of  two  distinct  branches 
lying  on  opposite  sides  of  the  lines  drawn  through  the  vertices  at 
right  angles  to  the  axis. 

Ex.  5.  There  is  no  limit  to  the  distance  to  which  each  branch  of 
the  hyperbola  may  extend  on  both  sides  of  the  axis,  so  that  the 
hyperbola  consists  of  two  infinite  branches. 

It  is  obvious  that  the  point  N  may  be  taken  anywhere  on  the 
axis  beyond  A  and  A'. 

Note. — It  will  be  remembered  that  the  parabola  consists  of  one 
infinite  branch  (Chap.  I.,  Prop.  I.,  Ex.  9)  and  that  the  ellipse  is  a 
closed  oval  (Chap.  II.,  Projx  I.,  Ex.  6). 

Ex.  6.  In  any  conic,  if  PR  be  drawn  to  the  directrix  parallel  to 
a  fixed  straight  line,  the  ratio  SP :  PR  is  constant. 

Ex.  7.  If  an  ellipse,  a  parabola,  and  a  hyperbola  have  the  same 
focus  and  directrix,  the  parabola  will  lie  entirely  outside  the  ellipse 
and  inside  the  hyperbola.     (Cf.  Chap.  I.,  Prop.  I.,  Ex.  6  and  7.) 

Ex.  8,  Prove  that  the  locus  of  a  point  of  triseotion  of  an  arc  ot\ 
a  circle  described  on  a  given  base  is  a  hyperbola. 

Ex.  9.  If  a  circle  touches  the  transverse  axis  at  the  focus,  and] 
passes  through  one  end  of  the  conjugate  axis,  the  portion  of  the] 
conjugate  axis  intercepted  =  (7-4^^^. 

Ex.  10.  Prove  that  the  locus  of  the  point  of  intersection  of  two' 
tangents  to  a  parabola  which  cut  at  a  constant  angle  is  a  hyperbola. 

Let  OP,  OQ  be  two  tangents  to  a  parabola,  cutting  at  a  constant 
angle  a.     Draw  01,  OTJ  perpendicular  to  the  directrix  and  SP \ 
then  0/-,St^(Chap.  T.,  Prop.  XIII.),  and 
OS -.01=  OS' '.SU, 
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which  is  a  constant  ratio  greater  than  unity  since  s.OSP=ir-a. 
(Chap.  I.,  Prop.  XIX.)  The  locus  of  0  is,  therefore,  a  hyperbola 
having  the  same  focus  and  directrix  as  the  parabola. 

Ex.  11.  P  is  any  point  on  a  given  hyperbola  (e=2).  Z)  is  taken 
on  the  axis  such  that  SD  =  SA'.  If  A'F  meets  the  latus  rectum  in 
K,  find  the  locus  of  the  intersection  of  BK  and  SP.  [The  circle  on 
A'D  as  diameter.] 

Ex.  12.  The  angular  point  A  of  a  triangle  ABC  is  fixed,  and  the 
angle  A  is  given,  -while  the  points  B  and  C  move  on  a  fixed  right 
line.  Find  the  locus  of  the  centre  of  the  circumscribing  circle  of  the 
triangle.  [A  hyperbola  of  which  A  is  the  focus  and  BC  the 
directrix.] 

Proposition  II. 

The  hyperbola  is  symmetrical  with  respect  to  the  con- 
jugate axis  and  has  a  second  focus  (S')  and  directrix. 


Let  S  be  the  given  focus  and  MX  the  given  directrix. 

Talie  any  point  M  on  the  directrix  and  through  the 
vertices  A  and  A'  draw  AH,  A'H'  at  right  angles  to  AA', 
meeting  the  straight  line  through  M  and  S  at  H  and  H' 
respectively. 

Describe  a  circle  on  HW  as  diameter,  and  through  M 
draw  PMP'  parallel  to  AA\  to  meet  the  circle  in  P  and 
P'.     Then  P  and  P'  shall  be  points  on  the  hyperbola. 

H 
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For  SH:HM=SA:AX 

=  e, 
and  SH' :  MH'  ==SA':  XA' 

=  e, 
therefore  SH:HM=SH' :MH\ 

and  the  angle  HPH'  is  a  right  angle ;    therefore  PH 
bisects  the  angle  SPM. 
Therefore  SP :  PM=SH:  HM 

=SA.AX 
=  e. 
Therefore  P  is  a  point  on  the  hyperbola. 

Similarly  it  may  be  shown  that  P'  is  a  point  on  the 
hyperbola. 

Again,  the  straight  line  drawn  through  0,  the  centre  of 
the  circle,  at  right  angles  to  AA\  will  bisect  both  AA' 
and  PP"  at  right  angles,  and  will  therefore  coincide  with 
the  conjugate  axis  in  position. 

The  hyperbola  is  therefore  symmetrical  with  respect  to 
the  conjugate  axis. 

Hence  the  two  branches  of  the  hyperbola,  lying  on 
opposite  sides  of  the  conjugate  axis,  are  such  that  each  is 
the  exact  reflexion  of  the  other.  Therefore,  if  A'S'  be 
measured  off  =  AS  and  A'X'  =  AX,  and  X'M^^  be  drawn  at 
right  angles  to  X'S,  the  curve  could  be  equally  well 
described  with  S'  as  focus  and  X'M^  as  directrix.  The 
hyperbola  has  therefore  a  second  focus  ;Si'  and  a  second 
directrix  X'My 

Ex.  Every  chord  drawn  through  the  centre  (7 and  terminated  by 
the  two  branches  is  bisected  at  that  point.  [From  the  symmetry  of 
the  figure.] 

From  this  proi)erty  the  point  Cis  called  the  centre  bt  the  curve. 
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PROPERTIES  OF  CHORDS  AND  SEGMENTS  OF 
CHORDS. 

Proposition  III. 

In  tlie  hyperbola        CA=e.CX (i.) 

CS=e.CA (ii.) 

CS.CX^CA'- (iii.) 


\ 

» 

1 

*'    1 

t          i 

.V  '^A           S 

\ 
\ 
\ 
\ 

We  have  from  the  definition 
HA^e.AX, 
BA'^t.A'X  =  e.AX\ 
Therefore,  by  subtraction, 

AA'  =  e{AX'-AX) 
=  e.XX'. 

Therefore  CA=e.CX (i.) 

By  addition  US'  =  g .  UX + A'X) 

=  e.AA\ 

Therefore  CS=e.CA (il) 

Therefore        CS.  CX  =  CA'- (iii.) 
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Ex.  1.  Given  the  transverse  and  the  conjugate  axis,  find  the  focus 
and  the  directrix. 

Ex.2.     Prove  that  ^'  =  !  +  £?!• 

L/A 

Ex.  3.  If  the  line  through  B  parallel  to  the  transverse  axis  meet 
the  latua  rectum  in  B,  then  will  the  triangles  SC'D,  SXD  be  similar. 

Ex.  4.    Prove  that 

SX^:AX.A'X=CB^:CA^. 

Ex.  5.  If  any  line  through-  the  centre  meet  the  perpendicular 
through  A  to  the  transverse  axis  in  0  and  the  dii'ectrix  in  E,  then 
AE  is  parallel  to  SO. 

Ex.  6.  In  Prop.  I.,  Ex.  8,  find  the  distance  between  the  centres 
of  the  two  hyperbolas  which  are  the  loci  of  the  points  of  trisection 
of  an  arc  of  a  circle  described  on  a  given  base.  [One-third  of  the 
given  base.] 

Proposition  IV. 

The  difference  of  the  focal  distances  of  any  point  on  a 
hyperbola  is  constant  and  equal  to  the  transverse  axis. 


Let  P  be  any  point  on  the  hyperbola.  Join  FS, 
PS',  and  through  P  draw  PMM  perpendicular  to  the 
directrices. 
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Then 

SP=e.PM, 

and 

S^P=e.PM. 

Therefore 

S^P-SP=€{PM-Pm 

=  e.MM' 

=  6. XX' 

=  AA'. 

[Prop.  IIL 

Ex.  1 .     Show  how  to  construct  the  hj'perbola  mechanicallv. 


First  Method. — Suppose  a  bar  SQ,  length  r,  to  revolve  round  its 
extremity  *S'  which  is  fixed.  Theu  if  a  string  of  given  length  I, 
attached  to  the  bar  at  Q  and  also  to  a  fixed  point  S^  be  always  kept 
stretched  by  means  of  a  pencil  at  P  pressed  against  it  (the  part  QP 
of  the  string  being  in  contact  with  the  rod),  the  pencil  will  trace 
out  a  hyperbola  with  foci  at  S  and  .S",  and  the  transverse  axis  equal 
to  (/•-/).     For 

S'P-^PQ  =  r 
and  SP  +  PQ  =  l, 

,S'i*  -  <SP = r  -  Z = constant 
It  should  be  observed  that  I  must  be  less  than  r  and  greater  than 

r-ss: 

In  the  same  manner,  by  making  the  bar  revolve  round  S  as 
centre,  the  other  branch  of  the  h%-perbola  may  be  described.  Tlie 
other  branch  may  also  be  described  by  taking  the  string  longer  than 
the  rod  by  the  length  (r  - 1). 

Second  Method — Suppose  two  equal  thin  circular  discs  A  and  B 
attached  to  each  other,  to  rotate  in  the  same  direction  roimd  an  axis 
through  their  common  centre  ;  and  suppose  the  two  ends  of  a  fine 
string  (which  is  wrap{)ed  roimd  the  discs  and  passing  through  small 
rings  at  C  and  D  in  the  plane  of  the  discs,  is  kept  stretched  by  the 
point  of  a  pencil  at  P)  to  be  wound  off  from  the  two  discs.  The 
ciirve  traced  by  P  will  have  the  property  CP  —  Z>P= constant,  and 
will,  therefore,  be  a  hyperbola. 
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Ex.  2.  Given  the  foci  and  the  transverse  axis  to  determine  any 
nnniber  of  points  on  the  curve. 

Describe  a  circle  with  centre  *S^and  any  radius  r  ;  describe  a  circle 
with  centre  S'  and  rddius  =  r+.4J'.  The  two  circles  intersect  in 
points  on  the  curve. 

Ex.  3.  Given  a  focus,  a  tangent,  and  a  point  on  an  ellipse,  prove 
that  the  locus  of  the  other  focus  is  a  hyperbola.  [The  foci  will  be 
the  given  point  and  the  image  of  the  focus  in  the  tangent.  Chap. 
II.,  Prop.  XXIIL] 

Ex.  4.  Given  a  focus,  a  tangent,  and  two  points  on  an  ellipse  to 
construct  the  curve.     (Newton,  Book  I.,  Prop.  XXI.) 

Ex.  5.  Given  a  focus,  two  tangents,  and  a  point  on  an  ellipse  to 
construct  the  curve.     (Newton,  Book  I.,  Prop.  XXI.) 

Ex.  6.  Given  a  focus,  the  eccentricity,  a  tangent,  and  a  jx)int  on 
an  ellipse  to  construct  the  curve.  (Apply  Chap.  II.,  Prop.  XXIII., 
Ex.  5.     Newton,  Book  I.,  Prop.  XX.) 

Ex.  7.  The  diflerence  of  the  focal  distances  of  any  point  is  greater 
than,  equal  to,  or  less  than  the  transverse  axis,  according  as  the 
point  is  within,  ujjon,  or  without  the  hyperbola,  and  conversely. 

Ex.  8.  Tlie  locus  of  the  centre  of  a  circle  which  touches  two  fixed 
circles  is  an  ellipse  or  a  hyperbola.    (Cf.  Chap.  II.,  Prop.  IV.,  Ex.  4.) 

Ex.  9.  Given  one  focus  of  an  ellipse  and  two  points  on  the  curve, 
the  locus  of  the  other  focus  is  a  liy])erbola. 

Ex.  10.  A  parabola  passes  through  two  fixed  points,  and  has  its 
axis  parallel  to  a  given  line  ;  prove  that  the  locus  of  its  focus  is  a 
hyperbola. 

Ex.  11.  Given  the  base  of  a  triangle  and  its  point  of  contact  with 
the  inscribed  circle,  show  that  the  locus  of  its  vertex  is  a  hyperbola. 

Ex.  12.  Find  the  locus  of  the  intersection  of  the  tangents  fi-ora 
two  given  points  A  and  B  to  all  circles  touching  AJi  at  a  given 
point  C. 

[An  ellipse  when  C  is  outside  A  and  B  ;  a  hyperbola  when  C  is 
between  A  and  B,  except  when  CA  =  CB,  in  which  case  the  locus  is 
a  right  line.] 

Ex.  1.3.  An  ellipse  and  a  liyperbola  having  the  same  foci  inter- 
sect in  P.  If  CA,  Oa  be  their  semi-axes  major  respectively  and  /'iV 
the  ordinate  of  P,  show  that 

CA:CS=C.Y:Ca. 

Ex.  14.  P  is  any  point  on  an  ellipse,  of  which  CA,  CB  are  the 
semi-axes  ;  CD  is  the  semi-diameter  conjugate  to  CP ;  Ch  is  the 
semi-conjugate  axis  of  the  confocal  hvperbola  through  P.  Prove 
that  Cm^G\fi  =  Cb\ 

Let  (7a  =  semi-transverse  axis. 

Then  Clt^  ==CS^-  Ca^  =  CaS'^  -  ^{SP  -  STf- 

=  CS'^  -  k{(SP+  S'Pf  -  ASP .  S'Pi 
=  CIfi-  CB'.      [Chap.  1 1.,  Prop.  XXXV.,  Ex.  5. 
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Ex.  15.  JSV,  <S"i"  ai-e  the  focal  perpendiculars  on  the  tangent  at 
any  point  P  of  an  ellipse.  Prove  that  PT.  PY'  is  equal  to  the 
square  on  the  semi-conjugate  axis  of  the  confocal  hyperbola 
through  P.  r^  =  '^^=        ^^ 

lpt  Pi"  ; 


SY  sr 


^'PY.  PY' 
CB 


PY    PY'    s^PYTpT 
Apply  Ex.  14.     Cf.  Prop.  XXI.,  Ex.  8.] 

Ex.  16.  Two  adjacent  sides  of  a  quadrilateral  are  given  in 
magnitude  and  position  ;  if  a  circle  can  be  inscribed  on  the  quadri- 
lateral, the  locus  of  the  intersection  of  the  other  two  sides  is  a 
hyperbola. 

Ex.  17.  Prove  that  the  circle  in  Prop.  I.,  Ex.  12,  always  touches 
a  fixed  circle.  [Centre  is  second  focus  of  the  hyperbola,  radius  =  trans- 
verse axis.] 

*  Proposition  V. 
The  lotus  rectum  of  a  hyperhola  is  a  third  lyropor- 
tional  to  the  transverse  and  conjugate  axes.    (SL  =  yy-^'j 


Let  LSL'  be  the  latus  rectum, 
dicular  to  the  directrix. 


Draw  LM  perpen- 
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Then                         CS=e.CA. 

[Prop.  III. 

SL  =  e.LM 

[Def. 

=  e.SX. 

Therefore             SL.CA^GS.  SX 

^G8{C8-CX) 

=  CS^-CS.GX 

=  CS-'-CA^ 

[Prop.  Ill 

=  CB'. 

[Def. 

Ex.     Prove  this  proposition  by  means  of  Prop. 

III. 

Ex.4. 

♦Proposition  VI. 

Any  focal  chord  of  a  hyperbola  is  divided  hai^moni- 
cally  by  the  focus  and  directrix;  and  focal  chords  are 
to  one  another  as  the  rectangles  contained  by  their 
segments. 


Produce  the  focal  chord  PSp  to  meet  the  directrix  in 
D,  and  dra\v  PM  and  pm  perpendicular  to  the  directrix. 

'J^hen  PD'.pD^  PM :  pm  ; 

but  PS=e.PAI, 

and  pS  =  e .  pwi ;  [Drf. 
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therefore  PD:pD  =  PS:  pS. 

Hence  Pp  is  divided  harmonically  in  S  and  D. 

Again,  PD,  SD,  and  pD  being  in  harmonic  progression, 
,PM,  SX,  and  pm  are  also  in  harmonic  progression.  But 
!  SP  :  PM=SL  : SX  =  Sp  :p7rv=e; 

therefore  SP,  SL,  and  Sp  are  also  in  harmonic  progres- 
sion.    Therefore 

^j_2SP.Sp_2SP.Sp 
SP+Sp         Pp      ' 
therefore  the  focal  chord  Pp  varies  as  SP .  Sp. 

Propositiox  YII. 

If  any  chord  QQ  of  a  hyperbola  intersects  the  directrix 
in  D,  SD  bisects  the  angle  between  SQ  and  SQ'. 


First,   let  Q  and  Q  be  on  the  same  branch  of  the 
hyperbola 

Draw  QM,  Q'M'  perpendicular  to  the  directrix. 
Then,  by  similar  triangles, 

=  SQ:S(/, 
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Therefore  SD  bisects  the  exteriw'  angle  Q'Sq.    [Euc.  VI.  A. 

Secondly,  let  Q,   Q'  be  on  opposite   branches  of  the 

hyperbola ;    then  it   may  be   similarly  shown  that  SD 

bisects  the  interior  angle  QSQ'.  [Enc.  VI.  3. 


Ex.  1.  Prove  that  a  straight  line  can  cut  a  hyperbola  iu  two 
points  only.  (Cf.  Cliap.  I.,  Prop.  X.,  Ex.  8  ;  Chap.  II.,  Prop. 
VIII.,  Ex.  9.) 

Ex.  2.  If  two  points  Q,  Q'  on  a  hyperbola  be  joined  with  a 
third  variable  point  0  on  the  curve,  the  segment  qq'  intercepted 
on  either  directrix  by  the  chords  QO  and  Q'O  produced,  subtends 
a  constant  angle  at  the  corresponding  focus. 

Ex.  3.  Given  the  focus  and  three  points  on  a  hyperbola,  find 
the  directrix  and  the  axis. 

Proposition  VIII. 

The  square  of  the  ordinate  of  any  point  on  a  hyjyerbola 
varies  as  tJie  rectangle  under  the  segments  of  the  axis 
produced,  made  by  the  ordiruite. 

{PN^ :  AN.  A'N  =  CB' :  GA\) 

Let  PK  be  the  ordinate  of  any  point  P  on  the  hyper- 
bola.     Let  PA,  PA',  produced  if  necessary,  meet  the 
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directrix  in  D  aud  If.     Join  SP,  SD,  SIX,  and  produce 
PS  to  meet  the  curve  in  p. 


Then,  from  the  similar  triangles  PAN  aud  DAX, 
PX:AX=LX:AX. 
Also  from  the  similar  triangles  PA'N  and  UA'X, 

PX.A'X=UX:A'X; 
therefore    PN'- :  ^.V .  A'N=  DX .  UX  .AX.  A'X. 

Again,  SD  and  SU  bisect  the  angles  pSX  and  PSX 
respectively ;  [Prop.  "VTL 

therefore  the  angle  DSU  is  a  right  angle,  aud 

DX .  D'X = SX\  [Euc.  VI.  8. 

Therefore        PN'-  .AX.  A'X=  SX'-  .AX.  A'X. 
But  the  ratio  SX-:  AX  .A'X  is  constant;   therefore  the 
i-atio  PX'^  :  AN.  A'X  has  the  same  .value  for  all  positions 
of  P. 

To  determine  this  constant  value  we  have 

SA.AX=CS.CA'y  [Prop.  III. 

therefore  SX:AX=CS+CA:GA. 

Similarly  SX:A'X^CS-CA  :  CA  ; 
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therefore      SX^:AX.A'X  =  CS^-CA^:CA^ 

=  GB^:CA'-,  [Def. 

therefore     PN^  ,AN.  A'N=  Cm :  GA\ 

Ex.  1.     Prove  that 

PN^  :  cm  -  CA^ = CIP  :  CA^. 
Ex.  2.     Having  shown  that 

PJV^' :  A^.  A'N=SX^  :  AX.  A'X, 
apply  Prop.  V.  to  complete  the  proof.     [Make  P  coincide  with  the 
extremity  L  of  the  latus  rectum.] 

Ex.  3.     Prove  that 

CA-^     CI?  ~ 

Ex.  4.  NQ  parallel  to  AB  meets  the  conjugate  axis  in  Q.  Show 
thai,  QB.QE  =  PN\ 

Ex.  5.  (2  is  a  point  on  the  curve;  AQ,  A'Q  meet  PN  in  D  and 
E;  prove  tliat  DN.EN=PN^ 

Ex.  6.  If  a  jpoint  P  moves  such  that  PN^ :  AN .  A'N  in  a  con- 
stant ratio,  PN  being  the  distance  of  P  from  the  line  joining  two 
fixed  points  A,  A',  and  N  falling  outside  AA' ;  the  locus  of  P  is  a 
hyperbola  of  which  A  A'  is  an  axis. 

Ex.  7.  PNP'  is  a  double  ordinate  of  an  ellipse  ;  show  that  the 
locus  of  intersection  of  AP'  and  A'P  is  a  hyperbola. 

Ex.  8.  A  circle  is  described  through  A,  A'  and  P.  If  NP 
meets  the  circle  again  in  Q,  the  locus  of  (^  is  a  hyperbola. 

Ex.  9.  NQ  is  a  tangent  to  the  circle  on  AA'  as  diameter ;  FM 
is  drawn  parallel  to  C(^,  meeting  ^^'  in  M\  show  that  MN=CB. 
[The  triangles  PMN,  QCN  are  similar.] 

Ex.  10.  A  chord  A P  is  divided  in  Q,  so  that  AQ:QP=CA^:  CB\ 
Prove  that  the  line  through  Q  at  right  angles  to  QN  is  parallel 
to  A'P. 

Proposition  IX. 

The  locxis  of  tfce  middle  points  of  any  system  of 
parallel  chards  of  a  hyperbola  is  a  straight  line  passing 
through  the  centre. 

Let  QQf  be  one  of  a  system  of  parallel  chords,  and  V  its 
middle  point. 
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Draw  QM,  QM'  perpendicular  to  the  directrix ;  draw 
ST  perpendicular  to  QQ'  and  produce  YS  to  meet  the 
directrix  in  K.  Produce  QQ'  to  meet  the  directrix  in  R, 
'a,ndJQ'mSQ,SQf. 


Then  SQ:QM=SQ::Q'M' 

therefore  SQ:Sq  =  QM  :Q'M' 

=  QR:Q'R; 
therefore 

SQ'  -  SQ'- :  QR'  -  Q'R^  =  SQ'' :  QRr. 
But  SQ^-SQ''  =  QY'--Q'7^'  [Euc.  l.  47. 

=  {QT+qY){QY-qY) 

=  ^.Qq.YV. 
Similarly  QR^-qR^  =  2.QQ;  .RV; 

therefore  YV:  RV=^SQ'' :  QR^. 

Now,  the  ratio  SQ :  QM  is  constant ;  also,  the  ratio 
QM :  QR  is  constant,  since  QQ'  is  drawn  in  a  fixed 
direction.  Therefore  SQ  :  QR  is  a  constant  ratio ;  there- 
fore also  YV :  RV  is  a  constant  ratio  for  all  chords  of  the 
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system.  But  as  R  always  lies  on  a  fixed  straight  line 
(the  directrix),  and  Y  on  another  fixed  straight  line  (the 
focal  perpendicular  on  the  parallel  chords),  intersecting 
the  former  in  K,  Vmust  also  lie  on  a  third  fixed  straight 
line,  passing  through  the  same  point  K. 

Again,  corresponding  to  a  system  of  parallel  chords  in 
one  branch  of  the  hyperbola,  there  is  in  the  other  branch 
another  system  exactly  similar  thereto ;  and  the  middle 
points  of  the  chords  of  both  the  systems  must  lie  on  VK, 
which  therefore  divides  the  two  branches  symmetrically, 
Hence,  from  the  symmetry  of  the  curve  about  the  major 
and  minor  axes,  and  therefore  about  the  centre,  VK  must 
pass  through  G. 

Hence  the  diameter  bisecting  any  system  of  parallel 
chords  of  a  hyperbola  is  a  straight  line  passing  through 
the  centre. 

Ex.  The  diameter  bisecting  any  system  of  parallel  chords  meets 
the  directrix  on  the  focal  perpendicular  to  the  chords. 

*  Proposition  X. 

If  any  two  parallel  chords  of  a  hyperbola  he  drawn 
through  two  fixed  points,  the  ratio  oftlie  rectangles  under 
their  segments  will  he  constant,  whatever  he  the  directions 
of  the  chords. 

Let  OPQ  be  a  chord  drawn  through  one  of  the  fixed 
points  0,  outside  the  curve. 

Produce  QPO  to  meet  the  directrix  in  R,  and  join  SR, 
SP,  8Q.  Draw  OU,  OV  parallel  to  8P,  SQ  respectively ; 
and  draw  OD,  PM  perpendicular  to  the  directrix. 

Then  RO:RP=OU:PS 

=  OD:PM, 
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but 

therefore 

Similarly 


PS^e.PM; 
OU=e.OD. 
OV=e  OD. 


Describe  a  circle  with  centre  0  and  radius  equal  to 
e.OD,  passing  through  U  and  F;  and  draw  RT,  St 
tangents  to  this  circle. 

Now,  by  similar  triangles, 

OP:OR  =  SU:RU, 
and  OQ:OR  =  SV:RV; 

therefore         OP  .OQ:OR^=SU.SV:RU.RV 

=  St^:Rr-.  [Euc.  III.36. 

Therefore  OP .  OQ :  St^  =  OR'- :  RT\ 

Now  for  a  given  direction  of  the  chord  OPQ  the  ratio 
OR :  OD  is  constant,  and,  therefore,  also  the  ratio  OR :  OT, 
since  OT=e.OD.  Therefore,  also,  the  ratio  OR.RT  is 
constant. 

If,  now,  through  another  fixed  point  (/  a  parallel  chord 
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O'P'Q'  be  drawn,  and  similar  constructions  be  made,  we 
shall  have  OP.OQ: St^  =  O'P' . O'Q' : St'^ ; 

therefore      OP.OQ:  O'F .  O'Q'  =  St^ :  St'K 
But  since  the  points  0  and  0'  arc  fixed,  the  two  circles 
are  fixed  in  magnitude  and  position,  and,  therefore,  St  and 
8t'  are  constants. 

Therefore  the  ratio  OP.OQ  :  O'P'.  O'Q'  is  constant. 

Ex.  1.  If  a  system  of  chords  of  a  hyperbola  be  drawn  through 
a  fixed  point,  the  rectangles  contained  by  their  segments  are  as 
the  parallel  focal  chords,  and  also  as  the  squares  of  the  parallel 
semi-diameters  where  they  exist.     (Apply  Prop.  VI.) 

Ex.  2.  The  ordinates  to  any  diameter  at  equal  distances  from 
the  centre  are  equal. 


*  Proposition  XI. 

If  a  circle  intersect  a  hyperbola  in  four  i^oints,  their 
comTnon  chords  will  he  equally  inclined,  two  and  two,  to 
the  axis. 


Let  Q,  Of  q,  gf  be  the  four  points  of  intersection. 
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Then  QO.OQ  =  qO.  Oq'.  [Euc.  III.  35. 

Therefore  the  rectangles  under  the  segments  of  the  focal 
chords  parallel  to  QQ'  and  qq'  respectively  are  equal, 

[Prop.  X. 
and  therefore  the  focal  chords  themselves  are  equal. 

[Prop.  VI. 
They  are,  therefore,  equally  inclined  to  the  axis,  from 
the  symmetry  of  the  figure.  (See  also  Prop.  I.,  Ex.  2.) 
Therefore,  the  chords  QQ',  qq'  are  equally  inclined  to 
the  axis. 

In  like  manner  it  may  be  shown  that  the  chords  Qq 
and  Q'q',  as  well  as  the  chords  Qq'  and  qQ',  are  equally 
inclined  to  the  axis. 


PROPEETIES   OF  TANGENTS. 

The  student  should  work  out  the  following  exercises  as 
illustrating  the  method  of  deducing  tangent  properties 
from  the  corresponding  chord-properties. 

I.     Deduce  from  Prop.  X.,  Ex.  1  :  — 

1.  The  tangents  to  a  hyperbola  from  an  external  point  are  pro- 
portional to  the  parallel  semi-diameters  where  they  exist,  and  are  in 
the  subduplicate  ratio  of  the  parallel  focal  chords. 

2.  If  two  parallel  tangents  OP,  (/P'  be  met  by  a  third  tangent 
at  Q,  in  0  and  (7,  prove  that 

OP:aP'=OQ:(yQ. 

II.  Deduce  from  Prop.  XI. : — 

1.  PQ  and  P(^  are  chords  of  a  hyperbola  equally  inclined  to  the 
axis  ;  prove  that  the  circle  PQQf  touches  the  hyperbola  at  P. 

2.  If  a  circle  touch  a  hyperbola  at  the  points  P  and  Q,  show  that 
PQ  is  parallel  to  one  of  the  axes. 

III.  Deduce  from  Prop.  VII.,  Ex.  1  :— 

1.  A  tangent  to  one  branch  of  a  hyperbola  cannot  meet  the  other 
branch. 

See  also  Prop.  XII.  and  XIII. 

I 
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Proposition  XII. 

The  tangent  to  a  hyperbola  at  either  end  of  a  diameter 
is  parallel  to  the  system  of  chords  bisected  by  the  diameter. 


Let  P'CPV  be  the  diameter  bisecting  a  system  of 
chords  parallel  to  QQ.  Let  QQ  be  made  to  move 
parallel  to  itself,  so  that  Q  may  coincide  with  V.  Since 
^Fis  always  equal  to  QfV,  [Prop.  X 

it  is  clear  that  Q  will  also  coincide  with  V,  and  the 
chord  in  this  its  limiting  position  will  be  the  tangent  to 
the  hyperbola  at  P. 

Ex.  1.  The  tangent  at  the  vertex  is  at  right  angles  to  the  trans- 
verse axis. 

Ex.  2.  The  line  joining  the  points  of  contact  of  two  parallel 
tangents  is  a  diameter. 

Proposition  XIII. 

The  ^portion  of  the  tangent  to  a  hyperbola  at  any  point, 
intercepted  between  that  point  and  the  directrix^  subtends 
a  right  angle  at  the  focus,  and  conversely. 

Also,  tangents  at  the  ends  of  a  focal  chord  intersect  on 
the  directrix. 


1 
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First,  let  any  chord  QQ'  of  the  hyperbola  intersect  the 
directrix  in  Z;  then  SZ  bisects  the  exterior  angle  QSq. 

[Prop.  VII. 
Now,  let  the  chord  QQ'  be  made  to  turn  about  Q  until  the 
point  Of  moves  up  to  and  coincides  with  Q,  so  that  the 


chord  becomes  the  tangent  to  the  hyperbola  at  Q.  In 
this  limiting  position  of  the  chord  QQ',  since  Q  and  Q" 
coincide,  the  angle  QSQ  vanishes ;    therefore  the  angle 


QSq  becomes  equal  to  two  right  angles.  But  since  SZ 
always  bisects  the  angle  Q^Sq,  in  this  case  the  angle  QSZ 
is  a  rijrht  ancrle. 
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Conversely,  let  QZ  subtend  a  right  angle  at  S,  then  it 
shall  be  the  tangent  to  the  hyperbola  at  Q.  For  if  not 
and  if  possible  let  QZ'  be  the  tangent  at  Q.  Then  the 
angle  Q8Z'  is  a  right  angle,  which  is  impossible ;  therefore 
QZ  is  the  tangent  at  Q. 

Secondly,  let  Q8q  be  a  focal  chord  and  QZ  the  tangent 
at  Q. 

Join  ZS,  Zq. 

Then  the  angle  QSZ  being  a  right  angle,  the  angle  Z8q 
is  also  a  right  angle.  Therefore  qZ  is  the  tangent  to  the 
hyperbola  at  q.  Therefore  the  tangents  at  Q,  q  intersect 
on  the  directrix. 

Ex.  1.  Tangents  at  the  extremities  of  the  latus  rectiini  intersect 
in  X. 

Ex.  2.     To  draw  the  tangent  at  a  given  point  of  a  hyperbola. 

Ex.  3.  If  QZ,  qZ  meet  the  latus  rectum  produced  in  D  and  d, 
then  SB  =  Sd.     (Cf.  Chap.  II.,  Prop.  XV.,  Ex.  6.) 

Proposition  XIY. 

If  from  a  point  0  on  the  tangent  at  any  point  P  of  a 
hyperbola  perpendiculars  OU,  01  he  drawn  to  8P  and 
the  directrix  respectively,  then 

SI/=e.OI, 
and  conversely. 

Join  SZ  and  draw  PM  perpendicular  to  the  directrix. 
Because  ZSP  is  a  right  angle,  [Prop.  XIII. 

^*Sf  is  parallel  to  OU. 

Therefore,  by  similar  triangles, 

SU:SP  =  ZO-ZP 
=  OI:PM; 
but  SP  =  e.PM. 

Therefore  SU=e.OI. 
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SU^e.OI, 
and  SP  =  e.PM 
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Therefore  SU:SP=01  :PM 

:=ZO:ZP. 
Therefore  0  tT"  is  parallel  to  ZS,  [Euc.  VI.  2. 

and  the  angle  PSZ  is  a  right  angle. 
Therefore  PZ  is  a  tangent  at  P.  [Prop-  XIIL 

Ex.     If  a  perpendiinilar  through  0  on  the  transverse  axis  meet 
the  curve  in  Q  and  ^,  then  SU=SQ,  and  0lP  =  0q.0q. 


Proposition  XV. 

The  tangent  at  any  point  of  a  hyperbola  makes  equal 
-angles  with  the  focal  distances  of  the  point. 

Let  the  tangent  at  P  meet  the  directrices  in  Z 
and  Z. 

Draw  PMM'  perpendicular  to  the  directrices,  meeting 
them  in  M  and  J/'  respectively.     Join  SP,  SZ,  S'P,  B'Z. 
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Then,  in  the  two  triangles  PSZ  and  PS'Z',  the  angles 
PSZ  and  P8'Z'  are  equal,  being  right  angles,  [Prop.  XIII. 
and  SP:S'P  =  PM:PM' 

=  PZ:PZ\ 
and  the  angles  PZS  and  PZ'&'  are  both  acute  angles. 


Therefore  the  triangles  are  similar.  [Euc.  VI.  7. 

Therefore  the  angle  SPZ=ihQ  angle  S'PZ'. 

Ex.  1,     The  tangent  at  the  vertex  is  perpendicular  to  the  axis. 

Ex.  2.  Given  a  focus,  a  tangent  and  its  point  of  contact,  find  tlie 
locus  of  the  other  focus. 

Ex.  3.  If  FCp  be  a  diameter,  and  if  Sp  meet  the  tangent  at  /'  in 
J,  tiP=ST. 

Ex.  4.  If  an  ellipse  and  a  hyperbola  have  the  same  foci,  they 
intersect  at  right  angles.     (See  Cha]).  I.,  Prop.  XIV.,  Ex.  4.) 

Such  Conies  are  called  Con  focal  Conies. 

Ex.  5.  If  the  tangent  at  F  meet  the  axes  in  T,  t,  the  angles  PSt^ 
STF  are  supplementary.  [The  circle  round  *S'P*S"  obviously  passes 
through  t.'] 

Ex.  6.  If  the  diameter  parallel  to  the  tangent  at  1'  meet  8P  and 
S'P  in  E  and  E\  the  circles  about  the  triangles  SCE,  S'CE'  are 
equaL 
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Ex.  7.  Tangents  at  the  extremities  of  a  focal  chord  FSQ  meet  in 
T.     Prove  that 

2-JPTQ--PS'Q  =  -2  right  angles. 

Ex.  8.  Y,  Y'  are  the  feet  of  the  focal  perpendiculars  on  the 
tangent  at  P  ;  if  PX  he  the  ordinate,  the  angles  PNY,  PS  Y'  are 
supplementary.     [iJ'NY^  1.PS  Y=  WS'  r=ir-  lPN  Y'.  ] 

Ex.  9.  A  parabola  and  a  li^-jierbola  have  a  common  focus  S,  and 
their  axes  in  the  same  direction.  A  line  SPQ  cuts  the  curves  in  P 
and  Q.  If  the  tangents  at  P,  Q  meet  in  T,  prove  that  lPTQ= \i-SS'Q. 
(See  Prop.  I.,  Ex.  7.) 

Ex.  10.  P  is  a  point  on  a  hyperbola  whose  foci  are  S.,  S' ;  another 
hyperbola  is  described  whose  foci  are  S,  P,  and  whose  transverse 
axis  =  5P— 2P.S'.  Prove  that  the  hyperbolas  will  meet  at  only  one 
point,  and  that  they  will  have  the  same  tangent  at  that  point. 
[Apply  Prop.  IV.  If  ^  be  a  point  of  intersection,  QP  =  QS'  +  PS' ; 
Q,  therefore,  is  the  other  extremity  of  the  focal  chord  P.S'.] 

Ex.  11.  A  chord  PR  VQ  meets  the  directrices  in  R  and  F,  P,  Q 
being  on  ditferent  bi-anches.  Prove  that  PR  and  VQ  subtend,  each 
at  the  focus  nearer  to  it,  angles  of  which  the  difference  is  equal  to 
the  angle  between  the  tangents  at  P  and  Q.     (Apply  Prop.  VII.) 

Proposition  XVI. 

To  draw  tivo  tangents  to  a  hyperbola  from  an  external 
point. 


Let  0  be  the  external  point. 

Draw   0/  perpendicular   to   the   directrix,  and   with 
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centre  S  and  radius  equal  to  e .  01  describe  a  circle. 
Draw  OU,  OU'  tangents  to  this  circle  and  let  US  and 
SU'  produced  meet  the  hyperbola  in  Q,  Q'.  Then  OQ, 
OQ'  shall  be  the  tangents  required. 

For  0C7  is  at  right  angles  to  8U,  [Euc.  III.  18. 

and  8U=e.0I 

Therefore  OQ  is  the  tangent  to  the  hyperbola  at  Q. 

[Frop.  XIV. 
Similarly  OQ'  is  the  tangent  at  Q'. 

Note. — If  it  had  been  necessary  to  produce  both  SU  and  SU'  in 
the  same  direction,  to  meet  the  curve,  the  points  of  contact  would 
have  been  on  the  same  branch,  instead  of  being  on  opposite 
branches,  as  in  the  figure. 

Ex.  1.  Alternative  Construction. — With  centre  0  and  radius  OS, 
describe  a  circle.  AVith  centre  S'  and  radius  equal  to  the  trans- 
verse axis,  describe  another  circle  intersecting  the  former  in  M 
and  M'.  Join  S'M  and  S'M',  and  produce  them  to  meet  the  curve 
in  Q  and  Q'.  OQ,  OQ'  are  the  tangents  required.  (Cf.  Chap.  II., 
Prop.  XVIII.,  Ex.  1.) 

Ex.  2.  Prove  that  only  two  tangents  can  be  drawn  to  a  hyper- 
bola from  an  external  point. 

Pkoposition  XVII. 

The  two  tangents  that  can  be  drawn  to  a  hyperbola 
from  an  external  point  subtend  equal  or  supplementary 
angles  at  the  focus  according  as  the  points  of  contact  are 
on  the  same  or  opposite  branches  of  the  curve. 

First,  let  OQ,  OQ'  be  the  two  tangents  from  0,  Q  and 
Q'  being  on  the  same  branch  of  the  curve. 

Join  SO,  SQ,  SQ',  and  draw  01,  011,011'  perpendiculars 
upon  the  directrix,  SQ,  SQ'  respectively. 

Then  SU  =  e.01  =  SU'.  [Prop.  XIV. 

Therefore  OU=OU'.  [Euc.  1. 47. 

Therefore  the  angles  OSU  and  OSU'  are  equal,    [Euc.  I.  8. 
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and  they  are  the  angles  which  the  tangents  subtend  at 
the  focus. 


Secondly,  let  Q  and  Q'  be  on  opposite  branches  of  the 
Then  it  may  be  similarly  proved  that  the  angles 


curve. 


OS U and  OSU'  are  equal;  therefore  the  angles  OSQ  and 
OSQ'  are  supplementary, 

Ex.  1.     In  Fig.  1  prove  that  0$,  OQ'  subtend  equal  angles  at  5*. 

Ex.  2.  The  portion  of  any  tangent  intercepted  between  the 
tangents  at  the  vertices,  subtends  a  right  angle  at  either  focus. 

Ex.  3.  Find  the  locus  of  the  centre  of  the  inscribed  circle  of  the 
triangle  SQ>S'.     [The  tangent  at  the  vertex  A.] 
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Ex.  4.  Show  that  the  chord  of  contact  QQ'  is  divided  harmoni- 
cally by  SO  and  the  directrix. 

Ex.  5.  If  PN  be  the  ordinate  of  P,  and  PT  the  tangent,  prove 
that  SP:ST=AN:AT. 

Ex.  6.  Two  points  P  and  Q  are  taken  on  the  same  branch  of  the 
curve  and  on  the  same  side  of  the  axis  ;  prove  that  a  circle  can  be 
drawn  touching  the  four  focal  distances.  [The  centre  is  the  point 
of  intersection  of  the  tangents  at  P  and  Q.     Apply  Prop.  XV.  j 

*  Proposition  XVIII. 

The  two  tangents  that  can  he  drawn  to  a  hyperbola 
from  an  external  point  make  equal  or  supplementary 
angles  with  the  focal  distances  of  the  point  according  as 
the  points  of  contact  are  on  the  opposite  or  same  branches 
of  the  curve. 


First,  let  OQ,  OQ  be  the  two  tangents  from  0,  Q  ana  Q' 
being  on  opposite  branches  of  the  curve. 

Join  SQ,  SQ\  SO,  S'Q',  S'Q.  S'O,  and  produce  QS  to  B. 
Let  H  be  the  point  of  intersection  of  SQ'  and  S'Q. 
Then  the  angle  SOQ 

=  the  angle  OSR  —  the  angle  OQS  [Euc.  I.  32. 

=  half  the  angle  Q'SR -half  the  angle  SQS' 

[Props.  XVII.  and  XV. 
=  half  the  angle  SHQ. 


HYPERBOLA. 


139 


Similarly  the  angle  S'OQ' 

=  half  the  angle  S'FQ'. 
Therefore  the  angle  SOQ  =  the  angle  S'OQ\ 


[Euc.  1. 15. 


Secondly,  let  Q,  Q'  be  on  the  same  branch. 
Then  the  angle  SOQ 

=  two  right  angles  —the  angle  O^S^Q— the  angle  OQS 

[Euc.  I.  32. 

=  two  right  angles  — half  the  angle  Q^S'Q'  — half  the 

angle  SQS'  [Prop.  XVIL  and  XV. 

=  two  right  angles— half  the  angle  SHS'.   [Euc.  I.  32. 

Again,  the  angle  S'OQf 

=  two  right  angles  —  the  angle  OQ^S'  —  the  angle  OS'Q' 

[Euc.  I.  32. 
=  half  the  angle  ,S'Q'6"- half  the  angle  QS'Q. 

[Props.  XV.  and  XVII. 
=  half  the  angle  SHS' 
Therefore,  the  angles  SOQ  and  S'OQ'  are  together  equal 
to  two  right  angles. 

Ex.  1.  Tangents  are  drawn  from  any  point  on  a  circle  through 
the  foci.  Prove  that  the  lines  bisecting  the  angle  between  the 
tangents,  or  between  one  tangent  and  the  other  produced,  all 
pass  through  a  fixetl  point.  [A  point  of  intersection  of  the  circle 
with  the  conjugate  axis.] 
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Ex.  2.  A  hyperbola  is  described,  touching  the  four  sides  (pro- 
duced, if  necessary)  of  a  quadrilateral  ABCD  which  is  inscribed  in 
a  circle.  If  one  focus  lies  on  the  circle,  the  other  also  lies  on  it. 
Il.S'CD=lSCB=lSAB=lS'AD.-] 

Proposition  XIX. 

Tlie  tangents  at  the  extremities  of  any  chord  of  a  hyper- 
bola intersect  on  the  diameter  which  bisects  the  chord. 


Let  QQ'  be  the  chord  and  qq'  any  other  chord  parallel 
to  it. 

Let  Qq,  Qq'  produced  meet  in  0.     Bisect  QQ  in  V  and 
let  0  V  meet  qq'  in  v. 

Then  QV:qv  =  OV:Ov 

=  Q'V:q'v; 
but  QV=Q'V, 

therefore  qv  =  q'v. 

Thus  OvVia  the  diameter  bisecting  the  system  of  chords 
parallel  to  QQ'.  [Prop.  IX. 

If  now  the  chord  qq'  be  made  to  move  parallel  to  itself 
till  it  coincide  with  QQ,  QqO  and  Q'q'O  will  become  the 
tangents  to  the  curve  at  Q  and  Q'  respectively.  They 
thus  meet  on  the  diameter  bisecting  QQ. 
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Ex.  1.  Given  a  diameter  of  a  hyperbola,  to  draw  the  system  of 
chords  bisected  br  it. 

Ex.  2.  If  a  circle  passing  through  anv  point  P  on  the  curve, 
and  having  its  centre  on  the  normal  at  P,  meets  the  curve  again 
in  Q  and  R,  the  tangents  at  Q  and  R  intersect  on  a  fixed  straight 
line. 

[The  tangent  at  P  and  QR  are  equally  inclined  to  the  axis  (see 
Prop.  XI.) ;  QR  is,  therefore,  fixed  in  direction.] 

Propositiox  XX. 

If  the  tangent  at  any  -point  Q  of  a  hyperbola  meet  any 
diameter  CP  in  T  and  if  QY  he  the  ordinate  to  that 
diameter,  CV.CT=CF'-. 


Draw  the  tangent  FB  at  P,  meeting  QT  in  R,  and 
draw  PO  parallel  to  QT,  meeting  QT"  in  0. 

Then  since  POQR  is  a  parallelogram,  [Prop.  XII. 

MO  bisects  PQ,  and  therefore  passes  through  the  centre  G. 

[Prop.  XIX. 

By  similar  triangles 

CV:  GP  =  CO:CR  =  CP:  CT, 
therefore  CV.CT=CP\ 

Note.     When  the  diameter  coincides  with  the  trans- 
verse axis  the  result  is  stated  thus  : — 
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If  the  tangent  at  Q  meets  the  transverse  axis  in  T  and 
QN  be  the  perpendicular'  on  the  transverse  axis. 
CN.GT=GA^ 

From  this  it  may  be  shown  that 

If  the  tangent  at  Q  Tneets  the  conjugate  axis,  produced 
if  necessary  in  t,  and  Qn  he  the  perpendicular  on  the 
conjugate  axis,  Cn.Gt=  CB^. 

QN.  Ct  _    QN^  QN"^         _      QN"^ 

GN.CT    CN.NT^Cm-CN,CT    CN'^-CA^' 

. • .     Cn.Ct  =  CIP.  [Prop.  VIII. 

These  two  results  are  important,  and  should  be  carefully  noted 
by  the  student. 

Ex.  1.     If  the  tangent  at  Q  meet  the  transverse  axis  in  T  and 
QN  be  the  perpendicular  on  the  transverse  axis,  show  that 
CN.  NT=AN.  NA'. 

Ex.  2.  In  Ex.  1,  if  TD  be  drawn  perpendicular  to  the  axis  to 
meet  the  circle  described  on  AA'  as  diameter,  then  DN  touches 
the  circle. 

Ex.  3.     In  Ex.  2,  prove  that 

DN:QN=CA:CB. 
Also  if  DA  be  produced  to  meet  FN  in  K, 
qN:NK=CB:CA. 
(Apply  Prop.  VITI.,  and  see  Ex.  1.) 

Ex.  4.  Any  diameter  is  cut  harmonically  by  a  tangent  and  the 
ordinate  of  the  point  of  contact  of  the  tangent  with  respect  to  the 
diameter. 

Ex.  5.  Any  tangent  is  cut  harmonically  by  any  two  parallel 
tangents  and  the  diameter  through  their  points  of  contact.    (Ex.  4.) 

Ex.  6.  If  PN  be  the  ordinate  of  a  point  P,  and  NQ  be  drawn 
parallel  to  AP  to  meet  CP  in  Q,  AQ  shall  be  parallel  to  the 
tangent  at  P. 

Ex.  7.     If  the  tangent  at  P  intersect  the  tangents  at  the  ver- 
tices and  the  transverse  axis  in  R,  r  and  T,  show  that 
(i)  AT.A'T=CT.TN. 
i^ii)   AR.A'r^CBK 

Ex.  8.  P  is  any  point  on  a  hyperbola.  Prove  that  the  locus 
of  the  centre  {Q)  of  the  circle  touching  SP,  S'P  produced,  and  the 
transverse  axis,  is  a  hyperbola. 
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[Let  QM  be  the  ordinate  of  Q  ;  then,  if  the  tangents  at  A  and  P 
meet  in  F,  QSF  is  a  right  angle,  and 

QMSA      QM_  SA' 
MS~Ar  MS    AT' 

(?JP  .  Jl^.S' .  MS' =SA^:  CB».  Ex.  7. 

Then  apply  Prop.  VIII.,  Ex.  6.] 

Ex.  9.  The  tangent  at  P  bisects  any  straight  line  perpendicular 
to  AA',  and  terminated  by  AP  and  A' P. 

[Let  the  tangent  at  P,  AP,  A'P  meet  the  conjugate  axis  in  t, 
E,  E  respectively.     Then 

CE-  CE    CA.  A'X-  CA' .  ^.V_     iCA^     _  2Ct 
PN  AN.A'N         ~AN.A'N    PX' 

[Prop.  VIII. 
.-.  CE-  CE  =  2Ct,  or  t  bisects  EE."] 

Ex.  10.  An  ellipse  and  a  hyperbola  are  describe<l,  so  that  the 
foci  of  each  are  at  the  extremities  of  the  transverse  axis  of  the 
other ;  prove  that  the  tangents  at  their  points  of  intersection 
meet  the  conjugate  axis  in  points  equidistant  from  the  centre. 
[The  conjugate  axes  of  the  two  curves  are  equal  in  length.} 

Proposition  XXI. 

The  locus  of  the  foot  of  the  perpendicular  drawn  from 
either  focus  upon  any  tangent  to  a  hyperbola  is  the 
circle  described  on  the  transverse  axis  as  diameter ;  and 
the  rectangle  under  tJie  focal  perpendiculars  on  the 
tangent  is  equal  to  the  square  of  the  semi-conjugate  aods. 
{SY.S'T'  =  CW) 

Let  SY,  S'Y'  be  the  focal  perpendiculars  upon  the 
tangent  at  any  point  P. 

Join  SP,  S'P,  and  produce  SY  to  meet  S'P  in  It 
Join  CY. 

Then  in  the  triangles  SPY,  RPY,  the  angle  ,SPF  =  the 
angle  RPY,  [Prop.  XV. 

the  angles  SYP,  RYP  are  equal,  being  right  angles,  and 
YP  is  common. 
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Therefore  SP  =  PR,  SY=  YR. 

Also  SC=CS'; 

therefore  OF  is  parallel  to  S'P. 
Therefore  CY=^S'R 

=  1{S'P-PR) 
==^{8P-SP) 

=  CA\ 
therefore  the  locus  of  Y  is  the  circle  described  on  the 
traDsverse  axis  as  diameter. 


[Euc.  I.  26. 

[Euc.  VI.  2. 
[Euc.  VI.  4. 


[Prop.  IV. 


Similarly  it  ma}'-  be  shown  that  the  locus  of  Y'  is  the 
same  circle. 

Again,  produce  FC  to  meet  S'Y'  in  y.     Then  y  will  be 
on  the  circle. 

For,  since  GS=CS\  and  >SfF  is  parallel  to  ST,  the 
triangles  SGY,  S'Cy  are  equal.  [Euc.  I.  26. 

Therefore  Cy  =  CY=CA,  showing  that  y  is  on  the  circle. 
Also  SY=8'y, 

therefore       SY.ST^S'y  .S'r  =  S'A' .S'A    [Euc.  III.  35. 
=SA.SA'  =  CB''.  [Def. 
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Ex.  1.  If  CE  drawu  parallel  to  the  tangent  at  P  meet  S'P  in  E, 
then  PE=^C A. 

Ex.  2.  From  a  point  on  the  circle  on  A  A'  as  diameter  lines  are 
drawn  touching  the  curve  in  P,  P'.  Prove  that  SP',  S'P  are 
parallel.     [Each  is  parallel  to  C'Y.] 

Ex.  3.  If  through  any  point  J' on  the  circle  on  AA'  as  diameter 
FP  be  drawn  at  right  angles  to  ST,  YP  will  be  a  tangent  to  the 
hyperbola. 

Ex.  4.  If  the  vertex  of  a  right  angle  moves  on  a  fixed  circle,  and 
one  leg  passes  through  a  fixed  point  outside  the  circle,  the  other 
leg  will  always  touch  a  h^-perbola. 

Ex.  5.  Given  a  focu.s,  a  tangent,  and  a  ix)int  on  a  hyperbola,  find 
the  locus  of  the  other  focus.  [An  arc  of  a  fixed  hyperbola  of  which 
the  foci  are  the  given  point  and  the  image  of  the  focus  in  the 
tangent.] 

Ex.  6.  Given  a  focus,  a  tangent,  and  the  trausvei-se  axis,  fijid  the 
locus  of  the  other  focus.     [A  circle  ;  centre  R,  radius  =  J^  J'.] 

Ex.  7.     If  PX  be  the  ordinate  of  P,  the  points  T,  Y',  N,  C  lie  on 

a  circle. 

Ex.  8.  The  right  lines  joining  each  focus  to  the  foot  of  the  per- 
pendicular from  the  other  focus  on  the  tangent  meet  on  the  normal 
and  bisect  it. 

Ex.  9.     Alternative  Construction  for  Prop.  XYI. 

Let  0  be  the  external  point.  On  OS  as  diameter  describe  a  circle, 
cutting  the  circle  on  AA'  as  diameter  in  J'and  J''.  Then  Of  and 
OY'  produced  will  be  the  tangents  required. 

Ex.  10.  If  tangents  be  drawn  from  P  to  a  circle  described  with 
<S^'  as  centre  and  radius  equal  to  CB,  the  chord  of  contact  wiU  touch 
the  circle  described  on  AA'  as  diameter.  [The  line  through  y  per- 
pendicular to  S'P  will  be  the  chord  of  contact.] 

Ex.  11,  If  tlie  tangent  at  P  cuts  the  transverse  axis  in  T,  prove 
th&t  AT.  A' T=YT.  Y'T. 

Ex.  12.  Find  the  position  of  P  when  the  area  of  the  triangle 
YCT*  is  the  greatest  possible. 

[Cr=CF  =  CJ  ;  therefore  YCY'  must  be  a  right  angle.  If  the 
tangent  at  P  meets  CB  in  f,  PN .  Ct=^CBr-.  (Prop.  XX.)  Also  the 
triangles  CYS,  CY't  are  equal ;  therefore  PS.  CS=CB-.] 

Ex.  13.  If  SY,  SZ  be  perpendiculars  on  two  tangents  which 
meet  in  0,  OZ  is  perpendicular  to  S'O.  [S'O  is  parallel  to  the 
bisector  of  YCZ.    Apply  Prop.  XVIL] 
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Ex,  14.  An  ellipse  and  a  hyperbola  are  confocal  ;  if  a  tangent  to 
the  one  intersects  at  ricrht  angles  a  tangent  to  the  other,  the  locus 
of  the  point  of  intersection  is  a  circle. 

Let  SY,  S'V  be  the  focal  perpendiculars  upon  the  tangent  to  the 
ellipse,  and  SZ,  S'Z'  those  upon  the  tangent  to  the  hyperbola  ;  let 
the  tangents  meet  at  0  ;  let  a,  h  be  the  semi-axes  of  the  ellipse,  and 
a,  /3  those  of  the  hyperbola.     Tlien  if  CFbe  perpendicular  to  YOY', 

or.  or=rr2-or2 

and  C02  +  0Y.0 Y'  =  CY"^  =  CA^ ; 

CO'^  +  SZ.S'Z'^a? 
or  CO'^^a'^-ft\ 

See  also  Prop.  IV.,  Ex.  14,  15. 

Ex.  15.  If  an  ellipse  and  a  hyperbola  are  confocal,  the  difference 
of  the  squares  of  the  central  distances  of  parallel  tangents  is  con- 
stant (  =  b^  +  fr-.     Ex.  14.) 

*  Proposition  XXII. 

The  locus  of  the  intersection  of  tangents  to  a  hyperbola 
which  cut  at  right  angles  is  a  circle. 


Let  the  tangents  OT,  OT'  cut  at  right  angles  at  0. 

Draw  SY,  GK  perpendicular  to  OT,  and  8U,  GK'  per- 
pendicular to  OT.  Join  GY,  GU,  GO,  and  produce  GK 
to  meet  SU  in  II. 
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Now  Y  and  U  are  on  the  circle  on  AA'  as  diameter ; 

[Prop.  XXI. 
therefore  CY=CU=CA. 

Now  (702  =  CK'-+CK'^,  [Euc.  1. 47. 

and  CT'=CK'-+YK^; 

therefore  CA^=  CK'-  +  SH\ 

Also  Gm=CK'^+UK'\ 

therefore  CA'-  =  CK' + HC- ; 

therefore  2GA''  =  CK-^+  CK'^+SH'^+HC^ 

^CO'  +  CS-'.  [Euc.  1.47. 

But  GS^=CA^+Cm;  [Def. 

therefore  CO^  =  CA^  -  CB^. 

Hence  the  locas  of  0  is  a  circle  described  with  centre  C. 

Xote. — This  circle  is  called  the  director  circle  of  the  hyf)erbola. 
In  the  case  when  CB  is  greater  than  CA,  CA'^—CB^  is  negative,  and, 
therefore,  the  locus  does  not  exist,  that  is,  when  CB  is  greater  than 
CA  the  hyjx;rlx)la  has  no  tangents  cutting  at  right  angles. 

Ex.     Four  tangents  to  a  hyperbola  form  a  rectangle  ;  if  one  side 
UV  of  the  rectangle  intersect  a  directiix  in  /\  and  .S"  be  the  corre- 
sponding focus,  the  triangles  FSU,  FVS  are  similar. 
[SF^  =  CF^--CX''  +  SX^ 

=  CF-^  +  r.S'2  -  2CS.  CX=  CF^ -  CA^+  CB"- 

=  square  of  tangent  from  Fto  the  director  circle 

=  FU.FV.] 

PROPERTIES   OF  NORiMALS. 

Proposition  XXI 1 1. 

The  normal  at  any  point  of  a  hyperbola  makes  equal 
angles  with  the  focal  distances  of  the  point 

Let  the  normal  UPG  at  the  point  P  meet  the  axis 
in  G. 
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Let  PT  be  the  tangent  at  P.     Then 

the  angle  SFT=  the  angle  S'PT      [Prop.  XV. 


But  the  angles  TPG  and  TPH  are  equal,  being  right 
angles ;  [Def. 

therefore       the  angle  ^PG^  =  the  angle  S'PII. 

Ex.  1.  If  the  tangent  and  norn'al  at  I'  meet  the  conjugate  axis 
in  t  and  g,  P,  i,  g,  S,  S'  lie  on  the  same  circle. 

Ex.  2.  If  a  circle  through  the  foci  meet  two  confocal  hyperbolas 
in  F  and  Q,  the  angle  between  the  tangents  at  P  and  Q  is  equal  to 
PSQ. 

Ex.  3.  The  tangent  at  P  meets  the  conjugate  axis  in  t,  and  tQ  is 
perpendicular  to  SP.     Prove  that  SQ  is  of  constant  length. 

[If  ,SF  is  perpendicular  to  Ct,  CY=  CA.  Prop.  XXI.  Also  Q,  S, 
C,  t  lie  on  a  circle.  .'.  LtQC=USS'  =  UPS'=LtPS.  /.  CQ  \\  SV,  and 
SQ=Cr=CA.] 

Ex.  4.  If  from  cf  a  perpendicular  glC  be  drawn  on  SP,  show  that 
PK=CA.     (Cf.  Cliap.  II.,  Prop.  XXVI.,  Ex.  3.) 

Ex.  5.  Prove  tliat  SP .  S'P=PG .  Pg.  (Cf.  Cliap.  II.,  Prop. 
XXVI.,  Ex.  4.) 

*Pkoposition  XXIV. 

If  the  normal  at  any  point  P  of  a  hyperbola  meet  the 
transverse  axis  in  G, 

SQ  =  e.SP. 
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Join  S'F. 

Then,  since  PG  bisects  the  exterioi*  angle  between  SP 
and  S'P, 

SV :  SG  =  ST :  SP ;  [Euc  VI.  A. 


therefore  S'G-SG:SG  =  S'P  -  SP :  SP, 

or  SG :  SP = S^G  -  SG :  S'P  -  SP. 

But  S'G-SG^SS'=e.AA\           [Prop.  III. 

and  S'P-SP  =  AA';                         [Prop.  IT. 

therefore  SG  =  e.SP. 

Ex.  1.  The  projection  of  the  normal  upon  the  focal  distance  of 
any  point  is  equal  to  the  senii-latus  rectum.  (Cf.  Chap.  II.,  Prop. 
XXVIL,  Ex.  4.) 

Ex.  2.  A  circle  passing  through  a  focus,  and  having  its  centre  on 
the  transverse  axis,  touches  the  curve  ;  prove  that  the  focal  distance 
of  the  |)oint  of  contact  is  equal  to  the  latus  rectum. 

Ex.  3.  Draw  the  normal  at  any  point  without  di-awiug  the 
tangent. 


*  Proposition  XXV. 

The  iioi'mal  at  any  2)oint  of  a  Jiyperhola  teiininated 
by  either  axis  varies  inversely  as  the  central  'perpen- 
dicular upon  the  tangent. 

{PG.PF=Cm\   Pg.PF=CA\) 
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Let  the  normal  at  P  meet  the  transverse  and  conjugate 
axis  in  G  and  g  respectively,  and  let  the  tangent  at  P 
meet  them  in  T  and  t  respectivel3^ 

Draw  PN,  Pn  perpendicular  to  the  transverse  and 
conjugate  axis,  and  let  a  straight  line  through  the  centre, 
drawn  parallel  to  the  tangent  at  P,  meet  NP,  GP  pro- 
duced and  Pn  in  R,  F,  and  r  respectivelj'-. 


Then,  since  the  angles  at  N  and  F  are  right  angles, 
G,  N,  F,  li  lie  on  a  circle. 

Therefore  PG .  PF=  PN .  PR  [Euc.  III.  3r,. 

=  C)l .  Gt  [Euc.  I.  34. 

=  CB\  [Prop.  XX.,  Note. 

Again,  since  the  angles  at  n  and  F  are  right  angles, 
g,  F,  T,  n  lie  on  a  circle. 

Therefore  Pg .  PF=  Pn .  Pr  [Eua  III.  36. 

==GN,GT  [Euc.  I.  34. 

=  GA^  [Prop.  XX.,  Note. 

Therefore  both  PG  and  Pg  vary  inversely  as  PF,  whicli 
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is  equal  to  the  central  perpendicular  upon  the  tangent 
at  P. 

Ex.     In  Prop.  XXIII.,  Ex.  1,  prove  that 
Gg=e.Sg 
Apply  Prop.  III.,  Ex.  2. 

*  Proposition  XXVI. 

//  tlie  normal  at  any  point  P  of  a  hyperbola  meet  the 
transverse  axis  in  G,  and  PX  he  the  ordinate  to  that 
axis. 

(i)  GN:GN=CE':CAK 

(ii)  CG  =  e^.CN 


Let  the  normal  meet  the  conjugate  axis  in  g.  Draw 
Pn  perpendicular  to  the  conjugate  axis,  and  CF  parallel 
to  the  tangent  at  P. 

Then,  because  the  triangles  PNG  and  Png  are  similar, 

GX  :CN  =  PG:  Pg  [Euc.  VI.  2. 

=  PG.PF.Pg.PF 

=  CB'-:CA-';  [Prop.  XXV. 

therefore         6'.V+  GN :  CX  =CA^-{-CJr-.  CA\ 

or  GG:CN  =  CS^'.CA\  [Def. 
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But  GS=e.CA;  [Prop.  III. 

therefore  CG  =  e\CN. 

Ex.  1.     Prove  that 

CG .  Cn  :  Cg .  CN=  CIP  :  CAl 

Ex.  2.     Show  that 

Sn:Cn=CA^:CIP. 

Ex.  3.  If  the  tangent  and  normal  at  P  meet  the  axis  in  7'  aiul  ''/', 
prove  that 

(i)  lYO .  CT=  CB\  (ii)  CG .  CT=  CSK 

[Apply  Prop.  XX.] 

Ex.  4.  Find  the  locus  of  the  points  of  contact  of  tangents  to  a 
series  of  confocal  hyperbolas  from  a  fixed  point  on  the  axis. 

[From  Ex.  3  (ii),  G  the  foot  of  the  normal  is  fixed  ;  hence  P  lies 
on  the  circle  of  which  TG  is  diameter.] 

PROPERTIES   OF  ASYMPTOTES. 

Def.  When  a  curve  continually  approacnes  to  a  fixed 
straight  line  without  ever  actually  meeting  it,  but  so  that 
its  distance  from  it,  measured  along  any  straight  line, 
becomes  ultimately  less  than  any  finite  length,  the  fixed 
straight  line  is  called  an  asymptote  to  the  curve. 

Proposition  XXVII. 

The  diagonals  of  the  rectangle  formed  by  perpen- 
diculars to  the  axes  of  a  hyperbola,  drawn  through 
their  extremities,  are  asymptotes  to  the  curve. 

Let  GR,  CR'  be  the  diagonals  of  the  rectangle  formed 
by  perpendiculars  through  the  extremities  A,  A',  B,  B'  of 
the  axes  of  the  hyperbola.  Through  any  point  N  on  the 
transverse  axis  draw  pPNP'p'  perpendicular  to  it,  meet- 
ing the  curve  in  P  and  P',  and  CR,  GR'  in  p,  p' 
respectively. 

Now  Pm  :  AN .  A'N=  CB^ :  GA'',         [Prop.  VIII. 

or  PJ\^2 .  CM^  _  (-1^2 ^  c^2 .  0^2  j^j,,,^  jj  g 
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Again  pm :  CN'-  =  AR^:CA' 

therefore       pN^  -  PN^  :  CA^  =  CR^ :  GA\ 
or  ■pN-^-PN^  =  CB~ 


But  since  pp'  is  bisected  in  N, 

pN'-  -  PN-'  =pP .  pP.  [Euc.  II.  5. 

Therefore  pP .  p'P  =  GB-. 

Now  pP  =  ]sP^N^\ 

and  NP-  varies  as  AN .  A'N,  [Prop.  VIII. 

and  Np'  varies  as  CN. 

Hence,  as  N  moves  along  A  A  produced,  both  NP  and 
N'p,  and  therefore  also  Py ,  continually  increase.  But 
the  product  pP .  p'P,  of  which  one  factor  p'P  continuaDy 
increases,  is  constant ;  therefore  p'P  continually  dimin- 
ishes, and  becomes  ultimately  less  than  any  finite  length, 
however  small.  CR,  therefore,  is  an  asymptote  to  the 
hyperbola.     Similarly,  CR  is  another  asymptote. 

Ex.  1.  The  liues  joining  the  extremities  of  the  axes  are  bisected 
by  one  asymptote  and  parallel  to  the  other. 

Ex.  2.  Any  line  parallel  to  an  asymptote  cannot  meet  the  curve 
in  more  than  one  ptiint. 

Ex.  3.     Prove  that  the  angle  l>etween  the  asymptotes  of  the 
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hyperbola  in  Prop.  I.,  Ex.  10,  is  double  the  exterior  angle  between 
the  tangents. 

Ex.  4.  The  circle  on  A  A'  as  diameter  cuts  the  directrices  in  tlie 
same  points  as  the  asymptotes. 

Ex.  5.  If  the  directrix  meets  CM  in  F,  prove  that  (i)  CF=AC ; 
(ii)  OFS  is  a  right  angle. 

Ex.  6.  Given  one  asymptote,  the  direction  of  the  other,  and  the 
position  of  one  focus,  find  the  vertices. 

Ex.  7.     If  CR  meets  the  directrix  in  F,  AFis  parallel  to  SR. 

Ex.  8.  Given  the  asymptotes  and  a  focus  to  find  the  directrix. 
[Apply  Ex.  5  (ii).] 

Ex.  9.  Given  the  centre,  an  asymptote,  and  a  directrix,  to  find 
the  focus.     [Apply  Ex.  5  (ii).] 

Ex.  10.  Given  an  asymptote,  the  directrix,  and  a  point  on  the 
hyperbola,  to  construct  the  curve.     (Ex.  5.) 

Ex.  11.  The  straight  line  drawn  from  the  focus  to  the  directrix, 
parallel  to  an  asymptote,  is  equal  to  the  semi-latus  rectum,  and  is 
bisected  by  the  curve.     (Cf.  Ex.  13.) 

Ex.  12.  The  perpendicular  from  the  focus  on  either  asymptote  is 
eqvial  to  the  semi-conjugate  axis. 

Ex.  13.  The  focal  distance  of  any  point  on  the  curve  is  equal  to 
the  length  of  the  line  drawn  from  the  point  parallel  to  an  asymjitote 
to  meet  the  directrix.     (Cf.  Ex.  11.) 

Ex.  14.     Given  the  eccentricity  of  a  hyperbola,  find  the  angle  (6) 

between  the  asymptotes.       (  sec  _  =  e.  j 

Ex.  15.  Prove  that  the  tangents  to  a  hyperbola  from  C  coincide 
with  the  asymptotes. 

Apply  Prop.  XVI.,  Ex.  1,  obsex'ving  that  the  tangents  are  unes 
bisecting  S3f,  SM'  at  right  angles. 

The  asymptotes  may  thus  be  regarded  as  tangents  to  the  hyper- 
bola whose  points  of  contact  are  at  infinity. 

Ex.  16.  If  the  tangent  at  P  meets  an  asymptote  in  T,  prove  that 
ST  will  bisect  the  angle  between  PS  and  the  line  through  /S  parallel 
to  the  asymptote.     (Apply  Ex.  15  and  Pi-op.  XVII.) 

Ex.  17.  If  the  tangent  at  P  meets  an  asymptote  in  7'  prove  that 
lSTP^i.S'TC=^lPS'T.     (Ex.  15.) 

Ex.  18.  If  a  tangent  meet  the  asymptotes  in  L  and  3/,  the  angle 
subtended  by  LM  at  the  farther  focus  is  half  the  angle  between  the 
asymptotes. 

[Apply  Ex.  16  and  Prop.  XVIII.  If  S'L,  S'M'  be  drawn  parallel 
to  the  asymptotes,  LS',  MS'  bisect  the  angles  PS'L',  PS'M'.\ 
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Ex.  19.  Given  an  asymptote,  the  focus,  and  a  point  on  the  hyper- 
liola  to  construct  the  curve. 

[The  feet  of  the  focal  i>erpendiculars  on  the  asymptote  and  the 
tanffent  at  the  point  (Ex.  16)  will  lie  on  the  circle  described  on  AA' 
as  diameter  (Ex.  15  and  Prop.  XXI.),  •whence  the  centre  is  deter- 
mined ;  the  directiix  is  found  at  once  by  Ex.  5.] 

Ex.  20.  The  tangent  and  normal  at  any  point  meet  the  asymptotes 
and  the  axes  respectively  in  four  points  lying  on  a  circle,  which 
passes  through  the  centre  of  the  hyperbola,  and  of  which  the  radius 
varies  inversely  as  the  central  perpendicular  on  the  tangent. 

Ex.  21.  The  radius  of  the  circle  which  touches  a  hyperbola  and 
its  asymptotes  is  equal  to  the  part  of  the  latus  rectiun  intercepted 
between  the  curve  and  an  asymptote.     (Apjjly  Prop.  Y.) 

Ex.  22.  A  pai'alH>la  /'  and  a  hyperbola  S  have  a  common  focus, 
and  the  a.symptotes  of  H  are  tangents  to  P-  Prove  that  the  tangent 
at  the  vertex  of  /*  is  a  directrix  of  JI,  and  that  the  tangent  to  Pat 
it«  intersection  with  X  passes  through  the  farther  vertex  of  S. 

[The  line  joining  the  feet  of  the  focal  perpendiculars  upon  the 
as^-mptotes  is  the  tangent  at  the  vertex  of  P  (Chap.  I.,  Prop. 
XXIII.),  and  the  dii-ectrix  of  H  (Ex.  5).  If  P  be  a  common 
point,  and  PM  be  perpendicular  to  the  directrix  of  ff,  we  have 
SP:PM=SC:CA,  and  SP=PAf+SX.  .:  SP  :  SA'=CS  :  AS. 
.-.  SP.  AS=SX.  CS=  CB-^  =  SA  .  SA'.  .-.  SP=SA' and  A'P  touches 
the  parabola  at  P.     (Chap.  I.,  Prop.  XIY.).] 

Ex.  23.  If  an  ellipse  and  a  confocal  hyperbola  intersect  in  P,  an 
asymptote  passes  through  the  point  on  the  auxiliary  circle  corre- 
sponding to  P.     (ApplyProp.  lY.,  Ex.  13.) 

Proposition  XXVIII. 

If  through  any  yoint  on  a  hyperbola  a  straight  line 
parallel  to  either  axis  he  draivn  meeting  the  asyraptotes, 
the  rectangle  under  its  segments  is  equal  to  the  square  of 
the  semi-a^is  to  which  it  is  parallel. 

First  case. 

Through  any  point  P  on  the  hyperbola  draw  Ppp' 
parallel  to  the  transverse  axis,  meeting  the  asymptotes  in 
p  and  J)  and  the  conjugate  axis  in  n. 

Then,  since  pp'  is  bisected  at  /*, 

Pp .  Pp  =  Pn-  -pn?.  [Euc  IL  6. 


156 


GEOMETRY  OF  CONTCS. 


Now 

PiY^ .  ^^_  ^'x=  CB'- :  CA\ 

[Prop.  VI rr. 

therefore 

PN^: 

:CN-'-GA^=CB^:GA^; 

[Euc.  II.  6. 

or 

Cn^ 

:Pn^-CA'-=CB^:CA\ 

but 

Cn^:pn^  =  CB^'.BR^ 
=  CB^:CA\ 

therefore 

PN-^-GA''=pn'', 

or 

Pn^-pn^  =  GA^ 

therefore 

Pp.Plj'=GA\ 

Second  case. 

Through  P  draw  qPq   parallel  to  the  conjugate  axis, 
meeting  the  asymptotes  in  q,  q. 
Then,  as  before, 

PN^ :  GN^  -  GA^  =  GB"- :  GA\ 
or  PN^  +  GR' :  Gm  =  CB"- :  GA\ 

or  PN-^  +  GB' :  Pn^  =GB^:GA^; 

but  qN^:Pn'-  =  qN^:GN-' 

=  AR^:GA'' 
=  GB':GA-^l 
therefore  q^''  =  PN'  +  GB^, 

or  qN-^-Pm=GB\ 

or  Pq .  Pq  =  GBT-.  [Euc.  II.  6. 
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I'ROPOSITION   XXIX. 

If  tlirourjh  any  point  on  a  hypevhola  lines  he  drawn 
'parallel  to  the  asymptotes,  ilie  rectangle  under  the  segments 
intercepted  between  the  point  and  the  asymptotes  is  con- 
stant. 


Through  any  point  P  on  the  hyperbola  draw  PH,  PK 
parallel  to  the  asymptotes,  meeting  them  in  H,  K.  Draw 
RAK  and  5P5'  perpendicular  to  CA 

Then,  Ly  similar  triangles, 

PH.Pq  =  CR':RR, 
and  PK:Pq=CR:RR, 

therefore    PH.PK.Pq.  Pq  =  CR' .  CR :  RR\ 
or  PH.PK.GB^  =  CRr-ARA^.  [Prop.  XXVIII. 

=  CS--ACE^.  [Def. 

or  PH.PK=\CS^. 

Ex.  1.  Find  the  locus  of  the  poiut  of  intersection  of  the  medians 
of  the  triangle  formed  by  a  tangent  with  the  asymptotes.  [A 
hyperbola  having  the  same  asymptotes.] 

Ex.  2.  P,  Q  are  points  on  a  hyperbola.  PL,  QM  are  drawn 
parallel  to  each  other  to  meet  one  as>Tuptote ;  PR,  QN  are  drawn 
also  parallel  to  each  other  to  meet  the  other  asjTuptote.  Prove 
t\\a.t  PL .  PR=QM .QN. 
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Ex.  3.  If  through  P,  P'  on  a  hyperbola  lines  are  drawn  ])arallel 
to  the  asymptotes,  forming  a  parallelogram,  one  of  its  diagonals 
will  pass  through  the  centre. 

Ex.  4.  If  P  be  the  middle  point  of  a  line  which  moves  so  as  to 
form  with  two  intersecting  lines  a  triangle  of  constant  area,  the 
locus  of  P  is  a  hyperbola. 

Ex.  5.  If  through  any  point  of  a  hyperbola,  lines  be  drawn 
parallel  to  the  asymptotes  meeting  any  semi-diameter  CQ  in  P 
and  R,  then  CP.  CR==CQ\ 

Ex.  6.  A  series  of  hyperbolas  having  the  same  asymptotes  is 
cut  by  a  fixed  straight  line  parallel  to  one  of  the  asymptotes,  and 
through  the  points  of  intersection  lines  are  drawn  parallel  to  the 
other,  and  equal  to  either  axis  of  the  corresponding  hyperbola ; 
prove  that  the  locus  of  their  extremities  is  a  parabola. 

Ex.  7.  Given  the  asymptotes  and  a  point  on  the  curve,  to  con- 
struct it.     (Apply  Prop.  XXVII.,  Ex.  5.) 

Ex.  8.  If  a  line  through  the  centre  meets  PH,  PK  in  Z7,  T^,  and 
the  parallelogram  PUQ  V  be  completed,  prove  that  Q  is  on  the  curve. 

[If  QC,  VQ  meet  the  asymptotes  in  17\  V,  since  the  parallelo- 
grams BK,  U'  V  are  equal,  PIT .  PK=  QU'.Q F'.] 

Ex.  9.  The  ordinate  JVP  at  any  point  of  an  ellipse  is  produced 
to  Q,  such  that  JVQ  is  equal  to  the  subtangent  at  P.  Prove  that 
the  locus  of  <2  is  a  hyperbola. 

[If  P  is  on  the  quadrant  AB,  the  asymptotes  are  CB  and  the 
bisector  of  the  angle  ACB'.] 

Ex.  10.  If  a  straight  line  passing  through  a  fixed  point  C, 
meets  two  fixed  lines  OA,  OB  in  A,  B,  and  if  P  be  taken  on  AB 
such  that  CP^  =  CA .  CB,  find  the  locus  of  P. 

[Through  C  draw  CB,  CE  parallel  to  OA,  OB,  to  meet  them. 
Through  P  draw  lines  parallel  to  OA,  OB  meeting  CE  in  K,  and 
DC  in  //.  Then  OD .  OE=PE.  PK.  The  locus  of  P  is,  therefore, 
a  hyperbola  of  which  the  asymptotes  are  CH,  CK."] 

Def.  Two  hyperbolas  are  said  to  be  conjugate  when 
the  transverse  axis  of  each  coincides  with  the  conjugate 
axis  of  the  other. 

Thus,  a  hyperbola  which  has  CB  and  CA  for  transverse  and 
conjugate  axes  respectively,  is  called  the  Covjugate  hyperbola^  with 
reference  to  the  one  we  have  been  dealing  with. 

The  conjugate  hyperbola  has  the  same  asymptotes  as  the  original 
one,  since  they  are  the  diagonals  of  the  same  rectangle.  It  is 
evident  that  a  pair  of  conjugate  hyperbolas  lie  on  opposite  sides 
of  their  common  asymptotes. 
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It  has  already  been  pointed  out  that  the  tico  branches  of  a 
hyperbola  togeUier  constitute  one  complete  curve  ;  but  it  must 
not,  by  analogy,  be  supposed  that  a  pair  of  conjugate  hyperbolas 
together  constitutes  one  entire  curve.  They  are  a  pair  of  totally 
distinct  hyperbolas,  although  one  is  of  use  in  deducing  some  pro- 
perties of  the  other. 

Ex.  1.  Tangents  TP,  TQ  are  drawn  to  a  hyperbola  from  any 
point  T  on  one  of  the  branches  of  the  conjugate.  Prove  that  PQ 
touches  the  other  branch  of  the  conjugate. 

[(77' bisects  PQ  in  V,  Prop.  XIX.;  and  CT.CV=Cr-.  Prop. 
XX] 

Ex.  2.  An  ordinate  NP  meets  the  conjugate  hyperbola  in  Q ; 
prove  that  the  normals  at  P  and  Q  meet  on  the  transverse  axis. 

[If  the  normal  at  Q  meets  the  axes  in  G  and  G', 
QG'CA^Cy 

QG~cm~yG^ 

Apply  Props.  XXV.,  XXVI.] 

Proposition  XXX 

If  tlirough  any  point  on  a  hyperbola  or  its  conjugate 
a  straight  line  be  drawn  in  a  given  direction  to  meet  the 
asymptotes,  the  rectangle  under  its  segments  is  constant. 


Let  P  be  the  point  on  the  given  hyperbola  and  Q  a 
point  either  on  the  same  hyperbola  or  its  conjugate. 
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Draw  pPiTi'  and  qQq  in  the  given  direction,  meeting  the 
asymptotes  in  p,  p'  and  q,  q'  respectively.  Through  P,  Q 
draw  uPu',  vQv'  parallel  to  the  conjugate  axis,  meeting 
the  asymptotes  in  u,  u'  and  v,  v  respectively. 

Now,  by  similar  triangles, 

Pp:qq  =  Fu-qv, 
and  Pp':Qq'  =  Pu':Qv', 

therefore  Pp .  Pp  :  Qq  .  Qq'  =  Pu .  Pu'  :Qv.  Qv; 
but  Pu  .  Pu'  =  GB"^  =  Qv .  Qu,    [Prop.  XXVIIT. 

therefore  Pj) .  Pp  =  Qq .  Qq. 

Ex.  1.     Prove  that 

Pp.Pp'  =  Qq.Qq'  =  CD\ 

where  CD  is  the  parallel  semi-diameter  terminated  by  the  curve 
or  its  conjugate. 

Ex.  2.  An  ordinate  QV  of  any  diameter  CP  is  produced  to 
meet  the  asvmptote  in  R,  and  the  conjugate  hyperbola  in  §'. 
Prove  that    '  QV^  +  q'V^  =  2RV\ 

Prove  also  that  the  tangents  at  Q,  Q'  meet  CP  in  points  equidistant 
from  C.    [Q'  V^  -RV^  =  C])\    For  the  second  part,  apply  Prop.  XX.] 

Proposition  XXXI. 

If  any  line  cut  a  hyperbola  the  segments  intercepted 
between  the  curve  and  its  asyTnptotes  are  equal,  and  the 
portion  of  any  tangent  intercepted  between  the  asymptotes 
is  bisected  at  the  point  of  contact. 

Let  any  line  meet  the  curve  and  its  asymptotes  in  Q, 
Q'  and  q,  q  respectively. 

Now  Qq  .  Qq  =  qq .  Qq.  [Prop.  XXX. 

or  Qq .  QQi  +  Qq .  Q Y  =  Qcf .  QQ' + Qq .  Q^q',  [Euc.  II.  1 

or  Qq.QQ'  =  QV'QQ\ 

therefore  Qa  =  Q'q'. 
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If  now  QQ'  be  made  to  move  pamllel  to  itself  until  the 
points  Q,  Q'  coincide  at  a  point  P  on  the  curve  it  becomes 
the  tangent  to  the  curve  at  P  and  Pp=Pp' 


Ex.  1.  From  a  given  point  on  a  hyperbola,  draw  a  sti-aiglit  line 
such  that  the  segment  intercepted  between  the  other  intersection 
-vvith  the  hyperbola  and  a  given  asymptote,  shall  he  equal  to  a 
iriven  Hue. 

Wlien  does  the  problem  become  impossible  ? 

Ex.  2.     The  foot  of  the  normal  at  P  is  eqiudistant  from  p,  p'. 

Ex.  3.     Prove  that  Qq .  Qq'  =  Pj^. 

Ex.  4.  If  QK  be  dl•a^^^l  parallel  to  C'q'  and  (/K'  parallel  to  Cq, 
then  Kq  =  K'(/y  ami  KQ  =  K'q'. 

Ex.  5.  The  tangent  at  P  meets  an  asymptote  in  7',  and  a  line 
TQ  di-awn  parallel  to  the  other  asymptote  meets  the  curt-e  in  Q ; 
if  PQ  produced  meets  the  asjTnptotes  in  jff,  R,  prove  that  RR  is 
trisected  at  P  and  Q. 

Ex.  6.     The  diameter  bisecting  any  choitl  QQ'  of  a  hyperbola 
meets  the  curs-e  in  P ;  and  QH,  PK,  (/W  are  drawn  parallel  to 
I  (lie  a-svmptote  meeting  the  other  in  H^  A',  H'.     Prove  that 
CH.CH=CK\ 

Ex.  7.  A  line  drawn  through  one  of  the  vertices  of  a  hyperbola, 
and  terminated  by  two  lines  drawn  through  the  other  vertex 
I»arallel  to  the  asymptotes,  will  be  bisected  at  the  other  point 
where  it  cuts  the  hyperbola. 

Ex.  8.     If  ^rr  be  the  tangent  from  q,  and  QH,   TK,  qH'  l>e 
.h-awni  parallel  to  Cq  meeting  C(i  in  H,  K,  H\  prove  that 
QH+qH'  =  ^TK. 
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Ex.  9.  Through  any  ])oint  P  on  a  hyperbola  lines  are  drawn 
parallel  to  the  asymptotes,  meeting  them  in  M  and  N ;  and  any 
ellipse  is  constructed  having  CM,  CN  for  semi-diameters.  If  CP  cut 
the  ellipse  in  Q,  show  that  the  tangent  to  the  ellipse  at  Q  is  parallel 
to  the  tangent  to  the  hyperbola  at  P.    [Each  is  parallel  to  J/iV.] 

*  Proposition  XXXII. 

The  area  of  the  triangle  forraed  hy  the  asymptotes  and 
any  tangent  to  a  hyperbola  is  constant. 


Let  the  tangents  at  the  vertex  A  and  at  any  point  P 
meet  the  asymptotes  in  R,  R'  and  T,  t  respectively. 

Draw  PH,  PK  parallel  to  the  asymptotes,  meeting  them 
in  H  and  K. 

Then,  since  Tt  is  bisected  at  P, 
CT=2.CH, 


and 
therefore 


CT\ 


[Prop.  XXXI. 
[Euc.  VI.  2. 


Ct  =  2,CK, 
Ct  =  4.CK.CH 
=  ^.PH.PK 

=  GR.CR'. 

Therefore  the  triangle  CTt  is  equal  to  the  triangle  CRR', 

[Euc  VI.  15. 
8nd  is,  therefore,  constant. 


[Prop.  XXIX. 
[Def. 
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Ex.  1.     If  auy  two  tangents  Iw  drawn  to  a  hyperbola,  the  lines 
joining  the  points  where  they  met  the  asymptotes  will  be  parallel. 
Ex.  2.     If  TOt,  T'Ot'  be  two  tangents  meeting  one  asjTnptote  in 
T.  T\  and  the  other  in  t,  t\  prove  tliat 

TO.Ot=fO:TO. 
Ex.  3.     Tangents  are  drawn  to  a  hyperbola,  and  the  portion  of 
•  ;icli  tangent  intercepted  between  the  a-symptotes  is  di^-ided  in  a 
'instant  ratio.     Prove  that  the  locus  of  the  points  of  section  is  a 
In-perbola.     (Apply  Prop.  XXIX.) 


PROPERTIES  OF  CONJUGATE  DIAMETERS. 

Proposition  XXXIII. 

//  one  diameter  of  a  hyperbola  bisects  chords  parallel 
to  a  secoTid  the  second  diameter  bisects  chords  pandlel  to 

the  first. 


Let  GP  bisect  chords  parallel  to  CD,  then  CD  bisects 
chords  parallel  to  CP. 

Draw  AQ  parallel  to  CD  meeting  CP  produced  in  1". 
Join  A'Q,  intersecting  CD  in  U. 

Then,  because  AQ  is  bisected  in  Fand  AA'  \n  C,  CVh 
parallel  to  A'Q.  [Euc.  VI.  2. 

Again,  since  A  A'  is  bisected  in  C  and  CD  is  parallel 
to  AQ,  A'Q  is  bisected  by  CD.  [Euc.  YI.  2. 
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Therefore  CD  bisects  all  chords  parallel  to  A'Q, 

[Prop.  IX. 

and,  therefore,  all  chords  parallel  to  CP. 

Def.  Two  diameters  so  related  that  each  bisects  chords 
parallel  to  the  other  are  called  conjugate  diameters. 

Thus  CP  and  CI)  are  conjugate  to  each  other  ;  so  also  are  the 
transverse  and  the  conjugate  axes. 

It  is  clear  that  of  two  conjugate  diameters,  one  (as  CF)  will 
meet  the  hyperbola,  and  the  other  (as  CD)  the  conjugate 
hyperbola. 

The  portion  CD  terminated  by  the  conjugate  hyperbola  is 
usually  called  the  semi-diameter  conjugate  to  CP. 

Ex.  1.  If  any  tangent  to  a  hyperbola  meet  any  two  conjugate 
diameters,  the  rectangle  under  its  segments  is  equal  to  the 
square  of  the  parallel  semi-diameter.  (Cf.  Clia]>.  II.,  Proj). 
XXX.,  Ex.  7.) 

Ex.  2.  Given  in  magnitude  and  position  any  two  conjugate 
semi-diameters  of  a  hvperbola,  find  the  transverse  and  conjugate 
axes.     (Cf.  Chap.  II.,  Prop.  XXX.,  Ex.  8.) 

Ex.  3.  Draw  a  tangent  to  a  hyperbola  parallel  to  a  given 
straight  line. 

[The  p(iint  of  contact  {P)  of  the  required  tangent  is  obtained  by 
drawing  CD  parallel  to  the  given  straight  line,  and  CP  parallel 
to  the  tangent  to  the  conjiigate  hyjaerbola  at  Z>.] 

Ex.  4.  If  CQ  be  conjugate  to  the  normal  at  P,  CP  is  conjugate 
to  the  normal  at  Q. 

Ex.  5.  OP,  OQ  are  tangents  to  a  hyperbola  from  0.  Prove 
that  CO,  PQ  are  parallel  to  a  pair  of  conjugate  diameters.     (Prop. 

Ex.  6.  An  ellipse  or  a  liyperbola  is  drawn  touching  the  asymp- 
totes of  a  given  hyperbola.  Prove  that  two  of  the  chords  of 
intersection  of  the  curves  are  parallel  to  the  chord  of  contact  of 
the  conic  with  the  asymptotes. 

[If  PP'  be  the  chord  of  contact  and  CV  bisect  PF,  then  CV, 
PP  are  parallel  to  a  pair  of  conjugate  diameters  in  both  conies.] 

Def.  Chords  which  join  any  point  on  a  hyperbola  to 
the  extremities  of  a  diameter  are  called  siq^plemental 
chords. 
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Proposition  XXXIV. 

Siipplemental  chords  of  a  hyperbola  are  parallel  to 
conjugate  diameters. 


I 


Join  any  point  Q  on  the  hyperbola  to  the  extremities 
of  a  diameter  LCM.  Then  QL  and  QM  are  supplemental 
chords. 

Draw  CP,  CD  parallel  to  QL  and  QM  respectively,  then 
they  shall  be  conjugate  diameters. 

Because  LM  is  bisected  in  C,  and  CP  is  parallel  to  ZQ, 
CP  produced  bisects  MQ,  [Euc  VL  2. 

and,  therefore,  all  chords  parallel  to  CD.  [Prop.  IX. 

Therefore  CD  bisects  all  chords  parallel  to  CP, 

[Propi  XXXIIL 
and  is,  therefore,  conjugate  to  it. 


Proposition  XXXV. 

The  tangents  at  the  extremities  of  any  pair  of  con- 
jugate diameters  meet  on  tlie  asymptotes,  and  the  line 
joining  the  extrenfiities  is  parallel  to  one  asymptote 
and  bisected  by  the  other. 
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Let  CP,  CD  be  a  pair  of  conjugate  semi-diameters. 
]lraw  7'Pr'  the  tangent  at  P,  meeting  the  asymptotes  in 
r  and  r'.  Join  Dr  and  produce  rD  to  meet  the  other 
asymptote  in  K. 


Now,  since  P  is  a  point  on  the  curve  and  D  on  its 

conjugate,  and  DC  meets  both  the  asymptotes  in  C  and  is 

parallel  to  Pr,  [Props.  XII.  and  XXXIII. 

DC'  =  Pr.Pr  [Prop.  XXX. 

=  Pr~;  [Prop.  XXXI. 

therefore  CD  =  Pr. 

Therefore  Dr  is  parallel  to  CP,  and  Cr,  PD  bisect  each 
other  at  0. 

Again,  since  Pr  =  Pr\  [Prop.  XXXI. 

and  Or=^OC, 

therefore  PD  is  parallel  to  r'K.  [Euc.  VI.  ± 

Therefore  Dr  =  DK,  [Enc.  VI.  2. 

and  KDr  is  the  tangent  at  D.  [Prop.  XXXI. 

Ex.  1.  If  PD  be  drawn  parallel  to  an  asymptote  to  meet  the 
conjugate  hyperbola  in  D,  CP,  CD  are  conjugate  diametei-s. 

Ex.  2.  Conjugate  diameters  of  a  liyperbola  are  also  conjugate 
diameters  of  the  conjugate  hyperbola. 
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Ex.  3.     CP,  CD  are  conjugate  diameters  of  a  hyperbola.     PX, 
DJf  are  ordinates  to  the  transverse  axis.     Prove  that 
(i^  CJf.py=CA:CR 
{{{)  DM:CX^CB:CA. 
Let  the  tangent  to  the  hyjierlxila  at  P  and  to  the  conjugate  at 
Z>,  meet  the  transverse  axis  in   T,  t  respectively.     Then  VP,  PT 
are  parallel  to  Dt,  DC.     Now 

CT.  C'X=  CA^=Ct .  CM.    (Prop.  XX.) 
CM:  CN=  CT :  Ct  =  PT:CD= PX :  DM=  CX :  Mt ; 
CX*-^CM.Mt  =  CA^-+CM\    (Prop.  XX.) 
CM-^  =  rX^-CA\ 
But  PT2  :  CX-  -  CA-  =  CB- :  CA^     (Prop.  VIIL } 

.'.     (i)  follows  immediately. 

Ex.  4.     If  the  normal  at  P  meet  the  axes  in  G,  g,  prove  that 
(i)  PG:CD=CB:CA. 
(iij   Pq:CD=CA:CB. 
Cm)   PG.P(t=CD^. 
[The  triangles  DCM  and  PGX  are  similar,  as  also  the  triangles 
I )CM  And  Pgn.'l 

Ex.  5.  A  circle  is  drawn  touching  tlie  ti*ansverse  axis  at  C, 
and  also  touching  the  curve.  Prove  that  the  diameter  conjugate 
to  the  diameter  through  either  p^int  of  contact,  is  equal  to  S^. 

[If  the  normal  at  P  meets  the  axes  in  G,  g,  and  the  tangent  at 
P  meets  CB  in  t,  Ct  =  PG,  and  CTf-  =  PG .  Pa  =  Ct .  Cg  =  CS\  Prop. 
XXIIL,  Ex.  1.] 

Ex.  6.  The  area  of  the  parallelogram  formed  by  the  tangents 
at  the  extremities  of  any  jiair  of  conjugate  diameters,  is  constant 
and  equal  to  A.CA.  CB. '  (Apply  Prop.  XXXIL) 

Ex.  7.  The  tangent  at  a  point  P  of  an  ellipse  (centre  0)  meets 
the  hyperbola  having  the  same  axes  as  the  ellipse,  in  C  and  D. 
If  ^  be  the  middle  point  of  CD,  prove  that  0^,  OP  are  equally 
inclined  to  the  axes. 

[Draw  OrR  parallel  to  PQ,  meeting  the  ellipse  and  hj.-perbola 
in  r  and  R  ;  then  OP,  Or  are  conjugate  in  the  ellipse,  and  OQ,  OR 
in  the  hyperbola.  If  PX,  Q3f,  H,  RL  be  the  ordinates,  we  have, 
for  the  ellipse. 


(Ex.  3.) 


PX 

OK- 

01 

Ol. 

OX" 

~0A- 

rV 

Similarly 

for  the  hyperbola, 

QM 

OB*- 

01 

OM 

^OA^' 

rV 

.•. 

PX :  0X= 

=  QM:OM.] 
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Ex.  8.  With  two  conjugate  diameters  of  an  ellipse  as  as}i)ii)- 
totes,  a  pair  of  conjugate  hyperbolas  is  described.  Prove  that  if 
the  ellipse  touch  one  hyperbola,  it  will  also  touch  the  other. 

[The  diameters  drawn  through  the  jioints  of  contact  are  cf)n- 
jugate  to  each  other.] 

Ex.  9.     Apjily  this  proposition  to  prove  Prop.  X. 
1*ROPOSITION   XXXVI. 

The  difference  of  tlte  squares  of  any  tivo  conjugate 
semi-diameters  of  a  hyperbola  is  constant 


Let  CP,  CD  be  a  pair  of  conjugate  semi-diameters. 

Draw  the  ordinate  qPNq',  meeting  the  asymptotes  in 
q,  (fy  and  join  P7) ;  lot  PD  meet  the  asymptote  in  K. 
Join  Pq. 

Then,  since  the  asymptotes  are  equally  inclined  to  the 
ordinate  qPNq,  [Const. 

and  PK  is  parallel  to  the  asymptote  Cq',       [Prop.  XXXV. 
the  angles  KqP  and  KPq  are  equal. 

Therefore  Kq  =  KP  =  KD.  [Prop.  XXXV. 

Therefore  the  circle  described  on  PD  as  diameter  passes 
through  q,  and  the  angle  PqD  is  a  right  angle,  [Euc.  III.  31. 
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ir,  tlieiefore,  qD  produced  meet  the  conjus^ate  axis  in  M 
aud  the  asymptote  Cq  in  q",  qMq"  will  be  at  right  angles 
to  CB. 

Now  Cq-  -  C'P-  =  qX-  -  PN-  [Euc.  I.  47. 

=  Pq .  Pq  [Euc.  IL  5. 

=  CB^,  [Prop,  xxvin. 

and  Cq'-  -  CD'  -  qM^  -  mf-  [Euc.  I.  47. 

=  Dq.Dq"  [Euc.  II.  5. 

=  CA- ;  [Prop.  XX\T[II. 

therefore  GP"-  -  CD'  =  CA^  ~  CR-. 

Ex.  1.  If  from  any  point  on  an  asymptote  of  a  hyperbola, 
•ndinates  he  di-awn  to  the  cui-ve  and  its  conjugate,  meeting  them 
in  P  and  D  resi>ectively,  show  that  CP  and  CD  ■will  be  conjugate 
.semi-diametei-s,  and  conversely. 

Ex.  2.  Apply  Pi-op.  XXXY.,  Ex.  3,  to  prove  this  i>roposition. 
We  have  CS-  -  CJJ ^  =  CA-. 

Similarlv,  if  J'li,  Dm  be  ordinates  to  CB, 

Cm--Cn-  =  CI?, 
or  DJP-PiY^-  =  CJP.     . 

Subtmcting,  CP^  ^CD^  =  CA-  «  CBK 

Ex.  3.  The  difference  Ijetween  the  sum  of  the  squai'es  of  the 
distances  of  any  point  on  the  curve  from  the  ends  of  any  diameter, 
and  the  sum  of  the  squares  of  its  distances  from  the  ends  of  the 
conjugate,  is  constant.     [  =  2(CA^  «  CZT-).] 

Ex.  4.  <r  is  the  focus  of  the  conjugate  hv)>erbola  Iving  on  CB. 
Prove  that  <rD- SP=CA-CB. 

(Apply  Ex.  1,  and  Prop.  XXVII.,  Ex.  5  and  13.) 

Ex,  5.     Prove  that  SP.SP^CD^. 

[SP''S'P=2.  CA.  Then  square  and  substitute.  Cf.  also  Prop. 
XXIIL,  Ex.  5,  and  Prop.  XXXY.,  Ex.  3.] 

Ex.  6.     In  Prop.  XXIIL,  Ex.  1,  prove  that 
St'.tg=CB:CD, 
CD  being  conjugate  to  CP.     [Apply  Ex.  5  and  Prop.  XXL] 

Ex.  7.  If  the  tangent  at  P  meet  any  conjugate  diameters  in 
T  and  t,  the  triangles  ,SPT,  S'Pt  are  similar. 

[SP :  PT^Pt :  S'P.     Apply  Ex.  5  and  Prop.  XXXIIL,  Ex.  L] 

Ex.  8.  If  the  tangent  at  P  meet  the  conjugate  axis  in  t,  the 
areas  of  the  triangles  SP/^,  SIS'  are  the  ratio  of  CD-  -.St^.  (Apply 
Prop.  XXIII..  Ex.  1.) 
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Ex.  9.  Through  C  a  line  is  drawn  parallel  to  either  focal  dis- 
tance of  P ;  if  DE  is  drawn  perpendicnlar  to  this  line,  prove  that 
DE=CB. 

[If  SY  is  per])endicular  to  the  tangent  at  P,  the  triangles  SYPy 
CDE  are  similar.     Then 

DE:CD=SY:Sr=^S'T':S'P; 

Cm-^Pr^^Cm     ^^op.  XXI.  and  Ex.  5.] 

*  Proposition  XXXVII. 

The  square  of  the  ordinate  of  any  'point  of  a  hyperbola 
with  respect  to  any  diameter  vanes  as  the  rectangle  under 
the  segments  of  the  diameter  made  by  the  ordinate. 
(QV'iPV.  P'V=  CD'- :  CP'-.) 


Let  QV  be  an  ordinate  to  the  diameter  PCP',  meet- 
ing the  asymptotes  in  q,  q'. 

Draw  the  tangent  at  P  meeting  the  asymptotes  in  r,  r. 

Then  Pr  is  parallel  to  QV.  [Proj).  XII. 

Therefore,  by  similar  triangles, 

qT^\Pr'-  =  GV^:GP\ 
therefore       q  V-  -  Pr'- :  Pr^  =  G  V-  -GP^:  GP\ 


I 
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but  Pr .  Pr  =  Qq .  Qq,  [Prop.  XXX. 

or  P,^  =  qV'-QV\ 

[Prop.  XXXI.  and  Euc.  11.  5. 
therefore  qT--Pr~  =  Qr\ 

Also  Cr'-CP-'  =  PV.RV,  [Euc.  II.  5. 

therefore  QV-  :Pi^  =  PV.  P'V:GP\ 

or  QV^ :  PV.  FV=  Pr^  :  CP\ 

which  is  constant. 

Since  CI^  =  Pr .  Pr  [Prop.  XXX. 

=  Pi^,  [Prop.  XXXI. 

this  result  may  also  be  expressed  as 

QF2 :  PV.P'V=  CL^ :  GPK 

Ex.  If  the  tangent  at  D  to  the  conjugate  hyperbola  meet  an 
asymptote  in  /  and  the  h^'perbola  in  q\  and  the  ordinate  vq' 
parallel  to  the  tangent" at  P  be  produced  to  meet  the  same  asymp- 
tote in  R,  show  th&t  ^CP7^=^£\CvR. 

THE   EQUILATERAL   HYPERBOLA. 

The  rectangle  contained  by  the  transveree  axis  of  a 
central  conic  and  its  latus  rectum  has  been  called  by 
ApoUonius  the  "  figure  of  the  conic  upon  its  axis."  It 
is  evident  that  the  "minor"  or  "conjugate"  axis  of  a 
central  conic,  according  as  it  is  an  ellipse  or  a  hyperbola, 
is  equal  to  the  side  of  a  square  equivalent  in  area  to 
the  "figure."  (Chap.  II.,  Prop.  VI,  and  Chap.  III.. 
Prop.  V.) 

A  hyperbola  which  has  the  sides  of  its  "  figure  "  equal  is 
called  an  equilateral  hyperbola.  The  latus  rectum  being 
thus  equal  to  the  transverse  axis  it  is  clear  that  the  con- 
jugate axis  is  equal  to  the  transverse  axis  (Chap.  III., 
Prop.  V.) ;  in  other  words  the  two  axes  of  an  equilateral 
hyperbola  are  equal. 


172  GEOMETRY  OF  CONICS. 

From  Prop.  XXVII.  it  is  clear  that  the  asymptotes  of 
an  equilateral  hyperbola  are  at  right  angles  to  each 
other.  From  this  property  the  curve  is  also  called  a 
rectangular  hyperbola. 

Ex.  Prove  that  the  locus  of  the  intersection  of  tangents  to  a 
parabola  including  half  a  right  angle,  is  a  rectangular  hyperbola. 
(Prop.  I.,  Ex.  10,  and  Prop.  XXVII.,  Ex.  3.) 

The  properties  of  the  hyperbola  proved  in  the  pre- 
ceding propositions  are,  of  course,  true  for  the  equilateral 
hyperbola  as  well.  In  some  cases,  however,  the  results 
assume  forms  which  are  deserving  of  notice. 

Thus,  for  the  equilateral  hyperbola,  we  have 

Prop.  Ill,  e=  ^2,        (See  Ex.  2.) 

CS=2CX. 

Ex.  If  a  circle  be  described  on  SS'  as  diameter,  the  tangents  at 
the  vertices  will  intersect  the  asymptotes  in  the  circumference. 

Prop.  V.  SL  =  CA, 

or,  Latus  rectum  =  AA'. 

Prop.  VIII.  PN^  =  AN.  A'N. 

Ex.  1.  If  PNP'  be  a  double  ordinate,  the  angles  PAP'  and 
PA'P'  are  supplementary. 

Ex.  2.  The  triangle  formed  by  the  tangent  at  any  point  and 
its  intercepts  on  the  axes,  is  similar  to  the  triangle  formed  by  the 
central  radius  to  that  point  and  the  abscissa  and  ordinate  of  tlie 
point.     (See  Prop.  XX.,  Ex.  1.) 

Ex.  3.  If  M  be  a  point  on  the  conjugate  axis,  and  MP  be  draAvn 
parallel  to  the  transverse  axis  meeting  the  curve  in  P,  then 
PM=AM. 

Ex.  4.  The  tangent  at  any  point  P  of  a  circle  meets  a  fixed 
diameter  AB  produced  in  T,  show  that  the  straight  line  through 
T  perpendicular  to  AB  meets  AP  BP  produced  in  points  which 
lie  on  an  equilateral  hyperbola. 

Ex.  5.  If  AB  be  any  diameter  of  a  circle  and  PNQ  an  ordinate 
to  it,  the  locus  of  intersection  of  jLP,  BQ  is  an  equilateral  hyperbola. 
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Ex.  6.  The  locus  of  the  point  of  intersection  of  tangents  to  an 
ellipse  which  make  equal  angles  with  the  majoi"  and  minor  axis 
respectively,  and  are  not  at  right  angles,  is  a  rectangular  hyper- 
bola.    (The  foci  of  the  ellipse  will  be  tlie  vertices,) 

Prop.  XXY[.  Cir=XG, 

PG  =  Pg  =  CP. 

Prop.  XXXL  CP  =  Pr  =  Pr'. 

Ex.  1.  A  circle  whose  centre  is  any  point  F  and  radius  CP, 
intei-sects  the  normal  on  the  axes  and  the  tangent  on  the  asymp- 
totes. 

Ex.  2.  If  the  tangents  at  two  points  Q  and  Q'  meet  in  T,  and 
if  CQ,  CQ  meet  these  tangents  in  R  and  R\  the  circle  circum- 
scribing RTR  passes  through  C 

Ex.  3.  The  angle  subtended  by  any  chord  at  the  centre  is  the 
supplement  of  the  angle  between  the  tangents  at  the  ends  of  the 
chord. 

Proposition  A. 

Coiijugate  diameters  are  equal  in  the  equilateral 
hyperbola  atid  the  asymptotes  bisect  the  angle  between 
them. 

Let  CP,  CD  be  any  two  conjugate  semi-diameters. 
Then  CP" -^CD'^^CA' ^Cl^=0,   [Prop. XXX^Ti. 

.since  the  axes  are  equal. 

Therefore  CP  =  CD. 

Again,  since  the  asymptote  Cr  (Fig.,  Prop.  XXXV.) 
bisects  PD  it  must  bisect  the  angle  PCD. 

Similarly,  it  may  be  shown  that  the  asymptote  Cr 
bisects  the  angle  PCD'. 

Ex.  1.  A  circle  is  described  on  the  transverse  axis  as  diameter. 
Prove  that  if  any  tangent  be  di-awn  to  the  hyperbola,  the  straight 
lines  joining  tlie  centre  of  the  hyperbola  with  the  point  of  contact 
and  with  the  middle  point  of  the  chord  of  intersection  of  the  tan- 
gent with  the  circle,  are  inclined  to  the  asymptotes  at  complementary 
anjiles. 
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Ex.  2.  The  lines  drawn  from  any  point  on  the  curve  to  the  ex- 
tremities of  any  diameter  make  equal  angles  with  the  asymptotes. 
(Prop.  XXXIV.) 

Ex.  3.  The  focal  chords  drawn  parallel  to  conjugate  diameters 
are  equal.     (Props.  VI.  and  X.) 

Ex.  4.  If  two  concentric  rectangular  hyperbolas  be  described, 
the  axes  of  one  being  the  asymptotes  of  the  other,  they  will  cut  at 
right  angles. 

Ex.  5.  The  normals  at  the  ends  of  two  conjugate  diameters 
intersect  on  the  asymptote  and  are  parallel  to  another  pair  of 
conjugate  diameters.     (Prop.  XXXV.) 

Ex.  6.     If  QV  be  an  ordinate  of  a  diameter  PCp, 

QV^  =  PV.p V.  (Prop.  XXXVIl. 

Ex.  7.  If  tangents  parallel  to  a  given  direction  are  drawn  t(j  a 
system  of  circles  passing  through  two  fixed  points,  the  points  <>f 
contact  lie  on  a  rectangular  hyperbola.     (Apply  Ex.  6.) 

Ex.  8.  Given  the  base  of  a  triangle  and  the  difference  of  the 
angles  at  the  base,  prove  that  the  locus  of  the  vertex  is  a  rect- 
angular hyperbola.     (Apply  Ex.  6.) 

Ex.  9.  PCp  is  a  diameter  and  QF an  ordinate,  prove  that  QV  in 
the  tangent  at  Q  to  the  circle  round  the  triangle  PQp.  (Ap})ly 
Ex.  6.) 

Ex.  10.  If  P  be  a  point  on  an  equilateral  hyperbola  and  if  tlie 
tangent  at  Q  meet  CP  in  7\  the  circle  circumscribing  CTQ  touches 
the  ordinate  QV  conjugate  to  CP.     (Apply  Ex.  6  and  Prop.  XX.) 

Ex.  11.  The  angle  between  a  chord  PQ  and  the  tangent  at  J', 
is  equal  to  the  angle  subtended  by  PQ  at  the  other  extremity  of 
the  diameter  through  P. 

Ex.  12.  The  distance  of  any  point  on  the  curve  from  the  centre 
is  a  geometric  mean  between  its  distances  from  the  foci.  (Api)lv 
Prop.  XXXVL,  Ex.  5.) 

Ex.  13.  The  points  of  intersection  of  an  ellipse  and  a  confocal 
rectangular  hyperbola  are  the  extremities  of  the  equi-conjugate 
diameters  of  the  ellipse.  (Apply  Prop.  XXX VI.,  Ex.  5,  and  Chai). 
II.,  Prop.  XXXV.,  Ex.  5.) 

Ex.  14.  If  two  focal  chords  be  parallel  to  conjugate  diametei-s, 
the  lines  joining  their  extremities  intersect  on  the  asymptotes. 

[If  P/Sj),  QSq  be  the  chords,  it  may  be  shown  that  pq,  PQ  and 
an  asymptote  will  meet  on  the  directrix  at  the  same  point.  Prop. 
VII.  and  Prop.  XXVII.,  Ex.  5.] 
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Proposition  K 

In  the  equilateral  hyperbola  the  transverse  axis  bisects. 
the  angle  between  the  central  radius  vector  of  any  ixtint 
and  the  central  perpeTidAcvdar  on  the  tunaent  at  that 
point. 


Let  P  be  any  point  on  an  equilateral  hyperbola  and 
CD  the  semi-diameter  conjugate  to  CP ;  let  CZ  be  the 
perpendicular  on  the  tangent  at  P. 

If  CR  be  the  asymptote,  because 

CA  =  AR,  [Prop.  XX\ai. 

the  angle  ACR  is  half  a  right  angle,  that  is,  half  of  the 
angle  DCZ,  since  CD  is  parallel  to  PZ. 

[Props,  XIL  and  XXXIII. 
But  the  angle  PCR  is  half  of  the  angle  PCD ;  [Prop.  A. 
therefore  the  remaining  angle  PCA  is  half  of  the  remain- 
ing angle  PCZ,  that  is,  CA  bisects  the  angle  PCZ. 

Ex.  1.     Prove  that  CZ.  CF==  CA\     (Apply  Prop.  XX.) 
Ex.  2.     Prove  that  the  angles  CPA  and  CAZ  are  equaL 
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Proposition  C. 

In  the  equilateral  hyperbola  diameters  at  inght  angles 
to  each  other  are  equal. 


Let  there  be  two  semi-diameters  GP,  CD  at  right 
angles  to  each  other,  meeting  the  curve  and  its  conjugate 
in  P  and  D  respectively. 

Then  the  angle  ^C5  =  the  angle  PCA 

each  being  a  right  angle.      Taking  away  the  common 
angle  FOB, 

the  angle  ^CP  =  the  angle  BCD. 
Hence  from  symmetry,  since  the  curve  and  its  conjugate 
are  equal  and  similarly  placed  with  respect  to  the  axes, 
GP  =  CD. 

Ex.  1.  Prove  that  focal  chords  at  right  angles  to  each  other 
are  equal. 

Ex.  2.  If  a  light-angled  triangle  be  inscribed  in  the  cui-ve,  the 
normal  at  the  right  angle  is  parallel  to  the  hyi)otennse.  (See 
Prop.  X.) 

Ex.  3.  Chords  which  subtend  a  right  angle  at  a  point  P  of  tlie 
curve,  are  all  parallel  to  the  normal  at  /'. 

Proposition  I). 

The  angle  between  any  two  diatneters  of  an  equilateral 
hyperbola  is  equal  to  the  angle  between  their  conjugates. 
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Let  CP,  CP'  be  any  two  semi-diameters,  and  CD,  CD' 
the  semi-diameters  conjugate  to  them  respectively. 


Then,  if  CR  be  the  asymptote, 

the  angle  PCjR  =  the  angle  DC-R,        [Prop.  A. 
and  the  angle  P'CjR  =  the  angle  D'CR  ;      [Prop.  A. 

therefore,  by  subtraction, 

the  angle  PCP'  =  the  angle  DCD\ 

Ex.  1.  Conjugate  diameters  axe  inclined  to  either  axes  at  angles 
which  are  complemeutar^-. 

Ex.  2.  If  CP,  CD  be  conjugate  semi-diameters  and  FX,  DM 
ordinates,  the  triangles  PCS,  DCM  are  equal  in  all  respects. 

Ex.  3.  The  dilFerence  between  the  angles  which  the  lines  join- 
ing any  point  on  the  curve  to  the  extremities  of  a  diameter  make 
with  the  diameter,  is  equal  to  the  angle  which  the  diameter  makes 
with  its  conjugate. 

Ex.  4.  The  angles  subtended  by  any  chord  at  the  extremities 
of  a  diameter  are  equal  or  supplementary-.    (Apply  Prop.  XXXIV.) 

Ex.  5.  AB  is  a  chord  of  a  circle  and  a  diameter  of  a  rectangvdar 
hyperbola,  P  is  any  point  on  the  circle,  AP,  BP,  produced  if 
necessary,  meet  the  hyperlx>la  in  Q,  (Jf  respectively.  Prove  that 
BQ  and  A^  intersect  on  the  circle.     (Apply  Ex.  4.) 

Ex.  6.  A  circle  and  a  rectangular  hyperbola  intersect  in  four 
points  and  one  of  their  common  chords  is  a  diameter  of  the  hyper- 
bola. Show  that  the  other  common  chord  is  a  diameter  of  the 
circle.     (Apply  Ex.  4.) 

M 
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Ex.  7.  QN  is  drawn  perpendicular  from  any  point  Q  on  the 
curve  to  the  tangent  at  P.  Prove  that  the  circle  round  CNP 
bisects  PQ.     (Apply  Ex.  4.) 

Ex.  8.  If  a  rectangular  hyperbola  circumscribe  a  triangle,  the 
locus  of  its  centre  is  the  nine-point  circle. 

[The  diameters  to  the  middle  points  of  the  sides  are  conjugate  to 
the  sides  respectively.] 

Ex.  9.  The  tangent  at  a  point  P  of  a  rectangular  hyperbola  meets 
a  diameter  QCQ'  in  T.  Prove  that  CQ  and  TQ'  subtend  equal  angles 
at  P. 

*  Proposition  E. 

If  a  rectangular  hyperbola  circumscribe  a  triangle 
it  passes  through  the  orthocentre. 


Let  a  rectangular  hyperbola  circumscribing  a  triangle 
ABC  meet  AD,  drawn  perpendicular  to  BG,  in  0. 

Then  the  rectangles  AD .  OD,  BD .  CD  are  as  the 
squares  of  the  semi-diameters  parallel  to  AD,  BC.  [Prop.  X. 
But  the  semi-diameters  being  at  right  angles  to  each 
other,  are  equal :  [Prop.  C. 

therefore  AD,OD  =  BD.  CD. 

Therefore,  as  is  well  known,  the  point  0  must  coincide 
either  with  the  orthocentre  or  with  the  point  0'  where 
AD  meets  the  circle  circumscribing  the  triangle  ABC. 


i 
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But  the  latter  case  is  impossible ;  for  then  the  lines 
AD,  BO,  which  are  at  right  angles  to  each  other,  will  be 
equally  inclined  to  the  axis,  [Prop.  XI. 

and  will,  therefore,  be  parallel  to  the  asymptotes,  which 
are  also  at  right  angles  to  each  other  and  equally  inclined 
to  the  axis.  [Prop.  XXVII. 

Hence  BC,  being  parallel  t^  an  a.symptote,  cannot  meet 
the  curve  in  two  points  (see  Prop.  XXVII.,  Ex.  2),  which 
is  contrary  to  the  hypothesis. 

Hence  the  curve  must  pass  through  the  orthocentre. 

Ex.  1.  Every  conic  passiug  through  the  centres  of  the  four 
circles  which  touch  the  sides  of  a  triangle  is  a  rectangular 
hv-perbola. 

Ex.  2.  Any  conic  passing  through  the  four  points  of  inter- 
section of  two  rectangular  hyperbolas,  is  itself  a  rectangular 
h^-perbola. 

Ex.  3.  If  two  rectangular  hyperbolas  intersect  in  A,  B,  C\  D, 
the  circles  described  on  AB,  CD  as  diametei-s  intersect  each  other 
orthogonally. 

[D  is  the  orthocentre  of  the  triangle  ABC.  Observe  that  the 
distance  between  the  middle  jwiuts  of  AB  and  CD  is  equal  to  the 
radius  of  the  circuiuscribiug  circle.] 


Miscellaneous  Examples  on  the  Hyperbola. 

1.  Given  the  two  asymptotes  and  a  point  on  the  curve, 
show  how  to  construct  the  curve  and  find  the  position  of 
the  foci. 

2.  CP,  CD  are  conjugate  semi-diameters  and  the  tan- 
gent at  P  meets  an  asymptote  in  r.  If  m  be  the  per- 
pendicular from  r  on  the  transverse  axis  DPn  is  a  right 
line. 

3.  P  is  any  point  on  a  hyperbola  whose  foci  are  S,  S' ; 
if  the  tangent  at  P  meet  an  asymptote  in  T  the  angle 
between  that  asymptote  and  S'P  is  double  the  angle  STP. 
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4.  Given  four  points  on  an  equilateral  hyperbola  which 
are  at  the  extremities  of  two  chords  at  right  angles  and 
also  the  tangent  at  one  of  the  points,  find  the  centre  of 
the  curve. 

5.  The  tangents  at  the  extremities  P,  P'  of  a  chord  of 
a  conic  parallel  to  the  transverse  axis  meet  in  T.  If  two 
circles  be  drawn  through  Sy  touching  the  conic  at  P 
and  P'  respectively,  prove  that  F,  the  second  point  of 
intersection  of  the  circles,  will  be  at  the  intersection  of 
PP'  and  ST. 

Prove  also  that  the  locus  of  F  from  different  positions 
of  PP'  will  be  a  parabola  with  its  vertex  at  S  and  passing 
through  the  ends  of  the  conjugate  axis. 

6.  Given  a  pair  of  conjugate  diameters  PCP',  BCD',  find 

the  position  of  the  axis. 

[Join  PD,  FD',  bisect  them  in  ^and  F;  join  CB,  CF;  bisect  the 
angle  FCF  by  the  line  A'CA,  and  through  C  draw  BCB'  perpendi- 
cular to  ACA' ;  these  are  the  axes  sought.] 

7.  If  the  focal  radii  vectores,  the  ordinate  and  the  tan- 
gent at  any  point  P  of  a  hyperbola  meet  an  asymptote  in 
Q,  R,  E,  T  respectively,  and  M  be  the  middle  point  of 
QR,  prove  that  PQ  ^  PR  =  2{CM  ^  ET). 

8.  If  P  and  Q  be  the  points  of  contact  of  orthogonal 
tangents  from  0  to  two  confocal  conies,  the  normals  at  P 
and  Q  to  the  two  conies  will  intersect  on  the  line  joining 
0  to  their  common  centre. 

9.  Describe  the  hyperbolas  which  have  a  common  focus, 
pass  through  a  given  point  and  have  their  asymptotes 
parallel  to  two  given  straight  lines. 

10.  From  each  of  two  points  on  a  rectangular  hyper- 
bola a  perpendicular  is  drawn   on   the  tangent  at  the 
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other;   prove   that  these   perpendiculars   subtend  equal 
angles  at  the  centre. 

11.  If  the  focal  distances  of  a  point  P  on  a  hyperbola 
meet  an  asymptote  in  U  and  F,  the  perimeter  of  the 
triangle  PUV  is,  constant  for  all  positions  of  P. 

12.  If  a  hyperbola  be  described  touching  the  three  sides 
of  a  triangle,  one  focus  lies  within  one  of  the  three  outer 
segments  of  the  circumscribing  circle  made  by  the  sides 
of  the  triangle. 

13.  Two  fixed  points  P,  Q  are  taken  in  the  plane  of  a 
given  circle  and  a  chord  RS  of  a  circle  is  drawn  parallel 
to  PQ ;  prove  that  the  locus  of  intersection  of  RP  and  SQ 
is  a  conic. 

14.  Tangents  are  drawn  to  a  rectangular  hyperbola  from 
a  point  T  on  the  transverse  axis,  meeting  the  tangents  at 
the  vertices  in  Q,  Q.  Prove  that  QQf  touches  the 
auxiliary  circle  at  R,  such  that  RT  bisects  the  angle 
QTQ'. 

15.  If  the  tangents  at  the  ends  of  a  chord  of  a  hyper- 
bola meet  in  T  and  TM,  TM  be  drawn  parallel  to  the 
asymptotes  to  meet  them  in  M,  M',  then  J/JLT  is  parallel 
to  the  chord. 

16.  The  locus  of  the  intersection  of  two  equal  circles 
which  are  described  on  two  sides  AB,  J.C'  of  a  triangle  as 
chords  is  a  rectangular  hyperbola  whose  centre  is  the 
middle  point  of  EC  and  which  passes  through  A,  B,  C. 

17.  Through  a  fixed  point  0  a  chord  POQ  of  a 
hyperbola  is  drawn,  PL,  QL  are  drawn  parallel  to  the 
asymptotes;  show  that  the  locus  of  Z  is  a  similar  and 
similarly  situated  hyperbola. 
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18.  A  circle  and  a  rectangular  hyperbola  circumscribe 
a  triangle  ABC,  right  angled  at  C.  If  the  tangent  to  the 
circle  at  G  meets  the  hyperbola  again  in  C,  the  tangents 
to  the  hyperbola  at  G,  G'  intersect  on  AB. 

19.  Find  the  locus  of  the  middle  points  of  a  system  of 
chords  of  a  hyperbola  passing  through  a  fixed  point  on 
one  of  the  asymptotes. 

20.  GP,  GD  are  conjugate  semi-diameters ;  if 

GD  =  1J2.CB, 
prove  that  the  tangent  at  P  passes  through  a  focus  of  the 
conjugate  hyperbola, 

21.  Given  a  focus  and  three  points  on  a  conic,  find  the 
directrix.  Show  that  three  at  least  of  the  four  possible 
conies  must  be  hyperbolas. 

22.  The  normal  at  any  point  P  of  a  hyperbola  meets 
the  asymptotes  in  g.^,  g^  and  the  conjugate  diameter  in/; 
prove  that  P/is  the  harmonic  mean  between  Pg^,  Pg^. 

23.  The  sum  of  the  squares  of  the  perpendiculars  drawn 
from  the  foci  of  a  hyperbola  on  any  tangent  to  the  conju- 
gate hyperbola  is  constant  ( =  2 .  G&) 

24.  The  tangent  at  P  meets  the  asymptotes  in  T,  t,  and 
the  normal  at  P  meets  the  transverse  axis  in  G;  prove  that 
the  triangle  TOt  remains  similar  to  itself  as  P  varies. 

25.  The  intercept  on  any  tangent  to  a  hyperbola  made 
by  the  asymptotes  subtends  a  constant  angle  at  either 
focus. 

26.  Given  two  tangents  to  a  rectangular  hyperbola  and 
their  points  of  contact,  to  find  the  asymptotes. 

27.  A  circle  touches  a  conic  at  a  fixed  point  and  cuts  it 
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in  P  and  Q ;  the  locus  of  the  middle  point  of  PQ  is  a  right 
line. 

28.  If  two  conies  with  a  common  directrix  meet  in  four 
points,  these  four  points  lie  on  a  circle  whose  centre  is  on 
the  straight  line  joining  the  corresponding  foci. 

29.  The  locus  of  the  middle  point  of  a  line  which  moves 
so  as  to  cut  off  a  constant  area  from  the  corner  of  a  rect- 
angle is  an  equilateral  hyperbola.     (Prop.  XXIX.,  Ex.  4.) 

30.  If  between  a  rectangular  hyperbola  and  its  asymp- 
totes a  concentric  elliptic  quadrant  be  inscribed,  the 
rectangle  contained  by  its  axes  is  constant.  (Apply 
Chap.  II.,  Prop.  XXn.,  and  Chap.  III.,  Prop.  XXIX.) 

31.  Given  an  asymptote,  a  tangent  and  its  point  of 

contact,  to  construct  a  rectangular  hyperbola. 

[Let  the  tangent  at  P  meet  the  asymptote  in  L.  Make  Pif=LP 
and  draw  2tIC  at  right  angles  to  LC-.  C  is  the  centre  and  the  focus 
S,  which  lies  on  the  bisector  of  the  angle  LCM^  is  determined  bv 
the  relation  C^-  =  CL .  CM.  Prop.  XXXII.  The  directrix  bisects 
C9.] 

32.  Straight  lines,  passing  through  a  given  point,  are 

bounded  by  two  fixed  lines  at  right  angles  to  each  other. 

Find  the  locus  of  their  middle  points. 

[Let  OX,  OF  be  the  fixed  straight  lines  and  P  the  giv^en  point. 
If  C  be  the  middle  point  of  OP,  the  locus  will  be  a  rectangular 
hyperbola  of  which  the  lines  through  C  parallel  to  OX  and  01' are 
the  asymptotes.     Apply  Prop.  XXIX.] 

33.  Given  a  point  Q  and  a  straight  line  AB,  if  a  line 
QCP  be  drawn  cutting  AB  va.  C,  and  P  be  taken  in  it,  so 
that  PD  being  perpendicular  upon  AB,  CD  may  be  of 
constant  macmitude,  the  locus  of  P  is  a  rectancjular 
hyperbola  (Prop.  XXIX.) 

o\.  Parallel  tangents  are  drawn  to  a  series  of  confocal 
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ellipses.     Prove  that  the  locus  of  the  points  of  contact  is  a 
rectangular  hyperbola. 

[See  fisrnre,  Chap.  II.,  Prop.  XXVIII.  CF^CG  and 
PFa.  PR^Ct'x.  CT    Therefore PF.CFo:  CO. C7'=C>S2= constant.] 

35.  From  the  point  of  intersection  of  the  directrix  with 
one  of  the  asymptotes  of  a  rectangular  hyperbola  a  tangent 
is  drawn  to  the  curve,  meeting  the  other  asymptote  in  T. 
Prove  that  GT  is  equal  to  the  transverse  axis.  (Apply 
Prop.  XXXII.  and  Prop.  XXVIL,  Ex.  5.) 

36.  If  a  rectangular  hyperbola,  having  its  asymptotes 
coincident  with  the  axes  of  an  ellipse,  touch  the  ellipse, 
the  axis  of  the  hyperbola  is  a  mean  proportional  between 
the  axes  of  the  ellipse.  (Apply  Props.  XXXL,  XXXIL, 
and  XX.) 

37.  Ellipses  are  inscribed  in  a  given  parallelogram ; 
prove  that  their  foci  lie  on  a  rectangular  hyperbola. 

38.  Given  the  centre,  a  tangent,  and  a  point  on  a 
rectangular  hyperbola,  find  the  asymptotes. 

39.  Prove  that  the  parallel  focal  chords  of  conjugate 
hyperbolas  are  to  one  another  as  the  eccentricities  of  the 
hyperbolas. 

40.  With  each  pair  of  three  given  points  as  foci  a 
hyperbola  is  drawn  passing  through  the  third  point. 
Prove  that  the  three  hyperbolas  thus  drawn  intersect 
in  a  point. 
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ARRLAN.— SELECTIONS.    With  Exercises.    By  Rev.  John  Bond,  M.A.,  and 

Rev.  A.  S.  Walpole,  M.A. 
AULUS  GELLIUS,  STORIES  FROM.— Adapted  for  Beginners.    With  Exercises. 

By  Rev.  G.  H.  Nall,  M.A.,  Assistant  Master  at  Westminster. 
CfflSAR.— TUB  HELVETIAN  WAR.    Selections  from  Book  I.,  adapted  for  Be- 
ginners.   With  Exercises.    By  W.  Welch,  M.A.,  and  C.  G.  Duffield,  M.A, 
THE  INVASION  OF  BRITAIN.    Selections  from  Books  IV.  and  V.,  adapted  for 

Beginners.    Witli  Exercises.    By  the  same. 
SCENES  FROM  BOOKS  V.  and  VL     By  C.  Colbeck,  M.A. 
THE  GALLIC  WAR.     BOOK  I.    By  Rev.  A.  S.  Walpole,  M.A. 
BOOKS  IL  and  III.     By  the  Rev.  W.  G.  Rutherford,  M.A.,  LL.D. 
BOOK  IV.    By  Clement  Bbyans,  M.  A.,  Assistant  Master  at  Dulwich  College. 
BOOK  V.    By  C.  Colbeck,  M.  A.,  Assistant  Master  at  Harrow. 
BOOK  VI.    By  C.  Colbeck,  M.A. 

BOOK  VIL    By  Rev.  J.  Bond,  M.A.,  and  Rev.  A.  S.  Walpole,  M.A. 
THE  CIVIL  WAR.     BOOK  I.     By  M.  Montgomrey,  M.A. 
CICERO.— DB  SENECTUTE.    By  E.  S.  Shuckbdroh,  M.A. 
DE  AMICITIA.     By  the  same. 

STORIES  OF  ROMAN  HISTORY.    Adapted  for  Beginners.    With  Exercises. 
By  Rev.  G.  B.  Jeans,  M.A.,  and  A.  V.  Jones,  M.A. 
CURTItJS  (Qidntus).— SELECTIONS.    Adapted  for  Beginners.      With  Notes, 
Vocabulary,  and  Exercises.    By  F.  Coverley  Smith.  [In  pre2)arcUion. 

EURIPIDES.— ALCBSTIS.    By  Rev.  M.  A.  Bayfield,  M.A. 
MEDEA.    By  Rev.  M.  A.  Bayfield,  M.A. 

HECUBA.    By  Rev.  J.  Bond,  M.A.,  and  Rev.  A.  8.  Walpole,  M.A. 
EUTROPIUS.— Adapted  for  Beginners.    With  Exercises.    By  W.  Welch,  M.A, 
and  C.  G.  Duffield,  M.A. 
BOOKS  I.  and  II.    By  the  same. 
HERODOTUS,  TALES  FROM.     Atticised.    By  G.  S.  Farnell,  M.A. 
HOMER.— ILIAD.   BOOK  I.   By  Rev.  J.  Bond,  M.A.,  and  Rev.  A.  8.  Walpole,  M.A. 
BOOK  VI.    By  Walter  Leaf,  Litt.D.,  and  Rev.  M.  A.  Bayfield. 
BOOK  XVIII.     By  S.  R.  James,  M.A.,  Assistant  Master  at  Eton. 
ODYSSEY.    BOOK  L    By  Rev.  J.  Bond,  M.A.,  and  Rev.  A.  S.  Walpole,  M.A. 
HORACE.— ODES.     BOOKS    I.-IV.     By  T.  E.  Page,  M.A.,  Assistant  Master 

at  the  Cliarterhouse.    Each  Is.  6d. 
LIVT.— BOOK  I.     By  H.  M.  Stephekson,  M.A. 
BOOK  V.     By  M.  Alford. 
BOOK  XXI.    Adapted  from  Mr.  Capes's  Edition.     By  J.  B.  Melhcish,  M.A, 


ELEMENTARY  CLASSICS  8 

BOOK  XXII.     By  J.  E.  Melhtjish,  M.A. 

SELECTIONS  FROM  BOOKS  V.  and  TI.    By  W.  Cecil  Lamino,  M.A, 

THE   HANNIBALIAN  WAB.     BOOKS  XXI.  aad  XXII.   adapted  by  Q.  0. 

Macaclay,  M.A. 
BOOKS  XXIII.  and  XXrV.  adapted  by  the  same.  [In  preparatwn. 

TELE  SIEGE  OF  8YRACUSK     Being  part  of  the  XXIV.  and  XXV.  BOOKS  OP 

LIVY,  adapted  for  Berrinners.    With  Exercises.     By  G.  Richards,  M.A.,  and 

Rev.  A.  8.  Walpole,  M.A. 
LEGENDS  OF  ANCIENT  ROMK    Adapted  for  Beginners.     With  Exercises. 

By  H.  WiLKiNsoif,  M.A. 
LUCIAN.— EXTRACTS  FROM  LUCIAN.  With  Exercises.  By  Bev.  J.  Bond,  M.A., 

and  Rev.  A.  8.  Walpole,  M.A. 
NEPOS.— SELECTIONS  ILLUSTRATIVE  OF  GREEK  AND  ROMAN  HISTORY. 

With  Exercises.    By  G.  S.  Fabsell,  M.A. 
OVID.— SELECTIONS.     By  E.  S.  Shuckbiirgh,  M.A. 
EASY  SELECTIONS  FROM  OVID  IN  ELEGIAC  VERSE.    With  Exercises.   By 

H.  Wilkinson,  M.A. 
METAMORPHOSES.— BOOK  I.— By  Charles  Simmoks,  M.A.  [In  preparation. 
STORIES  FROM  THE  METAMORPHOSES.   With  Exercises.   By  Rev.  J.  Boxd, 

M.A.,  and  Rev.  A.  S.  Walpole,  M.A. 
TRISTIA.— BOOK  L     By  E.  S.  Shfckbubgh,  M.A.  [In  preparation, 

BOOK'.II.    By  E.  8.  Shuckbcroh,  M.A.  [In  preparation. 

PHiEDRUS.— SELECT  FABLES.     Adapted   for    Beginners.     With    Exercises. 

By  Rev.  A.  S.  Walpole,  M.A. 
THDCYDIDES.-THE  RISE  OF  THE  ATHENIAN  EMPIRE.     BOOK  L     Caa. 

89-117  and  22S-238.     With  Exercises.    By  F.  H.  Colson,  M.A. 
VIRGIL.— SELECTIONS.     By  E.  8.  Shtckburgh,  M.A. 
BUCOLICS.    By  T.  E.  Page,  M.A. 
GEORGICS.     BOOK  L     By  T.  E.  Page,  M.A. 
BOOK  II.    By  Rev.  J.  H.  Serine,  M.A. 
.SNEID.     BOOK  L     By  Rev.  A.  S.  Walpole,  M.A. 
BOOK  I.     By  T.  E.  Page,  M.A. 
BOOK  IL     By  T.  E.  Page,  M.A. 
BOOK  IIL     By  T.  E.  Page,  M.A. 
BOOK  IV.    By  Rev.  H.  M.  Stephensok,  M..\. 
BOOK  V.    By  Rev.  A.  Calvert,  M.A. 
BOOK  VI.    By  T.  E.  Page,  M.A. 
BOOK  VIL     By  Rev.  A.  Calvert,  M.A. 
BOOK  VIIL     By  Rev.  A.  Calvert,  3I.A. 
BOOK  IX.    By  Rev.  H.  M.  Stephenson,  MA. 
BOOK  X.    By  S.  G.  Owen,  M.A. 
XENOPHON.— ANABASIS.    Selections,  adapted  for  Beginners.    With  Bxercis«i 

By  W.  Welch,  M.A.,  and  C.  G.  Duffield,  M.A. 
BOOK  I.     With  Exercises.    By  E.  A.  Wells,  M.A. 
BOOK  L     By  Rev.  A.  S.  Walpole,  M.A. 
BOOK  IL     By  Rev.  A.  S.  Walpole,  M.A. 
BOOK  IIL     By  Rev.  G.  H.  Nall,  M.A. 
BOOK  IV.     By  Rev.  E.  D.  Stone,  M.A. 
BOOK  V.    By  Rev.  G.  H.  Nall,  M.A. 
BOOK  VL     By  Rev.  G.  H.  Nall,  M.A. 

SELECTIONS  FROM  BOOK  IV.    With  Exercises.     By  Rev.  E.  D.  Stojtb,  M.A. 
SELECTIONS    FROM    THE    CYROP.EDIA.      With    Exercises.      By    A,    H. 

CooK«,  M.A. 
TALES  FROM  THE  CyROP.«DIA.    With  Exercises.    By  Charles  H.  Keene. 

[In  preparation. 

The  following  contain  Introdnctions  and  Notes,  but  no  Vocabulary: — 

CICERO.— SELECT  LETTERS.     By  Rev.  G.  E.  Jeass,  M.A. 
HERODOTUS.— SELECTIONS  FROM  BOOKS  VII.  and  VIIL     THE  EXPEDI- 
TION OF  XERXES.     By  A.  H.  Cookb,  M.A 
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HORACE.— SELECTIONS  FROM  THE  SATIRES  AND  EPISTLES.    By  Rev.  W. 

J.  V.  Baker,  M.A. 
SELECT  EPODBS  AND  ARS  POETICA.     By  H.  A.  Dalton,  M.A. 
PLATO.— EUTHYPHRO  AND  MENBXENU8.     By  0.  E.  Graves,  M.A. 
TERENCE.— SCENES  FROM  THE  ANDRIA.    By  F.  W.  Cornish,  M.A. ,  Agsistant 

Master  at  Eton. 
THE    GREEK   ELEGIAC   POETS.— FROM  CALLINUS    TO    OALLIMACHUS. 

Selected  by  Rev.  Herbert  Kynaston,  D.D. 
THUCYDIDES.— BOOK  IV.  Chs.  1-41.    THE  CAPTURE  OF  SPHACTERIA.    By 

C.  E.  Graves,  M.A. 

CLASSICAL  SERIES 
FOR  COLLEGES  AND  SCHOOLS. 

Fcap.  8vo. 

iESOHINES.— IN    CTESIPHONTA.      By  Rev.  T.   Qwatkin,   M.A.,  and   B.  S. 

Shuckburoh,  M.A.    5s. 
iESCHYLUS.— PERS.^;.    By  A.  0.  Prickard,  M.A.,  Fellow  and  Tutor  of  New 
College,  Oxford.    With  Map.    2s.  6d. 
SEVEN  AGAINST  THEBES.   SCHOOL  EDITION.  ByA.  W.  Verrall,  LlttD., 
and  M.  A.  Bayfield,  M.A.     2s.  6d. 
ANDOCIDES.— DB  MYSTERIIS.     By  W.  J.  Hickie,  M.A.     2s.  6d. 
ATTIC  ORATORS.— Selectious  from  ANTIPHON,  ANDOCIDES,  LY8IAS,  ISO- 
CRATES,  and  ISAEUS.    By  B.  C.  Jebb,  Litt.D.,  Regius  Professor  of  Greek 
in  the  University  of  Cambridge.    5s. 
*OiESAR.— THE  GALLIC  WAR.    By  Rev.  John  Bond,  M.A.,  and  Rev.  A.  8. 

Walpole,  M.A.    With  Maps.    4s.  6d. 
CATULLUS.— SELECT  POEMS.    By  F.  P.  Simpson,  B.  A.    8s.  6d.    The  Text  of  this 

Edition  is  carefully  expurgated  for  School  use. 
»OICERO.— THE  CATILINE  ORATIONS.    By  A.  S.  Wilkins,  Litt.D.,  Professor  of 
Latin,  Owens  College,  Manchester.    2s.  6d. 
PRO  LEGE  MANILIA.     By  Prof.  A.  S.  Wilkins,  Litt.D.     2s.  6d. 
THE  SECOND  PHILIPPIC  ORATION.    By  John  E.  B.  Mayor,  M.A.,  Professor 

of  Latin  in  the  University  of  Cambridge.    3s.  6d. 
PRO  ROSCIO  AMERINO.     By  B.  H.  Donkin,  M.A.     23.  6d. 
PRO  P.  8ESTI0.     By  Rev.  H.  A.  Holden,  Litt.D.     8s.  6d. 
PRO  MILONE.     By  F.  H.  Colson,  M.A. 
SELECT  LETTERS.    By  B.  Y.  Tyrrell,  M.A.    4s.  6d. 
DEMOSTHENES.— DB  CORONA.    By  B.  Drake,  M.A.    7th  Edition,  revised  by 
E.  S.  Shuckburoh,  M.A.    Ss.  6d. 
ADVERSUS  LEPTINEM.    By  Rev.  J,  R.  King,  M.A.,  Fellow  and  Tutor  of  Oriel 

College,  Oxford.    2s.  6d. 
THE  FIRST  PHILIPPIC.    By  Rev.  T.  Gwatkin,  M.A.    2s.  6d. 
IN  MIDIAM.    By  Prof.  A.  8.  Wilkins,  Litt.D.,  and  Herman  Haqer,  Ph.D.,  the 
Owens  College,  Victoria  University,  Manchester.  [In  preparation. 

EURIPIDES.— HIPPOLYTUS.    By  Rev.  J.  P.  Mahaffy,  D.D.,  Fellow  of  Tiinity 
College,  and  Professor  of  Ancient  History  in  the  University  of  Dublin,  and  J. 
B.  Bury,  M.A.,  Fellow  of  Trinity  College,  Dublin.    2s.  6d. 
MEDEA.    By  A-  W.  Verrall,  LittD.,  Fellow  of  Trinity  College,  Cambridge. 

2s.  6d. 
IPHIGENIA  IN  TAURIS.    By  E.  B.  England,  M.A.    Ss. 
ION.    By  M.A.  Bayfield,  M.A.,  Headmaster  of  Christ  College,  Brecon.    2s.  6d, 
BACCHAE.  By  R.  Y.  Tyrrell,  M.A.,  Regius  Professor  of  Greek  inthe  University 
of  Dublin.     3s.  6d. 
HERODOTUS.— BOOK  III.    By  G.  C.  Macaulay,  M.A,    2s.  6d. 
BOOK  V.     By  J.  Strachan,  M.A.,  Professor  of  Greek,  Owens  College,  Man- 
chester. [In  preparation. 
BOOK  VI.    By  the  same.    8s.  6d. 
BOOK  VIL    By  Mrs.  Montagu  Butler,    8s.  6d. 
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HOMEE.— ILIAD.    In  4  vola.     Edited  by  W.  Leaf,  LittD.,  and  Rev.   M.  A. 
BATriELD,  M. A.  Un  preparaiUm. 

ILIAD.    BOOKS  L,  IX.,  XL,  XVL -XXIV.     THE  STORY  OF  ACHILLES.     By 
the  lat«  J.  H.  Pratt,  M.A.,  and  Walter  Leaf,  LittD.,  Fellows  of  Trinity 
CoIIeje,  Cambridge.    Ss. 
ODYSSEY.    BOOK  IX.     By  Prof.  Joh>-  E.  B.  Mayor,    2s.  8d. 
ODYSSEY.     BOOKS  XXI.-XXIV.     THE  TRICMPH  OF  ODYSSETia     By  S. 
G.  Hahilton,  M.A.,  Fellow  of  Hertford  College,  Oxford.    2s.  6d. 
HOEACE.— *THE  ODES.    By  T.  E.  Page,  M.A.,  Assistant  Master  at  the  Cbarter- 
hous«.    5s.    (BOOKS  I.  IL  and  IV.  separately,  2s.  each.) 
THE  SATIRES.    By  AaTHrB  Pauter,  M.  A.,  Professor  of  Latin  in  the  University 

of  Dublin.     5s. 
THE  EPISTLES  AST)  ARS  POETICA.    By  Prof.  A.  S.  WiLKcra,  LittD.    5s. 
ISAEOS.— THE  ORATIONS.    By  William  Ridgeway,  M.A.,  Professor  of  Greek, 
Qaeen'i  College,  Cork.  [In  preparation, 

JUVENAL.— 'THIRTEEN'  SATIRES.    By  E.  G.  Hardy,  M.A.    5s.    The  Text  is 
carefully  expurgated  for  School  use. 
SELECT  SATIRES.      Bv  Prof.  Jows  E.  B.  Mayor.    XII. -XVI.    4a.  6d. 
LIVT.— *BOOKS  IL  and  IIL     By  Rev.  H.  M.  STEPHE>-so>f,  M.A.    3s.  6d. 
'BOOKS  XXI.  and  XXIL     By  Rev.  W.  W.  Capes,  M.A.     With  Maps.     4s.  6d. 
»BOOKS  XXIII.  and  XXIV.     By  G.  C.  Macaclay,  M.A.     With  Maps.     3s.  6d. 
♦THE  LAST  TWO  KINGS  OF  MACE  DON.     EXTRACTS  FROM  THE  FOURTH 
ASD  FIFTH  DECADES  OF  LIVY.      By  F.  H.  Bawltss,  M.A.,  Assistant 
Master  at  Eton.     With  Maps.    2s.  M. 
LUCRETIUS.— BOOKS  I.-III.    By  J.  H.  WARBrRxos  Lee,  M.A.,  late  Assistant 

JIaster  at  Roissall.     3s.  6d. 
LYSIAS.— SELECT  ORATIONS.    By  E.  8.  SHrcKBrBGH,  M.A.    5s. 
MABTIAL.— SELECT  EPIGRAMS.    By  Rev.  H.  M.  Stephe>-son-,  Jf.A.    5s. 
•OVTD. — FASTI.     By  G.  H.  Hallaic,  M.A.,  Assistant  Master  at  Harrow.     Ss.  6d. 
♦HEROIDUM  EPISTUL^  XIII.     By  E.  S.  SHrcKBniGH,  M.A.    3s.  6d. 
METAMORPHOSES.    BOOKS  L-IIL    By  C.  Sacsco>fs,  M.A.    [In  prtparatwn. 
BOOKS  Xni.  and  XIV.    By  the  same.    3s.  6d. 
PLATO.— LACHES.     By  M.  T.  Tathajc,  M.A.     2s.  6d. 
THE  REPUBLIC.     BOOKS  I.-V.     By  T.  H.   Warres,   M.A.,   President  of 
Magdalen  CoUege,  Oxford.    5s. 
PLAUTUS.— MILES  GLORIOSUS.    By  R.  Y.  Tyrrell,  M.A.,  Regius  Professor  of 
Gret^k  in  the  University  of  Dublin.     2nd  Ed.,  revised.    3s.  6d. 
AMPHITRUO.    By  Prof.  Arthtr  Palmer,  M.A.    3s.  6d. 
CAPTIVI.     By  A.  R.  S.  H-^^llidie,  M.A.     3s.  6d. 
PLINY.— LETTERS.     BOOKS  I.  and  IL     By  J.  Cowas,  M.A.,  Assistant  Master 
at  the  Manchester  Grammar  School.    3s. 
LETTERS.     BOOK  IH.     By  Prof.  Johx  E.  B.  Mayor,    With  Life  of  Pliny  by 
G.  H.  Rextall,  M.A.     Ss.  6d. 
PLUTARCH.— LIFE  OF  THEM  ISTOKLES.  By  Rev.  H.  A.  Holder,  LittD.  3s.6d. 
I.IVES  OF  GALEA  AND  OTHO.     By  E.  G.  Hardy,  M.A.     5s. 
LIFE  OF  PERICLES.     Bv  Rev.  H.  A.  Holder,  Litt.D.  [In  preparation. 

POLYBIUS.— THE  HISTORY  OF  THE  ACH.EAN  LEAGUE  AS  CONTAINED  IN 

THE  REMAINS  OF  POLYBIUS.     By  Rev.  W.  W.  Capes,  M.A.     5s. 
PROPERTIDS.— SELECT  POEMS.   By  Prof!  J.  P.  Postoate,  LittD.   2nd  Ed.   5s. 
SALLUST.— *CATILINA  and  JUGURTHA.    By  C.  Merivale,  D.D.,  Dean  of  Ely. 
33.  6d.     Or  separately,  2s.  each. 
•BELLUM  CATULIN^    By  A.  M.  Cook,  M.A.    2s.  6d. 

JUGURTHA.    By  the  same.  [In  preparation, 

TACITUS.— THE  ANNALS.    BOOKS  L  and  II.    By  J.  8.  Beid,  LittD.  [In  prep. 
BOOK  VI.     Bv  A.  J.  Church.  M.A.,  and  W.  J.  Brodribb,  M.A.    2s. 
THE  HISTORIES.    BOOKS  L  and  II.    By  A.  D.  Godley,  M.A.    Ss.  6d. 
BOOKS  III.-V.    Bt  the  same.    3s.  6d. 
AGRICOLA  and  GERMANIA.    By  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb, 

M.A.     Ss.  6d.     Or  se^aratelv,  2s.  each. 
AGRICOLA  AND  GERMANIA  (separately).     By  F.   J.   Haverfield,  M.A., 
Student  of  Christ  Church,  Oxford.  [In  preparation. 

TERENCE.— HAUTON  TIM0RUMEN08.     By  E.  8.  SHTTCiTBrROH,  M.A.    Si.  6d. 
With  Translation.    8a.  6d. 
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PHORMIO.    By  Rgv.  John  Bond,  M.A.,  and  Rev.  A.  S.  Walpole,  M.A.    2s.  6d. 

ADELPHI.    By  Prof.  S.  G.  Asiimore.  [In  the  Press. 

THUOYDIDES.— BOOK  I.    By  Clkment  Bryans,  M.A.  [In  preparation. 

BOOK  II.    By  B.  0.  Marchant,  M.A.,  Fellow  of  St.  Peter's  Coll.,  Cam.    3s.  6d. 

BOOK  III.     By  B.  0.  Marchant,  M.A.  [In  preparation. 

BOOK  IV.     By  C.  B.  Graves,  M.A.,  Classical  Lecturer  at  St.  John's  College, 
Cambridge.    3s.  6d. 

BOOK  V.    By  C.  E.  Graves,  M.A.     3s.  6d. 

BOOKS  VI.  AND  VIL    By  Rev.  Percival  Frost,  M.A.    With  Map.    3s.  6d. 

BOOK  VI.    By  E.  C.  Marchast,  M.A.  [In  preparation. 

BOOK  VII.    By  B.  C.  Marchant,  M.A.    Ss.  6d. 

BOOK  VIII.    By  Prof.  T.  G.  Tucker,  Litt.D.    3s.  6d. 
TEBULLUS.— SELECT  POEMS.    By  Prof.  J.  P.  Postgate,  Litt.D.  [In preparation. 
VIRGIL.— jENE ID.     BOOKS   IL  and  IIL      THE   NARRATIVE   OF   iENEAS. 

By  E.  W.  HowsON,  M.A.,  Assistant  Master  at  Harrow.     2s. 
XENOPHON.— *THE  ANABASIS.     BOOKS  I.-IV.     By  Profs.  W.  W.  Goodwin 
and  J.  W.  White.    Adapted  to  Goodwin's  Greek  Grammar.    With  Map.    38.  M. 

BOOKS  V.-VII.    By  Rev.  G.  H.  Nall,  M.A.  [In  preparation. 

HELLENICA,    BOOKS  L  and  IL    By  H.  Hailstone,  B.  A.   With  Map.  2s.  6d. 

HBLLENICA.    BOOK  III.-VIL    2  vols.    By  H.  G.  Daktos,  M.A. 

[III. -IV.  in  the  Press. 

CYBOP^DIA.    BOOKS  VII.  and  VIIL     By  A.  Goodwin,  M.A.    2s.  6d. 

MEMORABILIA  SOCRATIS.  By  A.  R.  Cluer,  B.A.,  Balliol  CoUege,  Oxford.  Ss. 

HIERO.     By  Rev.  H.  A.  Holden,  Litt.D.     2s.  6d. 

OEOONOMICUS.    By  the  same.    With  Lexicon.    5s. 

CLASSICAL   LIBRARY. 

Texts,  Edited  with  Introductions  and   Notes,  for  the  use  of 
Advanced  Students  ;  Commentaries  and  Translations. 

iESCHYLUS.— THE  SUPPLICES.     A  Revised  Text,  with  Translation.    By  T. 

Q.  Tucker,  Litt.D.,  Professor  of  Classical  Philology  in  the  University  of  Mel- 
bourne.   8vo.    10s.  6d. 
THE  SEVEN  AGAINST  THEBES.     With  Translation.     By  A.  W.  Vereall, 

Litt.D.,  Fellow  of  Trinity  College,  Cambridge.    8vo.    7s.  6d. 
AGA3IBMNON.     With  Translation.     By  A.  W.  Verrall,  Litt.D.     8vo.     123. 
THE  CHOEPHORL    With  Translation.    By  A.  W.  Verrali.,  Litt  D.    8vo.    123. 
AGAMEMNON,    CHOEPHORI,  AND   EUMENIDES.      By  A.    O.   Pbickard, 

M.A.,  Fellow  and  Tutor  of  New  College,  Oxford.    8vo.  [In  preparation. 

THE  EUMENIDES.    With  Verse  Translation.    By  B.  Drake,  M.A.     8vo.    5s. 
iESCHYLUS.    Translated  into  English  Prose  by  Prof.  T.  G.  Tucker.    Cr.  8vo. 

[  In  preparation. 
ANTONINUS,  MARCUS  AURELIUS.— BOOK  IV.   OP  THE  MEDITATIONS. 

With  Translation.    By  Hastings  Crossley,  M.A.    8vo.    6s. 
ARISTOPHANES.— THE   BIRDS.    Translated  into  English  Verse.     By  B.  H. 

Kennedy,  D.D.     Cr.  8vo.     6s.     Help  Notes  to  the  Same,  for  the  Use  of 

Students.    Is.  6d. 
SCHOLIA  ARISTOPHANICA ;  being  such  Comments  adscript  to  the  text  of 

Aristophanes  as  are  preserved  in  the  Codex  Ravennas,  arranged,  emended,  and 

translated.    By  Rev.  W.  G.  Rutherford,  M.A.,  LL.D.    8vo.       [In  the  Press. 
ARISTOTLE.— THE  METAPHYSICS.     BOOK  I.    Translated  by  a  Cambridge 

Graduate.     8vo.     6s. 
THE  POLITICS.    By  R.  D.  Hicks,  M.A,  Fellow  of  Trinity  College,  Cambridge. 

Svo.  [In  the  Preu. 

THE  POLITICS.    Translated  by  Rev.  J.  E.  0.  Welldon,  M.A,  Headmaster  of 

Harrow.    Cr.  8vo.    10s.  6d. 
THE  RHETORIC.    Translated  by  the  same.    Cr.  Svo.    7s.  6d. 
AN  INTRODUCTION  TO  ARISTOTLE'S  RHETORIC.    With  Analysis,  Notes, 

and  Appendices.    By  E.  M.  Cope,  Fellow  and  late  Tutor  of  Trinity  College, 

Cambridge.    Svo.    148. 
THE  NIOOMACHEAN  ETHICS.    Translated  by  Rev.  J.  B.  C.  Wfxi.don,  M.A. 

Cr.  Svo.    7s.  6d. 
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THE  SOPHISTICI  ELEXCHL    With  Translation.    By  E.  Poste,  M.A.,  FeUow 

of  Oriel  College,  Oxford.     Svo.     8s.  64. 
ON  THE  CONSTITUTION  OF  ATHENS.    By  J.  E.  Saxdts,  Litt.D.    Svo.    15s. 
ON  THE  CONSTITUTION  OF  ATHENS.    Translated  by  K  Poste,  M.A-    2nd 

Ed.     Cr.  Svo.     3s.  6d. 

ON    THE    ART    OF    POETRY.      A   Lecture.      By   A.   O.   Pbickard,  M.A., 

Fellow  and  Tutor  of  New  College,  Oxford.    Cr.  Svo.    3s.  6d. 

ATTIO  OBATORS.— FROM  ANTIPHON  TO  ISAEOS.    By  R.  0.  Jebb,  LittD., 

Regius  Professor  of  Greek  in  the  Uniyersity  of  Cambridge.    2  vols.    Svo.    2oa. 

BABRIDS.— With  Lexicon.     By  Rev.  W.  G.  RijTHKKroKD,  M.A.,  LL.D.,  Head- 

master  of  Westminster.    S\o.    12s.  Cd. 
CATXJLLUS.    By  Prof.  Akthtr  Palmeb.  [In  preparation. 

CICEBO.— THE  ACADEMICA.    By  J.  S.  Reid,  LittD.,  Fellow  of  Caiaa  CoUege, 
Cambridge.    Svo.    15s. 
THE  ACADEMICS.    Translated  by  the  same.    Svo.    5s.  6d. 
SELECT  LETTERS.    After  the  Edition  of  Albert  Watson,  M.A.    Translated 
by  G.  E.  Jeans,  M.A.,  Fellow  of  Hertford  College,  Oxford.    Cr.  Svo.    10s.  6d. 
EUBrPHJES.— MEDEA.    By  A.  W.  Verkaix,  Litt.D.    Svo.    7s.  6d. 
IPHIGENEIA  AT  AULTS.     By  E.  B.  Englakd,  Litt.D.     Svo.     7s.  6d. 
'INTRODUCTION   TO   THE  STUDY  OF   EURIPIDES.       By  Professor  J.  P. 
Mahaitt.     Fcap.  Svo.     Is.  6d.     (dassical  Writers.) 
HEitODOTDS.— BOOKS   I.-III.     THE  ANCIENT  EMPIRES  OP    THE   EAST. 
By  A.  H.  Sayck,  Deputy-Professor  of  Comparative  Philology  in  the  University 
of  Oxford.    Svo.    16s. 
BOOKS  IV.-IX.    By  R.  W.  Macan,  M.A.,  Reader  in  Ancient  History  in  the 
Universitv  of  Oxford.    Svo.  [In  preparation. 

THE  HISTORY.    Translated  by  G.  C.  Macacuit,  M.A.    2  vols.    Cr.  Svo.    ISs. 
HOMEB.— THE  ILIAD.    By  Waltzb  Leat,  LittD.    Svo.    Books  L-XIL    14s. 
Books  XIII.-XXIV.     14s. 
COMPANION  TO  THE  ILIAD  FOR  ENGUSH  READERa     By  the  same. 

Cr.  Svo.     7s.  6d. 
THE  ILIAD.    Translated  into  English  Prose  by  Andrew  Laso,  M.A.,  Walter 

Leaf,  LittD.,  and  Ernest  Mters,  M.A,     Cr.  Svo.     12s.  6d. 
THE  ODYSSEY.     Done  into  English  by  S.  H.  Bctcber,  M.A,  Professor  of 
Greek  in  the  University  of  Edinburgh,  and  Axdbew  Laso,  M.A.    Cr.  Svo.    6s. 
•INTRODUCTION  TO  THE  STUDY  OF  HOMER.     By  the  Right  Hon.  W.  E. 

Gladstone.     ISmo.     Is.     {Literature  Primers.) 
HOMERIC  DICTIONARY.    Translated  from  the  German  of  Dr.  G.  Altexbicth 
by  R.  P.  Keep,  Ph.D.    Dlustrated.    Cr.  Svo.    6s. 
HORACE.— Translated  by  J.  Lonsdale,  M.A.,  and  S.  Lee,  M.A.    Gl.  Svo.    3s.  6.1. 
JTJVENAL.— THIRTEEN  SATIRES  OF  JU\'ENAL.      By  John  E.  B.  Mator, 
M.A.,  Professor  of  Latin  in  the  University  of  Cambridge.    Cr.  Svo.    2  vols. 
10s.  6d.  each. 
THIRTEEN  SATIRES.    Translated  by  Alex.  Leepeb,  M.A.,  LL.D.,  Warden  of 
Trinity  College,  Melbourne.     Reviseil  Ed.     Cr.  Svo.     3s.  6d. 
KTESIAS.— THE  FRAGMENTS  OF  THE  PEEISIKA  OF  KTESIA8.     By  Johh 

Gilmore,  M.A.    Svo.    8s.  6d. 
LIVT.— BOOKS  L-rV.    Translated  by  Rev.  H.  M.  Stephekson,  M.A.        [In  prep. 
BOOKS  XXI.-XXV.    Translated  by  A.  J.  Chijbch,  M.A.,  and  W.  J.  Brodribb, 

M.A.     Cr.  Svo.     7s.  6d. 
•INTRODUCTION  TO  THE  STUDY  OP  LTTY.    By  Rev.  W.  W.  Capes,  M.A. 
Fcap.  Svo.     Is.  6d.    (Classieal  Writers.) 
LONGINUS.— ON  THE  SUBLIME.     Translated  bv  H.  L.  Havell,  B.A.    With 

Introduction  by  Andrew  Land.     Cr.  Svo.    4s.  M. 
MARTIAL.— BOOKS  I.  and  IL  OP  THE  EPIGRAJIS.     By  Prof.  Johk  E.  B. 
Mayor,  M.A.     Svo.  {In  the  Press. 

MELEAGER— FIFTY  POEMS  OF  MELEAGER    Translated  by  Walter  Head- 

LAM.     Fcap.  4to.     7s.  6d. 
PAUSANIAS.— DESCRIPTION    OF   GREECE.      Translated  with  Commentary 
bv  J.  G.  Frazeb,  M.A..  Fellow  of  Trinity  College,  Camuri'J;;e.  [Inprev. 

PHBYNICHUS.— THE  NEW  PHRYNICHUS ;  being  a  Revised  Text  of  the  Ecloga 
of  the  Grammarian  Phrynichus.  With  Introduction  and  Commentary  by  Rev. 
W.  G.  Ri-THERFORD,  M.A.,  LL.D.,  Headmaster  of  Westminster.    Svo.    ISs. 


8  GREEK  AND  LATIN  CLASSICS 

PINDAR.— THE  EXTANT  ODES  OF  PINDAR.    Translated  by  Ernest  Myers, 

M.A.     Or.  8vo.     6s. 

THE    OLYMPIAN    AND  PYTHIAN  ODES.     Edited,   with  an  Introductory 

Essay,  by  Basil  Gildebsleeve,  Professor  of  Greek   in  the  Johns  Hopkins 

University,  U.S.A.    Cr.  8vo.    78.  6d. 

THE    NEMEAN    ODES.    By  J.  B.  Bubt,  M.A.,  Fellow  of  Trinity  College, 

Dublin.     8vo.     12.s. 
THE  ISTHMIAN  ODES.     By  the  same  Editor.    8vo.    128.  6d. 
PLATO.— PH>EDO.    By  R.  D.  Archer-Hind,  M.A.,  Fellow  of  Trinity  College, 
Cambridge.    8vo.    8s.  6d. 
FUMDO.    By  Sir  W.  D.  Qeddes,  LL.D.,  Principal  of  the  University  of  Aberdeen. 

8vo.     8s.  6d. 
TIMABUS.     With  Translation.    By  R.  D.  Archer-Hind,  M.A.    8vo.    16s. 
THE  REPUBLIC  OF  PLATO.    Translated  by  J.  Ll.  Davies,  M.A.,  and  D.  J. 

Vauohan,  M.A,     18mo.     2s.  6d.  net. 
EUTHYPHRO,   APOLOGY,  CRITO,  AND    PH^DO.     Translated  by  P.  J. 

Church.     18mo.    2s.  6d.  net. 
PH.KDRUS,  LYSIS,  AND  PROTAGORAS.     Translated  by  J.  Wrioht,  M.A. 
18mo.    2s.  6d.  net. 
PLAUTUS.— THE  MOSTELLARIA.    By  William  Ramsay,  M.A.    Ed.  by  G.  G. 

Ramsay,  M.A.,  Professor  of  Humanity,  University  of  Glasgow.    8vo.    14s. 
PLINY.— CORRESPONDENCE    WITH   TRAJAN.      C.   Plinii    Caecilii    Secundl 
Epistulse  ad  Traianum  Imperatorem  cum  Biusdem  Responsis.     By  E.   G. 
Hardy,  M.A.     8vo.     10s.  6d. 
POLYBIUS.— THE  HISTORIES  OF  POLYBIUS.     Translated  by  B.  S.  Shuck- 
burgh,  M.A.     2  vols.     Cr.  8vo.     24s. 
SALLUST.— CATILINE  AND  JUGURTHA.    Translated  by  A.  W.  Pollard,  B.  A. 

Cr.  8vo.     6s.     THE  CATILINE  (separately).     8s. 
SOPHOCLES.- (EDIPUS  THE  KING.    Translated  into  English  Verse  by  E.  D.  A. 

Morshead,  M.A.,  Assistant  Master  at  Winchester.     Fcap.  8vo.     3s.  6d. 
TACITUS.— THE  ANNALS.    By  G.  O.  Holbrooke,  M.A.,  Professor  of  Latin  in 
Trinity  College,  Hartford,  U.S.A.    With  Maps.    8vo.    163. 
THE  ANNALS.    Translated  by  A.  J.  Church,  M.A.,  and  W.  J.  Bbodribb,  M.A. 

With  Maps.     Cr.  8vo.     7s.  Cd. 
THE  HISTORIES.    By  Rev.  W.  A.  Spooner,  M.A.,  Fellow  and  Tutor  of  New 

College,  Oxford.    8vo.    16s. 
THE  HISTORY.    Translated  by  A.  J.  Church,   M.A.,  and  W.  J.  Brodbibb, 

M.A.     With  Map.     Cr.  8vo.     6s. 
THE  AGRICOLA  AND  GERMANY,  WITH  THE  DIALOGUE  ON  ORATORY. 

Translated  by  the  same.     With  Maps.     Cr.  8vo.     4s.  6d. 
♦INTRODUCTION  TO  THE  STUDY  OF  TACITUS.    By  A.  J.  Church,  M.A., 
and  W.  J.  Brodribb,  M.A.     Fcap.  8vo.     Is.  6d.     (Classical  Writers.) 
THEOCRITUS,  BION,  AND  MOSCHUS.    Translated  by  A.  Lano,  M.A.    18mo. 

2s.  M.  net.     Also  an  Edition  on  Large  Paper.     Cr.  8vo.     9s. 
THUCYDIDES.— BOOK  IV.     A  Revision  of  the  Text,  Illustrating  the  Principal 
Causes  of  Corruption  in  the  Manuscripts  of  this  Author.    By  Rev.  W.  G. 
Rutherford,  M. A.,  LL.D.,  Headmaster  of  Westininster.    8vo.    7s.  6d. 
BOOK  VIIL    By  H.  C.  Goodhart,  M.A.,  Professor  of  Latin  in  the  University 
of  Edinburgh.  [In  the  Press. 

VIRGIL.— Translated  by  J.  Lonsdale,  M-A.,  and  S.  Lee,  M.A.    Gl.  8vo.    8s.  6d. 
THE  ^NEID.    Translated  by  J.  W.  Mackail,  M.A.,  Fellow  of  Balliol  College, 
Oxford.     Cr.  8vo.     7s.  6d. 
XENOPHON.— Translated  by  H.  G.  Dakyns,  M.A.    In  four  vols.    Cr.  8vo.    Vol.  L 
"The  Anabasis"  and  "The  Hellenica  I.  and II."   10s.  6d.    Vol.  IL  "Hellenica" 
HI. -VII.  "  Agesilaus,"  the  "  Polities,"  and  "Revenues."    10s.  6d. 

GRAMMAR,  COMPOSITION,  &  PHILOLOGY. 
Latin. 

•BELCHER.— SHORT  EXERCISES  IN  LATIN  PROSE  COMPOSITION  AND 
EXAMINATION  PAPERS  IN  LATIN  GRAMMAR.  Part  I.  By  Rev.  H. 
Bblchsb,  LL.D.,  Rector  of  the  High  School,  Dunedin,  N.Z.    18mo.    Is.  6d. 
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KEY,  for  Teachers  only.    ISmo.    3s.  6d. 

•Part  II.,  On  the  Syntax  of  Sentences,  with  an  Appendix,  including  EXERCISES 
Ijr  LATI^"  IDIOMS,  etc  ISmo.  25.  KEY,  for  Teachers  only.  18mo.  3a. 
•BR YANS.— LATIN  PROSE  EXERCISES  BASED  UPON  CJISARS  GALLIC 
WAR.  With  a  Classification  of  Csesar's  Chief  Phrases  and  Grammatical  Notes 
on  Caesar's  Usages.  By  Clejtcnt  Bbta>-s,  M.A.,  Assistant  Master  at  Dnlwich 
College.  Ex.  fcap.  8to.  2s.  6d.  KEY,  for  Teachers  only.  43.  6d. 
CORNELL  UinVERSITY  STUDIES  IN  CLASSICAL  PHILOLOGT.    Edited  by 

1.  Flaog,  W.  G.  Hale,  and  B.  I.  Wheixeb.    I.  The  crJf-Constmctions :  their 
History  and  Functions.    ByW.  G.Hale.    Part  1.  Critical,    ls.8d.net    Part 

2.  Constructive.    3s.  4d.  net.    II.  Analogy  and  the  Scope  of  its  Application 
in  Language.    By  B.  I.  Wheeler,    Is.  3d.  net. 

•EICKE.— FIRST  LESSONS  IN  LATIN.    By  K.  M.  Eicke,  B.A.,  Assistent  Master 

at  Oundle  School.    Gl.  8vo.    2s.  6d. 
•ENGLAND.— EXERCISES  ON  LATIN  SYNTAX  AND  IDIOM.     ARRANGED 

WITH   REFERENCE  TO   ROBY'S  SCHOOL  LATIN   GRAMMAR.     By  E. 

B.  EsGLAND,  Assistant  Lecturer  at  the  Owens  College,  Manchester.   Cr.  8vo. 

2s.  6d.     KEY,  for  Teachers  only.    2s.  6d. 
GILES.— A  SHORT  MANUAL  OF  PHILOLOGY  FOR  CLASSICAL  STUDENTS 

By  P.  Giles,  M.  A.,  Reader  in  Comparative  Philolc^y  in  the  University  of  Cam 

bridge.    Cr.  8vo.  [In  the  Press. 

HADLEY.— ESSAYS,  PHILOLOGICAL  AND  CRITICAL.     By  James  Hadlet, 

late  Professor  in  Yale  College.    8ro.    16s. 
HODGSON.— MYTHOLOGY  FOR  LATIN  VERSIFICATION.    Fables  for  render 

ing  into  Latin  Verse.    By  F.  Hodgson,  B.D.,  late  Provost  of  Eton.    New  Ed, 

revised  by  F.  C.  Hodgson,  M.A.    ISmo.    3s. 
JANNARIS.— HISTORICAL  GRAMMAR  OP  THE  GREEK  LANGUAGE.    By 

Prof.  A.  N.  Jannaris,     8vo.  [In  preparation. 

LUPTON.— •AN   INTRODUCTION   TO  LATIN    ELEGIAC  VERSE  COMPOSI- 
TION.   By  J.  H.  LtTTON,  Sar-Mast«r  of  St.  Paul's  School.    GL  8vo.    23.  6d, 

KEY  TO  PART  II.  (XXV. -C.),  for  Teachers  only.     Gl.  Svo.     3s.  6.1. 
•AN   INTRODUCTION  TO  LATIN  LYRIC  VERSE   COMPOSITION.     By  the 

game.    Gl.  Svo.    Ss.    KEY,  for  Teachers  only.    GL  Svo.    4s.  6d. 
•MACMILLAN.— FIRST   LATIN    GRAMMAR,      By  M.  C.    Macmillax,    M.A, 

Fcap.  8to.     Is.  6d. 
MACMTT.T.AN'S  LATIN  COURSE. 
•FIRST  PART.    By  A,  M.  Cook,  M.A.,  Assistant  Master  at  St  Paul's  SchooL 

Gl.  8vo.     3s.  6d. 
•SECOND  PART.    By  A.  M.  Cook,  M.  A.,  and  W.  E.  P.  Pantik,  M.A-    New  and 

Enlarged  Edition.    Gl.  Svo.    4s.  6«i. 
•MACMn.T.AN'S  SHORTER  LATIN  COURSE.— By  A.  M.  Cook,  M.A.  Abridgment 

of  "  Macmillan'g  Latin  Course,"  First  Part,   GL  Svo.    Is.  6d.    [2nd  Part  in  prep. 
KEY,  for  Teachers  only.     4s.  6d. 
•MACMILLAN'S  LATIN  READER.— A  LATIN  READER  FOR  THE  LOWER 

FORMS  IN  SCHOOLS.    By  H.  J.  Hardy,  M.A,,  Assistant  Master  at  Win- 
chester.    Gl.  Svo.     2s.  6d. 
NIXON.— PARALLEL  EXTRACTS,  Arranged  for  Translation  into  English  and 

Latin,  with  Notes  on  Idioms.    By  J.  B.  Nixon,  M.A,,  Fellow  and  Classical 

Lecturer,   King's  College,  Cambridge.     Part  I. — Historical  and  Epistolary. 

Cr.  8vo.     3s.  6d. 
PROSE  EXTRACTS,  Arranged  for  Translation  into  English  and  Latin,  with 

General  and  Special  Prefaces  on  Style  and  Idiom.   By  the  same.   I.  OratoricaL 

II.    Historical.     III.  PhilosophicaL     IV.  Anecdotes  and  Letters.     2nd   Ed., 

enlarged  to  280 pp.   Cr.  Svo.   43.  6d.   SELECTIONS  FROM  THE  SAME.    2s.  6d. 
Translations  of  about  70  Extracts  can  be  supplied  to  Schoolmasters  (28.  6d,X 

on  application  to  the  Author  :  and  about  40  similarly  of  "Parallel  Extracts." 

Is.  6d.  post  free. 
•PANTTN.— A  FIRST  LATIN  VERSE   BOOK,     By  W.   E.  P.   Pantts,  M.A 

Assistant  Master  at  St.  Paul's  SchooL    GL  Svo.    Is.  6d. 

KEY,  for  Teachers  only.    4s.  net. 
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•PEILE.— A  PRIMER  OF  PHILOLOGY.     By  J.  Peile,  Litt.D.,  Master  of  Christ's 

College,  Cambridge.    ISmo.    Is. 
•POSTGATE.— SF.RMO  LATINUS.    A  short  Guide  to  Latin  Prose  Composition. 

By  Prof.  J.  P.  PosTOATE,  Litt.D.,  Fellow  of  Trinity  College,  Cambridge.    GL 

8vo.    2s.  6d.    KEY  to  "  Selected  Passages."    Gl.  8vo.    3s.  6d. 
POTTS.— *HINTS  TOWARDS  LATIN  PROSE  COMPOSITION.    By  A.  W.  Potts, 

M.A.,  LL.D.,  late  Fellow  of  St.  John's  College,  Cambridge.   Ex.  fcap.  8vo.   3r. 
•PASSAGES  FOR  TRANSLATION  INTO  LATIN  PROSE.  Edited  with  Notes  and 

References  to  the  above.   Ex.  fcap.  8to.   2s.  6d.    KEY,  for  Teachers  only.  2a.  6d. 
"PRESTON.— EXERCISES  IN  LATIN  VERSE  OF  VARIOUS  KINDS.    By  Rev. 

G.  Preston.    Gl.  8vo.    2s.  6d.    KEY,  for  Teachers  only.    GL  8vo.    5s. 
REID.— A  GRAMMAR  OF  TACITUS.    By  J.  S.  Beid,  Litt.D.,  Fellow  of  Cains 

College,  Cambridge.  [In  preparation. 

A  GRAMMAR  OF  VIRGIL.    By  the  same.  [In  preparation. 

ROBY.— Works  by  H.  J.  Robt,  M.A.,  late  Fellow  of  St.  John's  College,  Cambridge. 

A  GRAMMAR  OF  THE  LATIN  LANGUAGE,  from  Plautus  to  Suetonius.     Part 

I.      Sounds,  Inflexions,  Word-formation,   Appendices.   Cr.  8vo.    9s.    Part  II. 

Syntax,  Prepositions,  etc.     10s.  6d. 
»SCHOOL  LATIN  GRAMMAR.     Cr.  Svo.     6s. 
ROBY— WILKINS.    AN  ELEMENTARY  LATIN  GRAMMAR.    By  H.  J.  Robt, 

M.A.,  and  Prof.  A.  S.  Wilkins,  LittD.    Gl.  Svo.    23.  6d. 
•RUSH.— SYNTHETIC  LATIN  DELECTUS.    With  Notes  and  Vocabulary.    By  E. 

Rush,  B.A.    Ex.  fcap.  Svo.    2s.  6d. 
♦RUST.— FIRST  STEPS  TO  LATIN  PROSE  COMPOSITION.    By  Rev.  G.  Rust, 

M.A.    18mo.    Is.  6d.    KEY,  for  Teachers  only.    ByW.  M.Yates.    18mo.    3s.  6d. 
SHUCB3URGH.— PASSAGES  FROM  LATIN  AUTHORS  FOR  TRANSLATION 

INTO  ENGLISH.    Selected  with  a  view  to  the  needs  of  Candidates  for  the 

Cambridge  Local,  and  Public  Schools'  Examinations.    By  E.  8.  Shuckbdroh, 

M.A.     Cr.  Svo.     2s. 
'SIMPSON.  — LATIN  PROSE  AFTER  THE  BEST  AUTHORS  :  Caesarian  Prose- 

By  F.  P.  Simpson,  B.A.    Ex.  fcap.  Svo.     2s.  6d.    KEY,  for  Teachers  only.    58. 
STRACHAN  — WILKINS.- AN ALECTA.      Selected   Passages    for  Translation. 

By  J.  S.  Strachan,  M.A.,  Professor  of  Greek,  and  A.  8.  Wilkins,  Litt.D., 

Professor  of  Latin,  Owens  College,  Manchester.    Cr.  Svo.    In  two  parts,  2s.  6d. 

each.    Indexes  to  Greek  and  Latin  passages,  6d.  each. 
THRING.— A  LATIN  GRADUAL.   By  the  Rev.  E.  Thrino,  M.A.,  late  Headmaster 

of  Uppingham.    A  First  Latin  Construing  Book.    Fcap.  Svo.     2s.  6d. 
A  MANUAL  OF  MOOD  CONSTRUCTIONS.     Fcap.  Svo.     Is.  fid. 
•WELCH— DUFFIELD.— LATIN  ACCIDENCE  AND  EXERCISES  ARRANGED 

FOR  BEGINNERS.    By  W.  Welch  and  C.  G.  Duffield.    ISmo.  Is.  6d. 
WRIGHT.— Works  by  J.  Wright,  M.A. ,  late  Headmaster  of  Sutton  Coldfleld  School. 
A  HELP  TO  LATIN  GRAMMAR ;  or,  the  Form  and  Use  of  Words  in  Latin, 

with  Progressive  Exercises.     Cr.  Svo.     4s.  6d. 
THE  SEVEN  KINGS  OF  ROME.    An  Easy  Narrative,  abridged  from  the  First 

Book  of  Livy  by  the  omission  of  Difficult  Passages  ;  being  a  First  Latin  Read- 
ing Book,  with  Grammatical  Notes  and  Vocabulary.     Fcap.  Svo.     8s.  6d. 
FIRST    LATIN    STEPS;    or,    AN    INTRODUCTION     BY    A    SERIES    OF 

EXAMPLES  TO  THE  STUDY  OF  THE  LATIN  LANGUAGE.    Cr.  Svo.    38. 
A  COMPLETE  LATIN  COURSE,  comprising  Rules  with  Examples,  Exercises, 

both  Latin  and  English,  on  each  Rule,  and  Vocabularies.    Cr.  Svo.    2s.  6d. 

Greek. 

BLACKIE.— GREEK  AND  ENGLISH  DIALOGUES  FOR  USE  IN  SCHOOLS 
AND  COLLEGES.    By  John  Stuart  Blackie,  Emeritus  Professor  of  Greek 
in  the  University  of  Edinburgh.    New  Edition.    Fcap.  Svo.    2s.  6d. 
A  GREEK  PRIMER,  COLLOQUIAL  AND  CONSTRUCTIVE.    Cr.  Svo.    2s.  6d. 

BRYANS.— GREEK   PROSE    EXERCISES  based   upon    Thucydides.       By  0. 
Bryans,  M.A.  [/n  preparation. 

GILES.— See  under  Latin. 
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OOODWTN.— Works  by  W.  W.  GooDwrs,  LL.D.,  D.C.L.,  Professor  of  Greek  in 
Harvard  Univeraity. 
SYNTAX  OF  THE  MOODS  AND  TENSES  OF  THE  GREBE  VBRB.    New 

Ed.,  reidsed  «nd  enlarged.    8to.    14s. 
•A  GREEK  GRAMMAR.     Or.  8vo.     68. 
•A  GREEK  GRAi[MAR  FOR  SCHOOLS.    Cr.  8vo.    3s.  6d. 
HADLET. — See  under  Latin. 

HADLEY— ALLEN.— A  GREEK  GRAIDI AR  FOR  SCHOOLS  AND  COLLEGES. 
By  James  Hadltt,  late  Professor  in  Tale  College.    Revised  by  F.  de  F.  Axles, 
Professor  in  Harvard  College.    Cr.  8vo.    6s. 
♦JACKSON.— FIRST  STEPS  TO  GREEK  PROSE  COMPOSITION.   By  Blomtosld 

Jacksojt,  M.A.    18mo.    Is.  6d.    KEY,  for  Teachers  only.    18mo.    3s.  6d. 
•SECOND  STEPS    TO    GREEK  PROSE   COMPOSITION,   with  Examination 
Papers.   By  the  same.   ISmo.   2s.  6d.    KEY,  for  Teachers  only.    ISrao.    3s.  6d. 
KYNASTON.— EXERCISES   IN   THE   COMPOSITION   OP   GREEK   IA3IBI0 
VERSE.    By  Rev.  H.  KTSiASTOjf,  D.D.,  Professor  of  Classics  in  the  University 
of  Durham,    With  Vocabulary.    Ex.  fcap.  8vo.    5s.    KEY,  for  Teachers  only. 
Ex.  fcap.  8vo.    4s.  6d. 
MACKIE.— PARALLEL    PASSAGES    FOR    TRANSLATION    INTO    GREEK 
AND  ENGLISH.     With  Indexes.     By  Rev.  E.  C.  Mackie,  M.A.,  Classical 
Master  at  Heversham  Grammar  SchooL    Gl.  8vo.    4s.  6d. 
MACMILLAN'S  GREEK  COiniSE.- Edited  by  Rev.  W.  G.  RuTHERjroHD,  M.A., 
LL.D.,  Headmaster  of  Westminster.     Gl.  8vo. 
•FIRST  GREEK  GRA5IMAR— ACCIDENCE.    By  the  Editor.    2i. 
•FIRST  GREEK  GRAMMAR— SYNTAX     By  the  same.     28. 
ACCIDENCE  AND  SYNTAX.    In  one  volume.    33.  6d. 
•EASY  EXERCISES  IS  GREEK  ACCIDENCE.     By  H.  G.   Ukderhili.,  M.A., 

Assistant  Master  at  St.  Paul's  Preparatory  School.     2s. 
•A  SECOND   GREEK  EXERCISE   BOOK.     By    Rev.   W.  A.   Heard,   M.A., 

Headmaster  of  Fettes  College,  Edinburgh.    2s.  6d. 
•EASY  EXERCISES  IN  GREEK  SYNTAX.      By  Rev.   G.   H.   Nall,  M.A., 

Assistant  Master  at  Westminster  School.    2s.  6d. 
MANUAL  OF  GREEK  ACCIDENCE.    By  the  Editor.  [In  prtparation. 

MANUAL  OF  GREEK  SYNTAX.    By  the  Editor.  [In  pnpanUitm. 

ELEMENTARY  GREEK  COMPOSITION.    By  the  Editor.        {In prepamtUm. 

•MACMILLAN'S  GREEK  READER STORIES  AND  LEGENDS.    A  Rrst  Greek 

Reader,  with  Notes,  Vocabulary,  and  Exercises.    By  F.  H.  Colsojt,    M.A., 
Headmaster  of  Plymouth  College.    Gl.  8vo.    3s. 
•MARSHALL.— A  TABLE  OF  IRREGULAR  GREEK  VERBS,  classified  according 
to  the  arrangement  of  Curtius's  Greek  Grammar.     By  J.  M.  Marshall,  M.A., 
Headmaster  of  the  Grammar  School,  Durham.    8vo.    Is. 
MAYOR.— FIRST  GREEK  READER.    By  Prof.  Josat  E.  B.  Mator,  M.A.,  Fellow 

of  St.  John's  College,  Cambridge.     Fcap.  8vo.     4s.  6d. 
MAYOR.— GREEK   FOR  BEGINN'ERS.     By   Rev.  J.  B.   Mayor,   M.A.,  late 
Professor  of  Cla-ssical  Literature  in  King's  College,  London.     Part  I.,  with 
Vocabulary,  Is.  6d.    Parts  II.  and  III.,  with  Vocabulary  and  Index.    Fcap. 
8vo.    33.  6d.    Complete  in  one  VoL    4s,  6d. 
NALL.— A  SHORT  LATIN-ENGLISH  DICTIONARY.    By  Rev.  G.  H.  Nali- 

[In  pnparaticm. 
A  SHORT  GREEK-ENGLISH  DICTIONARY.    By  the  same.    [In  prepaixUion. 
PEILE.— See  under  Latin. 

EUTHERFORD.— THE  NEW  PHRYNICHUS ;  being  a  Revised  Text  of  the  Ecloga 
of  the  Grammarian  Phrynich us.    With  Introduction  and  Commentary.    By  th« 
Rev.  W.  G.  RcTHERroRD,  M.A.,  LL.D.,  Headmaster  of  Westminster.    8vo.   18s. 
STRACHAN— WILKmS.— See  under  Latin. 

WHITE.- FIRST  LESSONS  IN  GREEK.  Adapted  to  Goonwn.-'s  Greek  Grax- 
MAR,  and  designed  as  an  introduction  to  the  An'abasis  or  Xexophon.  By 
Joicj  WiLLLAMs  White,  Assistant  Professor  of  Greek  in  Harvard  University, 
U.S.A.  Cr.  Svo.  3s.  6d. 
WRIGHT  —ATTIC  PRIMER.  Arranged  for  the  Use  of  Beginners.  By  J.  Wrioht 
M.A.     Ex.  fcap.  Svo.     28. 6d. 
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ARNOLD.— A  HISTORY  OF  THE  EARLY  ROMAN  EMPIRE.   By  W.  T.  Arnold, 

M.A.    Cr.  8vo.  [In  preparation. 

ARNOLD.— THE  SECOND  PUNIC  WAR.     Being  Chapters  from  THE  HISTORY 

OF  ROME  by  the   late   Thomas    Arnold,   D.D.,    Headmaster   of   Rugby. 

Edited,  with  Notes,  by  W.  T.  Arnold,  M.A.    "With  8  Maps.    Cr.  8vo.    5s. 

»BEESLY.— STORIES  PROM  THE   HISTORY  OF  ROME.     By  Mrs.  Beeslt. 

Fcap.  8vo.     2s.  6d. 
BLACKIE.— HORjE  HELLENICS.    By  John  Stuart  Blackie,  Emeritus  Pro- 
fessor of  Greek  in  the  University  of  Edinburgh.    8vo.    12s. 
BURN.— ROMAN  LITERATURE  IN  RELATION  TO  ROMAN  ART.    By  Rev. 
Robert  Burn,  M.A.,  late  Fellow  of  Trinity  College,  Cambridge.    Illustrated. 
Ex.  cr.  8vo.     143. 
BURY.— A  HISTORY  OP  THE  LATER  ROMAN  EMPIRE  FROM  ARCADIUS 
TO  IRENE,  A.D.  395-800.    By  J.  B.  Burt,  M.A.,  Fellow  of  Trinity  College, 
Dublin.    2  vols.    8vo.    .S2s. 
A  SCHOOL  HISTORY  OV  GREECE.    By  the  same.    Cr.  8vo.    [In  preparation. 
BUTCHER.— SOME  ASPECTS  OF  THE  GREEK  GENIUS.    By  S.  H.  Bdtcheb, 

M.A.,  Professor  of  Greek,  Edinburgh.    Cr.  8vo.    7s.  6d.  net. 
•CLASSICAL  WRITERS.— Edited  by  John  Richard  Green,  M.A.,  LL.D.    Fcap. 
8vo.    Is.  6d.  each. 
SOPHOCLES.    By  Prof.  L.  Campbell,  M.A. 
EURIPIDES.    By  Prof.  Mahafft,  D.D. 
DEMOSTHENES.    By  Prof.  S.  H.  Butcher,  M.A. 
VIRGIL.    By  Prof.  Nettleship,  M.A. 
LIVY.    By  Rev.  W.  W.  Capes,  M.A. 

TACITUS.    By  A.  J.  Church,  M.A.,  and  W.  J.  Brodribb,  M.A. 
MILTON.    By  Rev.  Stopford  A.  Brooke,  M.A. 
DYER.— STUDIES  OF  THE  GODS  IN  GREECE  AT  CERTAIN  SANCTUARIES 
RECENTLY  EXCAVATED.    By  Louis  Dyer,  B.  A..    Ex.  Cr.  8vo.    8s.6d.net. 
FOWLER.— THE   CITY-STATE   OF   THE   GREEKS   AND   ROMANS.     By  W. 

Warde  Fowler,  M.A.    Cr.  8vo.    5s. 
FREEMAN.— HISTORICAL  ESSAYS.    By  the  late  Edward  A.  Freeman,  D.C.L., 

LL.D.    Second  Series.    [Greek  and  Roman  History.]     8vo.     lOs.  6d. 
GARDNER.- SAMOS  AND  SAMIAN  COINS.    An  Essay.    By  Percy  Gardner, 

Litt.D.,  Professor  of  Archaeology  in  the  University  of  Oxford.    8vo.    7s.  6d. 
GEDDES.  — THE   PROBLEM   OF  THE  HOMERIC   POEMS.      By  Sir  W.  D. 

Gedde.i,  Principal  of  the  University  of  Aberdeen.    8vo.    143. 
GLADSTONE.— Works  by  the  Rt.  Hon.  W.  E.  Gladstone,  M.P. 
THE  TIME  AND  PLACE  OF  HOMER.     Cr.  8vo.     6s.  6d. 
LANDMARKS  OF  HOMERIC  STUDY.     Cr.  8vo.     2s.  6d. 
•A  PRIMER  OF  HOMER.     18mo.     Is. 
GOW.— A  COMPANION  TO  SCHOOL  CLASSICS.    By  James   Gow,   Litt.D., 

Head  Master  of  the  High  School,  Nottingham.  Illustrated.  Cr.  8vo.  6s. 
HARRISON— VERRALL.— MYTHOLOGY  AND  MONUMENTS  OF  ANCIENT 
ATHENS.  Translation  of  a  portion  of  the  "Attica"  of  Pausanias.  By 
Margaret  de  G.  Verrall.  With  Introductory  Essay  and  Archseological 
Commentary  by  Jane  E.  Harrison.  With  Illustrations  and  Plans.  Cr. 
8vo.  16i. 
HOLM.— HISTORY  OF  GREECE.    By  Professor  A.  Holm.    Translated.    4  vols. 

[In  preparation. 
JEBB.— Works  by  R.  C.  Jebb,  Litt.D.,  Professor  of  Greek  in  the  University  of 
Cambridge. 
THE  ATTIC  ORATORS  FROM  ANTIPHON  TO  ISAEOS.     2  vols.     8vo.     26s. 
♦A  PRIMER  OF  GREEK  LITERATURE.     18mo.     Is. 

LECTURES  ON  GREEK  POETRY.    Cr.  8vo.  [In  the  Press. 

KIEPERT.  — MANUAL  OF  ANCIENT  GEOGRAPHY.     By  Dr.   H.   Kiepert. 
Or.  8vo.    58. 
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LANOIAin.— ANCIENT  ROME  IN  THE  LIGHT  OF  RECENT  DISCOXTlRIEa 
By  RoDOLTO  Lajjciaki,  Professor  of  Archaeology  in  the  University  of  Rome. 
Illustrated.     4to.     24s. 
PAGAN  AND  CHRISTIAN  ROME.     By  the  same.     Illustrated.     4to.     24s. 
LEAF.— COMPANION    TO    THE    ILIAD    FOR    ENGLISH    READERS.       By 

Walter  Leaf,  LittD.    Cr.  8vo.    7s.  6d. 
MAHAFFY.— Works  by  J.  P.  MAJiArrr,  D.D.,  Fellow  of  Trinity  College,  Dublin, 
and  Professor  of  Ancieut  History  in  the  University  of  Dublin. 
SOCIAL  LIFE  IN  GREECE  ;  from  Homer  to  Menander.     Cr.  8vo.     9s. 
GREEK  LIFE  AND  THOUGHT;  from  the  Age  of  Alexander  to  the  Roman 

Conquest.     Cr.  8vo.     12s.  6d. 
THE  GREEK  WORLD  UNDER  ROMAN  SWAY.    From  Plutarch  to  Polybius. 

Cr.  8vo.     lOs.  6d. 
PROBLEMS  IN  GREEK  HISTORY.     Cr.  Sto.     7s.  6d. 

RAMBLES  AND  STUDIES  IN  GREECE.    4th  Ed.    Illnst.    Cr.  8vo.    lOs.  6d. 

A   HISTORY   OF   CLASSICAL   GREEK   LITERATURE.      Cr.   8vo.     Vol.   I. 

The  Poets.    Part  I.  Epic  and  Lyric.   Part  11.  Dramatic.    VoL  II.  Prose  Writers. 

Part  I.  Herodotus  to  Plato.    Part  II.  Isocrates  to  Aristotle.    4s.  6d.  each  Part. 

*A  PRIMER  OF  GREEK  ANTIQUITIES.     With  Illustrations.     18mo.     Is. 

MAYOR.— BIBLIOGRAPHICAL    CLUE    TO    LATIN    LITERATURE.     Edited 

after  HUbneb.     By  Prof.  Johk  E.  B.  Mayor.     Cr.  8vo.     10s.  6d. 
NEWTON.— ESSAYS  ON  ART  AND  ARCHEOLOGY.    By  Sir  Chables  Newton, 

K.C.B.,  D.C.L.     8vo.     12s.  6d. 
PATER.— PLATO   AND    PLATONISM.      By  W.   Pateb,   Fellow  of  Brasenose 

College,  Oxford.     Ex.  Cr.  Svo.     8s.  6d. 
PHILOLOGY.— THE  JOURNAL  OP  PHILOLOGY.    Edited  by  W.  A,  Wrioht, 
M.A.,  I.  BrwATER,  M.A.,  and  H.  Jackson,  Litt.D.    4s.  6d.  each  (half-yearly), 
SAYCE.— THE  ANCIENT  EMPIRES  OF  THE  EAST.     By  A.  H.  Sayce,  M.A., 

Deputy- Professor  of  Comparative  Philology,  Oxford.     Cr.  Svo.     6s. 
SCHMIDT— WHITE.       AN    INTRODUCTION    TO    THE    RHYTHMIC    AND 
METRIC  OF  THE  CLASSICAL  LANGUAGES.    By  Dr.  J.  H.  H.  Schmidt. 
Translated  by  John  Williams  White,  Ph.D.    Svo.     lOs.  6d. 
SCHREIBER^ ANDERSON.— ATLAS  OP  CLASSICAL  ARCHAEOLOGY.      By 
Th.  ScHREir.EB,  with  English  Text  by  Prof.  W.  C.  F.  Anderson.    [In  the  Press. 
SCHUCHHARDT.— DR.  SCHLIEMANNS  EXCAVATIONS  AT  TROY,  TIRYNS, 
MYCEN.E,  ORCHOMENOS,  ITHACA,  presented  in  the  light  of  recent  know- 
ledge.   By  Dr.  Carl  Schuchhardt.    Translated  by  Eugenie  Sellebs.    Intro- 
duction by  Walikb  Leaj,  Litt.D.     Elustrated.     8vo.     ISs.  net. 
SHUCKBURGH.— A  SCHOOL  HISTORY  OP  ROME.     By  E.  S.  Shcckbuboh, 
M.A.     Cr.  8vo.  [In  the  Press. 

SMITH.— A  HANDBOOK  ON  GREEK  PAINTING.    By  Cecil  Smith.     [In  prep. 
•STEWART.— THE  TALE  OF  TROY.    Done  into  English  by  Acbbet  Stewakt. 
Gl.  Svo.     3a.  6d.  [ISmo.     Is. 

*TOZER.— A  PRIMER  OF  CLASSICAL  GEOGRAPHY.     By  H.  F.  Tozeb,  M.A. 
WTLKINS.- Works  by  Prof.  Wilklns,  Litt.D.,  LL.D. 
*A  PRIMER  OF  ROMAN  ANTIQUITIES.     Illustrated.     ISmo.     Is. 
•A  PRIMER  OF  ROMAN  LITERATURE.     ISmo.     Is. 
WILKINS  — ARNOLD.  — A     MANUAL     OF     ROMAN     ANTIQUITIES.       By 
Prot  A.  S.  WiLKiss,  LittD.,  and  W.  T.  Abnold,  M.A.     Cr.  Svo.         [In  prep. 

MODERN   LANGUAGES  AND 
LITERATURE. 

English ;  French ;  German ;  Modem  Greek ;  Italian ;  Spanish. 
ENGLISH. 

•ABBOTT.— A  SHAKESPEARIAN  GRAMMAR.    An  Attempt  to  lUustrate  some 

of  the  Differences  between  Elizabethan  and  Modem  English.     By  the  Rev.  E. 

A.  Abbott,  D.D.,  formerly  Headmaster  of  the  City  of  London  School.    Ex. 

fcap.  Svo.     6s. 
•ADDISON.— SELECTIONS  FROM  "THE  SPECTATOR."     With  Introduction 

and  Notes,  by  K.  Deiohton.    GL  Svo.    2s.  6d. 
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•BACON.— ESSAYS.    With  Introduction  and  Notes,  by  F.  Q.  Selby,  M.A.,  Princi- 
pal and  Professor  of  Logic  and  Moral  Philosophy,  Deccan  College,  Pooua. 

Gl.  8vo.    3s.  ;  sewed,  2s.  6d. 
♦THE  ADVANCEMENT  OF  LEa.RNING.     Book  I.    By  the  same.    Gl.  8vo.    2s. 
BROOKE,— EARLY  ENGLISH  LITERATURE.    By  Rev.  Stopford  A.  Brooke, 

M.A.     2  vols.     8vo.     20s.  net. 
BROWNING.— A  PRIMER  ON  BROWNING.    By  F.  M.  Wilson.    Gl.  8vo.    28. 6d. 
*BDRKE.— REFLECTIONS  ON  THE  FRENCH  REVOLUTION.   By  F.  G.  Sklbt, 

M.A.     Gl.  8vo.     5s. 
BUTLER.— HUDIBRAS.    With  Introduction   and   Notes,   by  Alfred  Milses, 

M.A.     Ex.  fcap.  8vo.     Part  I.     3s.  6d.     Parts  II.  and  III.     4s.  6d. 
CAMPBELL.— SELECTIONS.  With  Introduction  and  Notes,  by  Cecil  M.  Barrow, 

M.A.,  Principal  of  Victoria  College,  Palghat.     Gl.  8vo.  [In  preparation. 

CHAUCER.— A  PRIMER  OF  CHAUCER.     By  A.  W.  Pollard,  M.A.     18mo.     Is. 
COLLINS.— THE  STUDY  OF  ENGLISH  LITERATURE:  A  Plea  for  its  Recognition 

at  the  Universities.    By  J.  Courton  Collins,  M.A.    Cr.  8vo.    4s.  6d. 
COWPER.— *THE  TASK  :  an  Epistle  to  Joseph  Hill,  Esq.  ;  Tihocinium,  or  a  Re- 
view of  the  Schools  ;  and  The  Histoby  of  John  Gilpin.    Edited,  with  Notes, 

by  W.  Benham  B.D.    Gl.  8vo.    Is. 
THE  TASK.    With  Introduction  and  Notes,  by  F.  J.  Eowe,  M.A.,  and  W.  T. 

Webb,  M.A.  [In  preparation. 

CRAIK.— ENGLISH   PROSE   SELECTIONS.     With  Critical  Introductions  by 

various  writers,  and  General  Introductions  to  each  Period.    Edited  by  Henry 

Craik,  C.B.,  LL.D.    In  5  vols.    Vol.  L  14th  to  16th  Century.    Cr.  8vo.    7s.  6d. 
DRYDEN.— SELECT  PROSE  WORKS.    Edited,  with  Introduction  and  Notes,  by 

Prof.  C.  D.  YONGE.     Fcap.  8vo.     2s.  6d. 
SELECT  SATIRES.    With  Introduction  and  Notes.    By  J.  Churton  Collins, 

M.A.    Gl.  8vo.  [In  preparation- 

•GLOBE  READERS.     Edited  by  A.  P.  Murison.    Illustrated.     GL  8vo. 
Primer  I.    (48  pp.)    3d.     Primer  II.  (48  pp.)    8d.     Book  L    (132  pp.)    8d. 

Book  II.    (136  pp.)    lOd.     Book  IIL    (232  pp.)    Is.  3d.     Book  IV.    (328  pp.) 

Is.  9d.     Book  V.    (408  pp.)    2s.     Book  VI.     (436  pp.)    2s.  6d. 
•THE  SHORTER  GLOBE  READERS.— Illustrated.    Gl.  8vo. 
Primer  I.     (48  pp.)    3d.     Primer  II.     (48  pp.)     8d.     Book  L     (132  pp.)     8d. 

Book  IL    (136  pp.)    lOd.    Book  III.    (178  pp.)    Is.     Book  IV.    (182  pp.) 

Is.    Book  V.    (216  pp.)    Is.  3d.     Book  VI.    (228  pp.)    Is.  6d. 
♦GOLDSMITH.- THE  TRAVELLER,  or  a  Prospect  of  Society  ;  and  The  Df.8erted 

Village.    With  Notes,  Philological  and  Explanatory,  by  J.  W.  Hales,  M.A. 

Cr.  8vo.     6d. 
♦THE  TRAVELLER  AND  THE  DESERTED  VILLAGE.    With  Introduction  and 

Notes,  by  A.  Barrett,  B.A.,  Professor  of  English  Literature,  Elphinstone 

College,  Bombay.    Gl.  8vo.    Is.  9d. ;  sewed.  Is.  6d.    The  Traveller  (separately). 

Is    sewed. 
♦THE  VICAR  OF  WAKEFIELD.     With   a  Memoir  of   Goldsmith,  by  Prof. 

Masson.    Gl.  8vo.    Is. 
SELECT   ESSAYS.     With   Introduction  and   Notes,   by  Prof.  C.  D.  Yonob. 

Fcap.  8vo.     2s.  6d. 
GOW.— A  METHOD  OF  ENGLISH,  for  Secondary  Schools.    Part  L    By  James 

Gow,  Litt.D.     Gl.  8vo.     23. 
♦GRAY.— POEMS.    With  Introduction  and  Notes,  by  John  Bradshaw,  LL.D. 

Gl.  8vo.    Is.  9d. ;  sewed,  Is.  6d. 
•HALES.— Works  by  J.  W.  Hales,  M.  A.,  Professor  of  English  Literature  at  King's 

College,  London. 
LONGER  ENGLISH  POEMS.    With  Notes,  Philological  and  Explanatory,  and 

an  Introduction  on  the  Teaching  of  English.    Ex.  fcap.  8vo.    4s.  6d. 
SHORTER  ENGLISH  POEMS.    Ex.  fcap.  8vo.  [In  preparation. 

♦HELPS.— ESSAYS   WRITTEN   IN  THE   INTERVALS  OP  BUSINESS.     With 

Introduction  and  Notes,   by  F.   J.   Rowe,  M.A,  and  W.  T.   Webb,   M.A. 

Gl.  8vo.    Is.  9d. ;  sewed.  Is.  6d. 
♦JOHNSON.— LIVES  OF  THE  POETS.     The  Six  Chief  Lives  (Jlilton,  Dryden, 

Swift,  Addison,  Pope,  Gray),  with  Macaulay's  "  Life  of  Johnson."    With  Pre. 

face  and  Notes  by  Matthew  Arnold.     Cr.  8vo.     4s.  6d. 
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•L!FB    OF    MILTON.       With    Introduction  and   Notes,    by    K.    Dkightok. 
Globe  8vo.     Is.  9d. 
KELLNEB.  — HISTORICAL    OUTLINES    OF    ENGLISH    SYNTAX.      By    L. 

Kellxek,  Ph.D.     Globe  8vo.     6s. 
LAMB.— TALES  FROM   SHAKESPEARE.     With  Introduction  and  Notes  by 

Rev.  A.  Aixc-ER,  LL.D.,  Canon  of  BristoL     18mo.     2s.  6d.  net 
•LITEKATiniE  PRIMERS.— Edited  by  J.  R.  Greex,  LL.D.     ISmo.    Is.  each. 
ENGLISH  GRAMMAR.     By  Rer.  R.  Morris,  LL.D. 
ENGLISH   GRAMMAR   EXERCISES.      By  R.   Morris,   LL.D.,  and    H.  C. 

BowEN,  M.A. 
EXERCISES  ON  MORRIS'S  PRIMER  OF  ENGLISH  GRAMMAR.      By  J. 

Wetherell,  M.A. 
ENGLISH  COMPOSITION.    Bv  Professor  Nichol. 
QUESTIONS   AND  EXERCISES  ON  ENGLISH  COMPOSITION.      By  Prof. 

NicHOLand  W.  S.  M'Cormick. 
ENGLISH  LITERATURE.    By  Stopford  Brooke,  M.A. 
BHAKSPERE.     By  Professor  Dowdex. 
CHAUCER.     By  A.  W.  Pollard,  M.A. 

THE    CHILDREN'S    TREASURY    OP    LYRICAL    POETRY.      Selected  and 
arransed  with  Notes  by  Fraxcis  Ttjrser  Palorave.     In  Two  Parts.    Is.  each. 
PHILOLOGY.     Bv  J.  Peile,  LittD. 
ROilAN  LITERATURE.    Bv  Prof.  A.  8.  Wilkiss,  Litt.D. 
GREEK  LITERATURE.    By  Prof.  Jebb,  Litt.D. 
HOMER.     By  the  Rt  Hon.  W.  E.  Gladston-e,  M.P. 
A  HISTORT  OF  ENGLISH  LTTERATUBE  IN  FOUR  VOLUMES.    Cr.  Svo. 
EARLY  ENGLISH  LITERATURE.  By  Stopford  Brooke,  M.A.  [In  preparation. 
ELIZABETHAN  LITERATURE.  (15»30-166o.)  By  George  Saistsbcrt.    Ts.  6d. 
EIGHTEENTH  CENTURY  LITERATURE.     (1660-1780.)    By  Edmuhd  Gossk, 

M.A.     7s.  6d. 
THE  MODERN  PERIOD.     By  Prof.  Dowden.  [7n  preparation. 

LITTLEDALE.— ESSAYS  ON  TENNYSON'S  IDYLLS  OF  THE  KING.     By  H. 
Littledale,  M.A.,  Vice-Principal  and  Professor  of  English  Literature,  Baroda 
College.     Cr.  Svo.    *s.  6d. 
MACLEAN.— ZUPITZA'S  OLD    AND   MIDDLE   ENGLISH   READER.      With 
Notes  and  Vocabulary  by  Prof.  G.  E.  Maclean.  [In  the  Press. 

*MACMILLAN'S  HISTORT  READERS.    (,See  History,  p.  43.) 
•MACMILLAN'S  READING  BOOKS. 
PRIMER.     ISmo.     (48  pp.)    2d.     BOOK  L     (96  pp.)    4d.     BOOK  IL     0**PP.) 
5d.     BOOK  III.     (ICO  pp.)    6d.     BOOK  IV.     (1"6  pp.)    Sd.     BOOK  V.    (380 
pp.)    Is.     BOOK  VL     Cr.  Svo.     (430  pp.)    2s. 
Book  VI.  is  fitted  for  Higher  Classes,  and  as  an  Introduction  to  English  Literature. 
MACMILLAN'S  RECITATION  CARDS.    Selections  from  Texstsos,  Kisosley, 
>L*.TTHEW   Arnold,   Christixa    Rossetti,    Doyle.      Annotated.      Cr.    Svo. 
Nos.  1  to  IS,  Id.  each  ;  Nos.  19  to  36,  2d.  each. 
•MACMILLAll'S  COPY  BOOK3.— 1.   Large  Post  4to.     Price  4d.  each.     2.  Post 
Oblong.    Price  2d.  each. 
Nos.  3,  4,  5,  6,  7,  8,  9  may  he  had  with  Goodman's  Patent  Sliding  Copies.     Laige 

Post  4to.     Price  6d.  each.  

MACAULAY'S  ESSAYS.— LORD  CLIVE.      With  Introduction  and  Notes  by 
K.  Deighiox.     G1.  Svo. 
WARREN  HASTINGS.     By  the  same.     Gl.  Svo. 

ADDISON.    With  Introduction  and  Notes  by  Prot  J.  W.  Hales,  M.A.    GL  Svo. 

[In  preparation. 

MARTIN.— •THE  POET'S  HOUR :    Poetry  selected  for  Children.     By  Frances 

Martin.     ISmo.     2s.  6d. 

•SPRING-TIME  WITH  THE  POETS.    By  the  same.    ISmo.    Ss.  6d- 

'MILTON.— PARADISE   LOST.       Books   I.   and   IL      With   Introduction    and 

Notes,   by  Michael    Macmillan,   B.A.,    Professor    of   English  Literatnre. 

Elphinstone  College,  Bombay.    GL  Svo.    Is.  9d.  Or  separately.  Is.  3d. ;  sewed 

•L" ALLEGRO,  IL  PENSEROSO,  LYCIDAS,  ARCADES,  SON'N'ETS,  &c  With 
Introduction  and  Notes,  by  W.  Bell,  M.A.,  Professor  of  Philosophy  and 
Logic,  Government  College,  Lahore.    GL  Svo.    Is.  9d. 
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•COMUS.    By  the  same.    Ql.  8vo.    Is.  3d. 

♦SAMSON  AG0NISTE8.    By  H.  M.  Percival,  M.  A.,  Professor  of  English  Litera- 
ture, Presidency  College,  Calcutta.    Gl.  8vo.    2s. 
•INTRODUCTION  TO  THE  STUDY  OF  MILTON.      By  Stopford  Beookb, 
M.A,     Fcap.  8vo.     Is.  6d.     {Classical  Writers.) 
MOERIS.— Works  by  the  Rev.  R.  Morris,  LL.D. 
*A  PRIMER  OF  ENGLISH  GRAMMAR.     ISmo.     Is. 

•ELEMENTARY  LESSONS   IN  HISTORICAL    ENGLISH    GRAMMAR,  con- 
taining Accidence  and  Word-Formation.     18mo.     2s.  6(1. 
•HISTORICAL  OUTLINES  OF  ENGLISH  ACCIDENCE,  with  Chapters  on  the 

Development  of  the  Language,  and  on  Word- Formation.     Ex.  fcap.  8vo.     6s. 
NICHOL— M'CORMICK.— A  SHORT  HISTORY  OF  ENGLISH  LITERATURE. 
By  Prof.  John  Nichol  and  Prof.  W.  S.  M'Cormick.  [In  preparation. 

OLIPHANT.— THE    LITERARY    HISTORY    OF    ENGLAND,  1790-1825.     By 

Mrs.  Oliphant.     8  vols.     8vo.     21s. 
OLIPHANT.— THE    OLD    AND    MIDDLE    ENGLISH.      By   T.    L.    Kinoton 
Oliphant.    2nd  Ed.    Gl.  8vo.    9s. 
THE  NEW  ENGLISH.    By  the  same.    2  vols.    Cr.  8vo.    21s. 
PALGRAVE.— THE  GOLDEN  TREASURY  OF  SONGS  AND  LYRICS.    Selected 

by  F.  T.  Palorave.    18mo.    2s.  6d.  net. 
•THE  CHILDREN'S  TREASURY  OF  LYRICAL  POETRY.     Selected  by  the 

same.    18mo.     2s.  6d.  net.     Also  in  Two  Parts.     Is.  each. 
PATMORE.  — THE    CHILDREN'S    GARLAND    FROM    THE    BEST    POETS. 

Selected  by  Coventry  Patmore.    ISmo.    2a.  6fl.  net. 
•RANSOME.— SHORT  STUDIES  OF  SHAKESPEARE'S  PLOTS.     By  Cyril 
Ransome,  M.A.,  Professor  of  Modem  History  and  Literature,  Yorkshire  College, 
Leeds.    Cr.  8vo.    33.  6d.    Also  HAMLET,  MACBETH,  THE  TEMPEST,  9d. 

•RYLAND.— CHRONOLOGICAL  OUTLINES  OF    ENGLISH  LITERATURE. 

By  F.  Ryland,  M.A.     Cr.  8vo.     6s. 
SCOTT.— *LAY  OF  THE  LAST  MINSTREL,  and  THE  LADY  OF  THE  LAKE. 

Edited  by  Francis  Turner  Palqrave.     Gl.  8vo.     Is. 
•THE  LAY  OF  THE  LAST  MINSTREL.  With  Introduction  and  Notes,  by  G.  H. 

Stuart,  M.A,,  Principal  of  Kumbakonam  College,  and  E.  H.  Elliot,  B.A. 

Gl.  8vo.  2s.  Canto  I.  9d.  Cantos  I.  to  III.  and  IV.  to  VI.  Sewed,  Is.  eacli. 
•MARMION,  and  THE  LORD  OF  THE  ISLES.  By  F.  T.  Palgrave.  GL  8vo.  Is. 
•MARMION.     With   Introduction   and   Notes,  by  Michael  Macmillan,  B.A. 

Gl.  8vo.    3s. ;  sewed,  23.  6d. 
•THE  LADY  OF  THE  LAKE.      By  G.  H.  Stuart,  M.A.      Gl.  Svo.    2s.  6d.  ; 

sewed,  2s. 
•ROKBBY.     With   Introduction    and    Notes,   by  Michael   Macmillan,   B.A. 

Gl.  8vo.    Ss. ;  sewed,  2s.  6d. 
SHAKESPEARE.— 'A  SHAKESPEARIAN  GRAMMAR.    (See  Abbott.) 
•A  PRIMER  OF  SHAKESPERB.     By  Prof.  Dowden.     18mo.     Is. 
•SHORT  STUDIES  OF  SHAKESPEARE'S  PLOTS.     (See  Ransome.) 
•THE  TEMPEST.  With  Introduction  and  Notes,  by  K.  Deighton.  Gl.  Svo.  Is.  9d. 
•MUCH  ADO  ABOUT  NOTHING.    By  the  same.    2s. 
•A  MIDSUMMER  NIGHT'S  DREAM.     By  the  same.     Is.  9d- 
•THE  MERCHANT  OF  VENICE.     By  the  same.     Is.  9d. 
•AS  YOU  LIKE  IT.    By  the  same.     Is.  9d. 
•TWELFTH  NIGHT.     By  the  same.     Is.  9d. 
•THE  WINTER'S  TALE.    By  the  same.    28. 
•KING  JOHN.    By  the  same.    Is.  9d. 
•RICHARD  II.    By  the  same.    Is.  9d. 

•HENRY  IV.— PART  I.    By  the  same.  [In  preparatioTU 

•HENRY  IV.— PART  IL    By  the  same.  [In  preparation 

•HENRY  V.    By  the  same.    Is.  9d. 

•RICHARD  IIL     By  C.  H.  Tawney,  M.A.    2s.  6d. ;  sewed,  23. 
•CORIOLANUS.     By  K.  Deiohton.    2s.  6d. ;  sewed,  2s. 

•ROMEO  AND  JULIET.     By  the  same.  [In  preparatUm. 

•JULIUS  CiESAR.    By  the  same.    Is.  9d. 
•MACBETH.    By  the  same.    Is.  9d. 
•HAMLET.    By  the  same.    2b.  6d. ;  sewed,  28. 
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•KING  LEAR.    By  the  same.    Is.  9d. 
♦OTHELLO.     By  the  same.     Ss. 

•ANTONY  AND  CLEOPATRA.     By  the  same.    2s.  6d. ;  sewed,  2s. 
♦CYMBELINE.     By  the  same.     2s.  6d. ;  sewed,  2s. 
•SONNENSCHEIN— MEIKLEJOHN.— THE  ENGLISH  METHOD  OP  TEACHING 
TO  READ.    By  A.  Soxsenschels  and  J.  M.  D.  Meikuuohx,  M.A.    Fcap.  Svo. 
THE  NURSERY  BOOK,  containing  all  the   Two-Letter  Words   in  the   Lan- 
guage.    Id.     (Also  in  Large  Type  on  Sheets  for  School  Walls.     Ss.) 
THE  FIRST  COURSE,  consisting  of  Short  Towels  with  Siagle  Consonants.    7d. 
THE  SECOND  COURSE,  with  Combinations  and  Bridges,  consisting  of  Short 

Vowels  with  Doable  Consonants.     7d. 
THE  THIRD  AND  FOURTH  COURSES,  consisting  of  Long  Vowels,  and  all 
the  Double  Vowels  in  the  Language.     7d. 
•SOUTHET.— LIFE  OF  NTILSON.     With  Introduction  and  Notes,  by  Michaxl 

Macmillak,  B.A.    G1.  Svo.     3s.  ;  sewed,  23.  6d. 
•SPENSER. -THE  FAIRIE  QUEENE.    Book  L    With  Introduction  and  Notes, 

by  H.  M.  Percivai.,  M.A.     Gl.  Svo.     3s. ;  sewed,  2s.  6d. 
TAYLOR.— WORDS  AND  PLACES ;  or.  Etymological  Illustrations  of  History, 

Ethnology,  and  Geography.     By  Rev.  Isaac  Tatlor,  LittD.     GL  Svo.     6s. 
TENNYSON.— THE  COLLECTED  WORKS.     In  4  Parts.    Cr.  8vo.    2s.  6d.  each. 
♦TENNYSON  FOR  THE  YOUNG.    Edited  by  the  Rev.  Alfred  Actger,  LL.D., 

Canon  of  BristoL     ISmo.     Is.  net. 
•SELECTIONS  FROM  TEN'NYSON.     With  Introduction  and   Notes,  bv  F.  J. 
RowE,  M.A.,  and  W.  T.  Webb,  M.A     New  Ed.,  enlarged.     Gl.  Svo.    Ss.  6d. 
or  in  two  parts.     Part  I.  2s.  6d.     Part  II.  2s.  6d. 
•ENOCH  ARDEN.     By  W.  T.  Webb,  M.A.     GL  Svo.     2s.  6d. 
•AYLMERS  FIELD.     By  W.  T.  Webb,  M.A.     2s.  6d. 
•THE  PRINCESS  ;   A  MEDLEY.     By  P.  M.  Wallace,  3LA.     3s.  6d. 
•THE  COMING  OF  ARTHUR,  and  THE  PASSING  OF  ARTHUR.     By  F.  J. 

RowF.,  M.A.     Gl.  Svo.     2s.  6d. 
*GARETH  AND  LYNETTE.    By  G.  C.  Macaulat,  M.A.    Globe  Svo.    2s.  6d. 
*GERAINT  AND  ENID,  and  THE    MARRIAGE  OF  GERAJNT.     By  G.   C. 

>tACArLAY,  M.A.    GL  Svo.    2s.  6d. 
*THE  HOLY  GRAIL.     By  G.  C.  Macaulat,  M.A.     23.  6d. 
THRING.— THE  ELEMENTS  OF  GRAMMAR  TAUGHT   IN  ENGLISH.      By 

Edwabd  TnRr>o,  M.A.    With  Questions.    4th  Ed.     ISmo.    2s. 
•VAUGHAN.— WORDS  FROM  THE  POETS.    By  C.  M.  Vauohaji.    ISmo.     Is. 
WARD.- THE  ENGLISH  POETS.     Selections,  with    Critical  Introductions  by 
various  Writers.    Edited  by  T.  H.  Ward,  M.A.    4  Vols.    VoL  I.  Chaucer  to 
DoJiKE. — Vol.  n.  Bes  Joxsos  to  Drvdes. — Vol.  III.  Addisos  to  Blake. — 
Vol.  rv.  Wordsworth  to  Rometti.    2nd  Ed.    Or.  Svo.    "a.  6d.  each. 
WARD— A  HISTORY  OF   ENGLISH    DRAMATIC   LITERATURE,  TO   THE 
DEATH  OF  QUEEN  ANNE.     By  A.  W.  Ward,  Litt.D.,  Principal  of  Owens 
College,  Manchester.     2  vols.     Svo.  [New  Ed.  in  preparolion. 

WOODS.— ♦A  FIRST  POETRY  BOOK.    By  M.  A.  Woods.     Fcap.  Svo.    2s.  6d. 
•A  SECOND  POETRY  BOOK    By  the  same.   4s.  6d . ;  or.  Two  Parts.   2s.  6d.  each. 
♦A  THIRD  POETRY  BOOK.     By  the  same.    4s.  6d. 
HYMNS  FOR  SCHOOL  WORSHIP.     By  the  same.    ISmo.    Is.  6d. 
WORDSWORTH.— SELECTIONS.    With  Introduction  and  Notes,  by  F.  J.  Rows, 
M.A.,  and  W.  T.  Webb,  M.A.     Gl.  Svo.  [In  preparation. 

YONGE.— *A  BOOK  OF  GOLDEN  DEEDS.    By  Chablottk  H.  Yonob.    ISma 
2s.  6d.  net. 

FRENCH. 

BEAUMARCHAIS.- LE   BARRIER    DE    SEVILLE.      With    Introduction    and 

Notes,  by  L.  P.  Blocet.     Fcap.  Svo.    3s.  6d. 
•BOWEN. -FIRST  LESSONS  EN  FRENCH.    By  H.  Courthope  Bowex,  M.A. 

Ex.  fcap.  Svo.     Is. 
BEEYMANN.— FIRST  FRENCH  EXERCISE  BOOK.     By  Her3Xa>-x  Brktmajts, 
Ph.D.,Profes30rof  Philology  in  the  University  of  Munich.   Ex.  fcap.  Svo.   4s.  6d. 
SECOND  FRENCH  EXEBCISB  BOOK.    By  the  sama.    Ex.  fcap.  Sto.    Ss.  6d. 

C 


18  MODERN  LANGUAGES  AND  LITERATURE 

FASNACHT.— Works  by  G.  E.  Pasnacht,  late  Assistant  Master  at  Westminster. 
THE  ORGANIC  METHOD  OF  STUDYING  LANGUAGES.     Ex.  fcap.  8vo.     I. 

French.     3s.  6(1. 
A  FRENCH  GRAilMAR  FOR  SCHOOLS.     Cr.  8vo.     Ss.  6d. 
GRAMMAR    AND  GLOSSARY  OF  THE   FRENCH   I^ANGUAGE   OP    THE 
SEVENTEENTH  CENTURY.     Cr.  8vo.  [In  irreparation. 

STUDENT'S  HANDBOOK  OF  FRENCH  LITERATURE.  Cr.  8vo.  {In the, Press. 
MACMILLAN'S  PRIMARY  SERIES  OF  FRENCH  READING  BOOKS.— Edited  by 
G.  E.  Fasnacht.     Illustrations,  Notes,  Vocabularies,  and  Exercises.     Gl.  8vo. 
»FRENCH  READINGS  FOR  CHILDREN.     By  G.  B.  Fasnacht.     Is.  6d. 
»CORNAZ— NOS  ENFANTS  ET  LEURS  AMIS.     By  Edith  Harvey.     Is.  6d.  . 
♦DE  MAISTRE— LA  JEUNE  SIBERIENNE  ET  LE  LfiPREUX  DE  LA  CITE 

D'AOSTE.     By  Stephane  Barlet,  B.Sc.     Is.  M. 
•FLORIAN— FABLES.    By  Rev.  Charles  Y'eld,  M.A.,  Headmaster  of  University 

School,  Nottingham.     Is.  6d. 
*LA  FONTAINE— A  SELECTION  OP  FABLES.     By  L.  M.  Moriartt,  B.A., 

Assistant  Master  at  Harrow.     2s.  6d. 
•MOLESWORTH— FRENCH  LIFE  IN  LETTERS.  ByMrs.MoLESWOBTH.  Is.  (id. 
*PERRAULT— CONTES  DE  FEES.     By  G.  E.  Fasnacht.     Is.  M. 
•SOUVESTRE— UN  PHILOSOPHE  SOUS  LES  TOITS.     By  L.  M.  Moriartt, 
B.A.  [In  the  Press. 

MACMILLAN'S  PROGRESSIVE  FRENCH  COURSE.— By  G.  E.  Pasnacht.    Ex. 
fcap.  8vo. 
*FiRST  Year,  Easy  Lessons  on  the  Regular  Accidence.    Is. 
*Second  Year,  an  Elementary  Grammar  with  Exercises,  Notes,  and  Vocabu- 
laries.   2s. 
♦Third  Y'ear,  a  Systematic  Syntax,  and  Lessons  in  Composition.    2s.  6d. 
THE   TEACHER'S   COMPANION   TO   THE    ABOVE.      With  Copious  Notes, 
Hints  for  Different  Renderings,  Synonyms,  Philological  Remarks,  etc.     By  G. 
E.  Fasnacht.     Ex.  fcap.  8vo.     Each  Year,  4s.  6d. 
♦MACMILLAN'S   FRENCH   CGMPOSITIGN.- By    G.    E.    Fasnacht.      Part   I. 
Elementary.     Ex.  fcap.  8vo.     2s.  6d.     Part  II.     Advanced.     Cr.  8vo.     5s. 
THE  TEACHER'S  COMPANION  TO  THE  ABOVE.      By  G.  E.   Fasnacht. 

Ex.  feap.  8vo.     Part  I.     4s.  6d.     Part  II.     5s.  net. 
A  SPECIAL  VOCABULARY    TO    MACMILLAN'S  SECOND    COURSE    OF 
FRENCH  COMPOSITION.     By  the  Same.  [In  the  Press. 

MACMILLAN'S  PROGRESSIVE  FRENCH  READERS.    By  G.  E.  Fasnacht.    Ex. 
fcap.  8vo. 
*FiR8T  Year,  containing  Tales,  Historical  Extracts,  Letters,  Dialogues,  Ballads, 
Nursery  Songs,  etc.,  with  Two  Vocabularies :  (1)  in  the  order  of  subjects ; 
(2)  in  alphabetical  order.     With  Imitative  Exercises.     2s.  6d. 
♦Second  Year,  containing  Fiction  in  Prose  and  Verse,  Historical  and  Descriptive 
Extracts,  Essays,  Letters,  Dialogues,  etc.     With  Imitative  Exercises.     2s.  M. 
MACMILLAN'S  FOREIGN  SCHOOL  CLASSICS.    Ed.  by  G.  E.  Fasnacht,    18mo. 
♦CORNEILLE- LE  CID.     By  G.  B.  Fasnacht.     Is. 

*DUMAS— LES  DEMOISELLES  DE  ST.  CYR.    By  Victor  Oqer,  Lecturer  at 
University  College,  Liverpool.     Is.  6d. 
LA  FONTAINE'S  FAB  LES.     By  L.  M.  Moriarty,  B.A.  [In  preparation. 

*M0LI£RE— L'AVARE.     By  the  same.     Is. 

♦MOLlfiRE- LE  BOURGEOIS  GENTILHOMME.     By  the  same.     la.  6d. 
•MOLIERE— LES  FBMMES  SAV ANTES.     By  G.  E.  Fasnacht.     Is. 
*M0LI6RE—LE  MISANTHROPE.     By  the  same.     Is. 
•MOLIERE— LE  MEDECIN  MALQRB  LUI.     By  the  .same.     Is. 
♦MOLlfiRE— LES  PRECIEUSES  RIDICULES.     By  the  same.     Is. 
•RACINE— BRITANNICUS.     By  E.  Pellissier,  M.A.     2s. 
♦FRENCH  READINGS  FROM  ROMAN  HISTORY.      Selected    from  various 

Authors,  by  0.  Colbeck,  M.A.,  Assistant  Master  at  Harrow.    4s.  Cd. 
♦SAND,   GEORGE— LA   MARE  AU   DIABLB.       By    W.    E.     Rcsseli.,   M.A. 

Assistant  Master  at  Haileybury.     Is.    • 
•SANDBAU,   JULES- MADEMOISELLE    DE    LA  SEIGLIERB.      By  H.    a 

Steel,  Assistant  Master  at  Winchester.     Is.  6d. 
•VOLTAIRE— CHARLES  XII.    By  Q.  B.  Fasnacht.    8s.  6d. 
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•MASSON.— AOOMPENDIOUS  DICTION  ART  OP  THE  FRENCH  LANGUAGE. 

Adapted  from  the  Dictionaries  of  Prof.  A.  Elwall.    By  G.  Massos.     Cr.  8to. 
3s.  til. 
LA  LYRE  FRANQAISE.    Selected  and  arranged  with  Notes.    ISmo.    2s.  6d.  net 
MOLIERE.— LE  MALADE  IMAGINAIRE.     With  Introduction  and  Notes,  by  P. 

Takvek,  M.A.,  Assistant  Master  at  Eton.     Fcap.  Svo.     2s.  6d. 
PAYKE.— COMMERCIAL  FRENCH.    By  J.  B.  Patnk,  King's  College  School, 
London.     GL  Svo.  [In  preparation, 

•PELUSSIEB.— FRENCH    ROOTS  AND   THEIR    FAMILIES.      A   Synthetic 
Vocabulary,  based  upon  Derivations.      By  E.  Pellissikk,  H.A.,  Assistant 
Master  at  Clifton  College.     Gl.  Svo.     6b. 
♦STORM.— FRENCH  DIALOGUES.    A  Systematic  Introduction  to  the  Grammar 
and  Idiom  of  spoken  French.    By  Joh.  Storm,  LL.D.    Intermediate  Course 
Translated  by  G.  Macdokald,  M.A.     Cr.  8ro.     •is.  6d. 

GERMAN. 

•BEHAGHEL.— A    SHORT    HISTORICAL    GRAMMAR   OP   THE    GERMAN 
LANGUAGE.     By  Dr.  Otto  Behaghel.    Translated  by  Emil  TKECHiUjrN, 
M.A,  Ph.D.,  University  of  Sydney.     GL  Svo.    3s.  6d. 
BUCHHEUt— DEUTSCHE  LYRIK.    The  Golden  Treasury  of  the  best  German 
Lvrical  Poems.     Selected  by  Dr.  Bcchheim.     ISmo.     2s.  6d.  net. 
BALLADEN  UND  ROMANZEN.     Selection  of  the  best  German  Ballads  and 
Romances.    By  the  same.     ISmo.    2s.  6d.  net. 
HUSS.— A   SYSTEM   OF  ORAL  INSTRUCTION  IN  GERMAN,   by  means  of 
Progressive  Illustrations  and  Applications  of  the  leading  Rules  of  Grammar. 
By  H.  C.  O.  Huss,  Ph.D.    Cr.  Svo.     5s. 
MACMHiLAN'S  PRIMARY  SERIES  OF  GERMAN  BEADING  BOOKS.    Edited 
bv  G.  E.  Fassacht.     With  Notes,  Vocabularies,  and  Exercises.    GL  Svo. 
•GRIMM— KINDER  LTsD  HAUSM.\RCHEN.     By  G.  E.  Fasjacht.     2s.  6d. 
•HAUFF— DIE  KARA  VANE.     Bv  HERStAi*  Hagek,  Ph.D.     33. 
*HAUFF— DAS  WIRTHSHAUS  IM  SPE.SSART.  By  G.  E.  Fassacht.  [InthePrtss. 
•SCHMID,  CHR.  VON— H.  VON  EICHENFELS.     By  G.  E.  Fasnacht.     2s.  6d. 
MACMH.T.AN'S  PROGRESSIVE  GERMAN  COURSE.     By  G.  E.  Fasxacht.     Ex. 
fcap.  Svo. 
♦First  Year,     Easy  Lessons  and  Rules  on  the  Regular  Accidence.    Is.  6d. 
•Secoxd  Year.     Conversational  Lessons  in  Systematic  Accidence  and  Elementary 
Syntax.     With  Philological  lUustrations  and  Vocabulary.     3s.  6d. 

[Third  Y'ear,  in  the  Prts*. 

THE  TEACHERS   COMPANION  TO   THE   ABOVE.      With   copious   Notes, 

Hints  for  Different  Renderings,  Synonyms,  Philological  Remarks,  etc    By  G. 

E.  Fassacht.     Ex.  fcap.  Sva    Each  Year.    4s.  6d- 

MACTVm.TiAN'S  GERMAN  CX)MPOSITION.     By  G.  E.  Fasnacht.    Ex.  fcap.  Sva 

*L  FIRST  COURSE.    Parallel  German-English  Extracts  and  Parallel  English- 

German  Svntax.     2s.  6d. 
THE   TEACHERS  COMPANION  TO  THE  ABOVK      By  G.  E.  Fassacht. 
First  Cocrse.     Gl.  Svo.     4s.  6d. 
MACMILLAN'S  PROGRESSIVE  GERMAN  READERS.    By  G.  E.  Pasxacht.    Er. 
fcap.  Svo. 
*Fibst  Year,  containing  an  Introduction  to  the  German  order  of  Words,  with 
Copious  Examples,  extracts  from  German  Authors  in  Prose  and  Poetry ;  Notes, 
and  Vocabularies.    2s.  6d. 
MACMILLAN'^POREIGN  SCHOOL  CLASSICS.— Edited  by  G.  B.  FASSAcm.  18ma 
♦GOETHE— GOTZ  VON  BERLICHINGEN.     By  H.  A.  Bull,  M.A.     2s. 
♦GOETHE— FAUST.     Part  L,  followed  by  an  Appendix  on  Part  H.     By  Jajtk 
Lee,  Lecturer  in  German  Literature  at  Newnhin  College,  Cambridge.     4s.  6d. 
•HEINE— SELECTIONS  FROM  THE  REISEBILDER  ANT)  OTHER  PROSE 

WORKS.     By  C.  Colbeck,  M.A,  Assistant  Master  at  Harrow.     2s.  6d. 
•SCHILLER-SELECTIONS  FROM  SCHILLER'S  LYRICAL  POEMS.     With  a 

Memoir.     By  E.  J.  Tcrser,  B.A.,  and  E.  D.  A.  Morshead,  M.A,     2s.  6d. 
•SCHILLER— DIE  JUNGFRAU  VON  ORLEANS.  By  Joskph  Gowwick.    2s.M 
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•SCHILLER— MARIA  STUART.    By  0.  Sheldon,  D.Litt.    2g.  fld. 

•SCHILLER— WILHELM  TELL.     By  G.  E.  Fasnacht.     2s.  6d. 
•SCHILLER— WALLENSTEIN,  DAS  LAGER.     By  H.  B.  Cotterill,  M.A.     2g. 
♦UHLAND— SELECT  BALLADS.    Adapted  for  Beginners.     With  Vocabulary. 

By  G.  E.  Fasnacht.    Is. 
•PTLODET.— NEW  GUIDE  TO  GERMAN  CONVERSATION ;  containingan  Alpha- 
betical List  of  nearly  800  Familiar  Words  ;  followed  by  Exercises,  Vocabulary, 
Familiar  Phrases  and  Dialogues.     By  L.  Pylodet.     18mo.     2s.  6(1. 
•SMITH.— COMMERCIAL  GERMAN.    By  P.  C.  Smith,  M.A.    Gl.  8vo.     3s.  6d. 
WHITNEY.— A  COMPENDIOUS  GERMAN  GRAMMAR.     By  W.  D.  Whitney, 
Professor  of  Sanskrit  and  Instructor  in  Modern  Languages  in  Yale  College. 
Cr.  8vo.     4s.  6d. 
A  GERMAN  READER  IN  PROSE  AND  VERSE.    By  the  same.    With  Notes 
and  Vocabulary.     Cr.  8vo.     5s. 
•WHITNEY  — EDGREN.— A  COMPENDIOUS  GERMAN  AND  ENGLISH  DIC- 
TIONARY.   By  Prof.  W.  D.  Whitney  and  A.  H.  Edqren.    Cr.  8vo.    58, 
THE  GERMAN-ENGLISH  PART,  separately,  3s.  6d. 

MODERN  GREEK. 

CONSTANTINIDES.— NEO-HELLENICA.  Dialogues  illustrative  of  the  develop- 
ment of  the  Greek  Languaj:?.    ByProf.  M.  CoNSTANTiNiDES.    Cr.  8vo.    6s.net. 

VINCENT— DICKSON.— HANDBOOK  TO  MODERN  GREEK.  By  Sir  Edgar 
Vincent,  K.C.M.G.,  and  T.  G.  Dickson,  M.A.  With  Appendix  on  the  relation 
of  Modern  and  Classical  Greek  by  Prof.  Jebb.    Cr.  8vo.    63. 

ITALIAN. 

DANTE.— With  Translation  and  Notes,  by  A.  J.  Butleb,  M.A. 

THE  HELL.     Cr.  8vo.     123.  6d. 

THE  PURGATORY.     2nd  Ed.     Cr.  8vo.     12s.  6d. 

THE  PARADISE.     2nd  Ed.     Cr.  8vo.     12s.  6d. 

READINGS  ON  THE  PURGATORIO  OP  DANTE.  Chiefly  based  on  the  Com- 
mentary of  Benvenuto  Da  Imola.  By  Hon.  W.  Warren  Vernon,  M.A.  With 
Introduction  by  Dean  Church.    2  vols.    Cr.  8vo.    24s. 

THE  DIVINE  COMEDY.  Transl.  by  C.  B.  Norton.  I.  HELL.  IL  PURGA- 
TORY.   III.  PARADISE.    Cr.  8vo.    63.  each.    THE  NEW  LIFE.    Cr.  8vo.    5s. 

THE-PURGATORY.    Translated  by  C.  L.  Shadwell,  M.A.  Ex.  Cr.  8vo.  lOs.  net. 

COMPANION  TO  DANTE.  By  Professor  Scartazzini.  Translated,  by  A.  J. 
Bdtler,  M.A.    Cr.  8vo.  [In  the  Press. 

SPANISH. 

OALDERON.— FOUR  PLAYS  OP  CALDERON.  El  Principe  Constante,  La  Vida 
es  Sueno,  El  Alcalde  de  Zalamea,  and  El  Escondido  y  La  Tapada.  With  Intro- 
duction and  Notes.     By  Norman  MacColl,  M.A.    Cr.  8vo.    14s. 

DELBOS.— COMMERCIAL  SPANISH.   By  Prof.  Delbos.  GLSvo.  [In preparation. 

MATHEMATICS. 

Arithmetic,  Book-keeping,  Algebra,  Euclid  and  Pure  Geometry,  Geometrical 
Drawing,  Mensuration,  Trigonometry,  Analytical  Geometry  (Plane  and 
Solid),  Problems  and  Questions  In  Mathematics,  Higher  Pure  Mathe- 
matics, Mechanics  (Statics,  Dynamics,  Hydrostatics,  Hydrodynamics :  see 
also  Physics),  Physics  (Sound,  Light,  Heat,  Electricity,  Elasticity,  Attrao- 
tions,  &c.),  Astronomy,  Historical. 

ARITHMETIC. 

•ALDIS.— THE  GREAT  GIANT  ARITHMOS.  A  most  Elementary  Arithmetic 
for  Children.    By  Mary  Steadman  Alois.    Illustrated.    Gl.  8vo.    28.  6d. 

•BRADSHAW.— A  COURSE  OF  EASY  ARITHMETICAL  EXAMPLES  FOR 
BEGINNERS.  By  J.  G.  Bradshaw,  B.  A.,  Assiatent  Master  at  Clifton  CoUege. 
QL  Sto.     28.    With  Answers,  28.  6d. 
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•BROOESMITH.— ARITHMETIC  IN  THEORY  A>T)  PBACTICB.    By  J.  Bboox- 

SMiTH,  M.A-    Cr.  8vo.    4s.  6d.    KEY,  for  Teachers  only.    Crown  Svo.    10s.  6d. 

•BEOOKSMTTH.— ARITHMETIC  FOR  BEGINNERS.     By  J.  and  E.  J.  Bbook- 

SMITH.    Gl.  Svo.     Is.  W.    KEY,  for  Teachers  only.    Or.  Svo.    6s.  6d. 
OAITOLEE.— HELP  TO  ARITHMETIC.    For  the  use  of  Schools.    By  H.  CAJTDLrB, 
Mathematical  Master  of  Uppingham  School.    2nd  Ed.    Ex.  fcap.  Svo.    2s.  6d. 
•(X)LLAR.— NOTES  ON  THE  METRIC  SYSTEM.     By  Geo.  Coixab,  B.A.,  B.Sc 

GL  Svo.     3d. 
♦DALTON.— RULES  AND  EXAMPLES  IN  ARITHMETIC.     By  Rev.  T.  Daltos, 

M.A.,  Senior  Mathematical  Master  at  Eton.     With  Answers.     ISmn.     23.  6d. 

•GOTEN.— HIGHER  ARITHMETIC   AND    ELEMENTARY   MENSURATION. 

By  P.  GoYEN.     Cr.  Svo.     5s.  [KEY,  Jutu  1893. 

»HALL  — KNIGHT.  — ARITHMETICAL    EXERCISES    AND    EXAMINATION 

PAPERS.      With   an  Appendix  containing  Questions   in  Logarithms  and 

MESStTRATiON.      By  H.  S.  Haix,  M.A.,  Master  of  the  Military  Side,  Clifton 

College,  and  S.  R.  Knight,  B.A.,  M.B.,  Ch.B.     Gl.  Svo.     23.  6d. 

HUNTEB.— DECIMAL  APPROXIMATIONS.    By  H.  St  J.  Hitoteb,  M.  A.,  Fellow 

of  Jesus  College,  Cambridge.    ISmo.     Is.  6d. 
JACKSON.— COMMERCIAL  ARITHMETIC.  ByS.  Jackson,  M.A.  GLSvo.  38.6d. 
LOCK. — Works  by  Rev.  J.  B.  Lock,  M.A.,  Senior  Fellow  and  Bursar  of  Gonville 
and  Cains  College,  Cambridge. 
•ARITHMETIC  FOR  SCHOOLS.    With  Answers  and  1000  additional  Examples 
for  Exercise.    4th  Ed.,  revised.    GL  Svo.    4s.  6d.    Or,  Part  L    23.    Part  I L    38. 
KEY,  for  Teachers  only.     Cr.  Svo.     lOa.  6d. 
•ARITHMETIC  FOR  BEGINNERS.    A  School  Class-Book  of  Commercial  Arith- 
metic.   Gl.  Svo.    2s.  6d.    KEY,  for  Teachers  only.    Cr.  Svo.    Ss.  6d. 
•A  SHILLING  BOOK  OF  ARITHMETIC,  FOR  ELEMENTARY  SCHOOLS. 
ISino.    Is.     With  Answers.    Is.  6d.  [KEY  in  <A«  Press. 

LOCK— COLLAR.  — ARITHMETIC   FOR   THE   STANDARDS.     By  Rev.  J.  B. 
Lock,  M.A.,  and  Geo.  Collar,  B.A.,  B.Sc.    Standards  I.  II.  III.  and  IV., 
2d.  each  ;  Standards  V.  VI.  and  VII.,  3d.  each.     Answers  to  I.  IL  III.  IV., 
3d.  each  ;  to  V.  VI.  and  VII.,  4d.  each. 
MACMILLAN'S  MENTAL  ARITHMETIC.    For  the  Standards.     Containing  6000 

Questions  and  Answers.     Standards  I.  II.,  6d. ;  III.  IV.,  6d.  ;  V.  VI.,  6d. 
•PEDLEY.— EXERCISES  IN  ARITHMETIC,   containing  70OO  Examples.     By 

S.  Fedlet.     Cr.  Svo.     5s.     Also  in  Two  Parts,  2s.  6d.  each. 
SMITH.— Works  by  Rev.  Baknard  Smith,  M.A. 

•ARITHMETIC  FOR  SCHOOLS.     Cr.  Svo.    4s.  6d.    KEY,  for  Teachers,    8s.  6d. 
EXERCISES   IN  ARITHMETIC.     Cr.  Svo.     23.     With  Answers,  23.  6d.     An- 
swers separately,  6d. 
SCHOOL  CLASS-BOOK  OF  ARITHMETIC.    ISmo.     3s.      Or  separately,  in 

Three  Parts,  Is.  each.     KEYS.     Parts  L  IL  and  IIL,  2s.  6d.  each. 
SHILLING   BOOK  OF  ARITHMETIC.     ISmo.     Or  separately.  Part  L,  2d.  ; 
Part  II.,  3d. ;  Part  HI,,  7d.    Answers,  6d.    KEY,  for  Teachers  only.    ISmo. 
4s.  6d. 
•THE  S.\ME,  with  Answers.    ISmo,  cloth.     Is.  6d. 
EXAMINATION   PAPERS  IN  ARITHMETIC.     ISmo.     Is.  6d.     The  Same, 

with  Answers.     ISmo.     2s.     Answers,  6d.     KEY.     ISmo.     4s.  6d. 
THE  METRIC  SYSTEM  OF  ARITHMETIC,  ITS  PRINCIPLES  AND  APPLI- 
CATIONS, with  Numerous  Examples.     ISmo.     3d. 
A  CHART  OF  THE  METRIC  SYSTEM,  on  a  Sheet,  size  42  in.  by  34  in.  on 

Roller.    New  Ed.     Revise-l  bv  Geo.  Collar,  B.A.,  B.Sc.     4s.  6d. 
EASY  LESSONS  IN  ARITHMETIC,  combining  Exercises  in  Reading,  Writing, 

Spelling,  and  Dictation.     Part  I.    Cr.  Svo.    9d. 
EXAMINATION  CARDS  IN  ARITHMETIC.     With  Answers  and  Hints. 
Standards  I.  and  II.,  in  box.  Is.    Standards  III.  IV.  and  V.,  in  boxes,  la.  each. 
Standard  VI.  in  Two  Parts,  in  boxes.  Is.  each. 
SMITH  (BARNARD)— HUDSON.— ARITHMETIC   FOR   SCHOOLS.      By  Rev. 
Barnard  Smith,  M.A.,  revised  by  W.  H.  H.  Hudson,  M.A.,  Prot  of  Mathe- 
matics, King's  CoUege,  London.    Cr.  Svo.    4i.  6d. 
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BOOK-KEEPING-. 

•THORNTON.— FIRST  LESSONS  IN  BOOK-KEEPING.    By  J.  Thornton.     Or. 
8vo.     2s.  6d.     KEY.     Oblong  4to.     lOs.  6d. 
•PRIMER  OF  BOOK-KEEPING.     18mo.     Is.     KEY.     Demy  8vo.     2s.  6d. 
•EASY  EXERCISES  IN  BOOK-KEEPING.     ISmo.     Is. 
•ADVANCED  BOOK-KEEPING.  [In  preparation. 

ALGEBRA. 

»D ALTON.— RULES  AND  EXAMPLES  IN  ALGEBRA.     By  Rev.  T.  Dalton. 
Senior  Mathematical  Master  at  Eton.     Part  I.     ISmo.     2s.     KEY.     Cr.  Svo. 
7s.  6d.     Part  II.     ISino.     2s.  6d. 
DUPUIS.— PRINCIPLES  OF   ELEMENTARY  ALGEBRA.     By  N.  P.  Dupuis, 
M.A.,  Professor  of  Mathematics,  University  of  Queen's  College,  Kingston, 
Canada.    Cr.  Svo.    6s. 
HALL— KNIGHT.— Works  by  H.  S.  Hall,  M.A.,  Master  of  the  Military  Side, 
Clifton  College,  and  S.  R.  Knioht,  B.A.,  M.B.,  Ch.B. 
•ALGEBRA  FOR  BEGINNERS.     Gl.  Svo.     2s.     With  Answers.     2s.  6d. 
•ELEMENTARY  ALGEBRA  FOR  SCHOOLS.     6th  Ed.    Gl.  Svo.    8s.  6d.    With 

Answers,  4s.  6d.     Answers,  Is.     KEY,  for  Teachers  only.     8s.  6d. 
•ALGEBRAICAL  EXERCISES  AND   EXAMINATION  PAPERS.     To  accom- 
pany ELEMENTARY  ALGEBRA.     2nd  Ed.,  revised.     Gl.  Svo.     2s.  6d. 
•HIGHER  ALGEBRA.     4th  Ed.     Cr.  Svo.     7s.  6d.      KEY.     Cr.  Svo.     10s.  6d. 
•JARMAN.— ALGEBRAIC    FACTORS.    By  J.  Abbot  Jarman.     Gl.  Svo.    28. 

With  Answers,  2s.  6d. 
♦JONES— CHEYNE.— ALGEBRAICAL  EXERCISES.     Progressively  Arranged. 
By  Rev.  C.  A.  Jones  and  C.  H.  Cheyne,  M.A.,  late  Mathematical  Masters 
at  Westminster  School.    ISmo.    2s.  6d. 
KEY,  for  Teachers.    By  Rev.  W.  Paile.s,  M.A.    Cr.  Svo.    7s.  6d. 
SMITH. — Works  by  Charles    Smith,  M.A.,   Master  of  Sidney  Sussex  College, 
Cambridge. 
•ELEMENTARY  ALGEBRA.    2nd  Ed.,  revised.    Gl.  Svo.    48.  6A.    KEY,  for 

Teachers  only.     Cr.  Svo.     10s.  6d. 
•A  TREATISE  ON  ALGEBRA.   4th  Ed.  Cr.  Svo.   7s.  6d.    KEY.   Cr.  Svo.    10s.  6d. 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 
♦ALGEBRA  FOR  BEGINNERS.     ISmo.     2s.  6d.     KEY.     Cr.  Svo.     6s.  6d. 
•ALGEBRA  FOR  COLLEGES  AND  SCHOOLS.     By  Isaac  Todhunter,  F.R.S. 
Cr.  Svo.     7s.  6d.     KEY,  for  Teachers.     Cr.  8vo.     10s.  6d. 

EUCLID  AND  PURE  GEOMETRY. 

COCKSHOTT— WALTERS.— A  TREATISE  ON  GEOMETRICAL  CONICS.  By 
A.  CoCKSHOTT,  M.A.,  Assistant  Master  at  Eton,  and  Rev.  F.  B.  Walters, 
M.A.,  Principal  of  King  William's  College,  Isle  of  Man.     Cr.  Svo.     5s. 

CONSTABLE.— GEOMETRICAL  EXERCISES  FOR  BEGINNERS.  By  Samuel 
Constable.     Cr.  Svo.     3s.  6d. 

CUTHBERTSON.— EUCLIDIAN  GEOMETRY.  By  Francis  Cuthbertson,M. A., 
LL.D.     Ex.  fcap.  Svo.     4s.  6d. 

DAY.— PROPERTIES  OF  CONIC  SECTIONS  PROVED  GEOMETRICALLY. 
By  Rev.  H.  G.  Day,  M.A.  Part  I.  The  Ellipse,  with  an  ample  collection  of 
Problems.    Cr.  Svo.    3s.  6d. 

•DEAKIN.— RIDER  PAPERS  ON  EUCLID.  BOOKS  I.  and  1L  By  Rupert 
Deakin,  M.A.     ISmo.    Is. 

DODGSON. — Works  by  Charles  L.  Dodoson,  M.A.,  Student  and  late  Mathematical 
Lecturer,  Christ  Church,  Oxford. 
EUCLID,  BOOKS  I.  and  II.     6th  Ed.,  with  words  substituted  for  the  Alge- 
braical Symbols  used  in  the  1st  Ed.     Cr.  Svo.     2s. 
EUCLID  AND  HIS  MODERN  RIVALS.     2iid  Ed.     Cr.  Svo.     6s. 
CURIOSA  MATHEMATICA.     Part  I.     A  New  Theory  of  Parallels.     Srd  Ed. 
Cr.  Svo.    2s.    Part  II.    Pillow  Problems.    Cr.  Svo.  [Immediately. 

DREW.— GEOMETRICAL  TREATISE  ON  CONIC  SECTIONS.  By  W.  H. 
Drew,  M.A.    New  Ed.,  enlargeiL    Cr.  Svo.    6s. 
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DUPDIS.— ELEMENTAKY  SYNTHETIC  GEOMETRY  OF  THE  POINT,  LINE 
AND  CIRCLE  IN  THE  PLANE.  By  N.  F.  Dcpuis,  M.  A.,  Professor  of  Mathe- 
matics, University  of  Queen's  College,  Kingston,  Canada.    Gl.  8vq.    48.  6d. 

•HALL— STEVENS.— A  TEXT-BOOK  OF  EUCLID'S  ELEMENTS.  Including 
Alt«mative  Proofs,  with  additional  Theorems  and  Exercises,  classified  and 
arranged.  By  H.  S.  Hall,  M.A.,  and  F.  H.  Stevens,  M.A.,  Masters  of  the 
MUitary  Side,  Clifton  College.  Gl.  8vo.  Book  I.,  Is.;  Books  L  and  IL,  Is. 
6d.;  Books  I.-IV.,  3s.;  Books  III.-IV.,  2s. ;  Books  III.-Vl.,  3s.;  Books  V.-VL 
and  XI.,  2s.  6d.;  Books  L-VI.  and  XL,  4s.  6d.;  Book  XL,  Is.  KEY  to  Books 
L-IV.,  6s.  6d.     KEY  to  VI.  and  XL,  3s.  6d.     KEY  to  I.-VL  and  XL,  8s.  6d. 

HALSTED.— THE  ELEMENTS  OF  GEOMETRY.  By  G.  B.  Halsted,  Professor 
of  Pure  and  Applied  Mathematics  in  the  University  of  Texas.     Svo.     123.  6d. 

HAYWABD.— THE  ELEMENTS  OF  SOLID  GEOMETRY.  Bv  R.  B.  Hatwabd, 
M.A.,  F.R.S.     Gl.  Svo.     3s. 

LACHLAN.— AN  ELEMENTARY  TREATISE  ON  MODERN  PURE  GEO- 
METRY.    By  R.  Lachlan,  M.A.     Svo.     9s. 

♦LOCK.— THE  FIRST  BOOK  OF  EUCLID'S  ELEMENTS  ARRANGED  FOR 
BEGINNERS.    By  Rev.  J.  B.  Lock,  M.A.     Gl.  Svo.    Is.  Gd. 

MILNE— DAVIS.— GEOMETRICAL  CONICS.  Part  L  The  Parabola.  By  Rev. 
J.  J.  MiLXE,  M.A.,  and  R.  F.  Davis,  M.A.     Cr.  Svo.     2s. 

MUKHOPADHAYA.— GEOMETRICAL  CONIC  SECTIONS.  By  Asutosh  Muk- 
HOPADHAVA,  M.A.  [Rtody  shortly. 

•EJCHARDSON.— THE  PROGRESSIVE  EUCLID.  Books  L  and  II.  With  Notes, 
Exercises,  and  Deductions.    Edited  by  A.  T.  Richabdsos,  M.A. 

SMITH.— GEOMETRICAL  CONIC  SECTIONS.  By  Chakles  Skith,  M.A.,  Master 
of  Sidnev  Sussex  College,  Cambridge.  [In  the  Press. 

SMITH— INTRODUCTORY  MODERN  GEOMETRY  OF  POINT,  RAY,  AND 
CIRCLE.  By  W.  B.  Smith,  A.M.,  Ph.D.,  Professor  of  Mathematics,  Missouri 
University.     Cr.  Svo.     5s. 

SYLLABUS  OF  PLANE  GEOMETRY  (corresponding  to  Euclid,  Books  I.-VL>— 
Prepared  by  the  Association  for  the  Improvement  of  Geometrical  Teaching. 
Cr.  Svo.     Sewed.     Is. 

SYLLABUS  OF  MODERN  PLANE  GEOMETRY.— Prepared  by  the  Association 
for  the  Improvement  of  Geometrical  Teaching.     Cr.  Svo.     Sewed.     Is. 

•TODHUNTER.— THE  ELEMENTS  OF  EUCLID.  By  I.  Todhuxteb,  F.R.S. 
ISmo.     3s.  6d.     *Book3 1,  and  II.     Is.     KEY.     Cr.  Svo.     6s.  6d. 

WEEKS.— EXERCISES  IN  EUCLID,  GRADUATED   AND  SYSTEMATIZED. 

By  W.  Weeks,  Lecturer  in  Geometry,  Training  College,  Exeter.    ISmo.    2s. 

WILSON. — Works  by  Archdeacon  Wilson,  M.  A.,  late  Headmaster  of  Clifton  College. 
ELEMENTARY    GEOMETRY.      BOOKS    I.-V.      (Corresponding    to   Euclid. 
Books  I.-VL)    Following  the  Syllabus  of  the  Geometrical  Association.    Ex. 
feap.  Svo.     4s.  6d. 
SOLID  GEOMETRY  AND  CONIC  SECTIONS.     With  Appendices  on  Trans- 
versals and  Harmonic  Division.    Ex.  fcap.  Svo.    3s.  6d. 

GEOMETRICAL  DRAWING. 

EAGLES.— CONSTRUCTIVE   GEOMETRY   OF  PLANE   CURVES.      By  T.  H. 

Eagle-S,  M.A.,  Instructor,  Roy.  Indian  Engineering  ColL     Cr.  Svo.     12s. 
EDGAR  —  PRITCHAED.  —  NOTE  -  BOOK     ON      PRACTICAL     SOLID     OR 

DESCRIPTIVE  GEOMETRY.     Containing  Problems  with  help  for  Solutions. 

Bv  J.  H.  Edgar  and  G.  S.  Pritchabd.     4th  Ed.     Gl.  Svo.     4s.  6d. 
'KITCHENER.— A  GEOMETRICAL  NOTE-BOOK     Containing  Easy  Problems 

in  Geometrical  Drawing.     By  F.  E.  Kitchener,  M.A.     4to.     2s. 
MILLAR.- ELEMENTS  OF  DESCRIPTIVE  GEOMETRY.     By  J.  B.  Millar, 

Lecturer  on  Engineering  in  the  Owens  College,  Manchester.     Cr.  Svo.     6s. 
PLANT.— PRACTICAL  PLANE  AND  DESCRIPTIVE  GEOMETRY.     By  E.  C. 

Plajtt.    Globe  Svo.  [In  preitaration. 

MENSURATION. 

STEVENS.— ELEitENTARY  MENSURATION.  With  Exercises  on  the  Mensura- 
tion of  Plane  and  Solid  Figures.    By  F.  H.  Stevkns,  M.A,    Gl.  Svo.     [In  prep. 
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TEBAY.— ELEMENTARY  MENSURATION    FOR  SCHOOLS.     By  8.  Tebay. 

Ex.  fcap.  8vo.     8s.  6d. 
*TODHUNTER.— MENSURATION  FOR  BEGINNERS.     By  Isaac  Todhunteb 

F.R.S.    ISmo.    2s.  6d.    KEY.    By  Rev.  Fr.  L.  McCarthy.    Cr.  8vo.   78.  6d. 

TRIG-ONOMETRY. 

BOTTOMLEY.— FOUR-FIGURE  MATHEMATICAL  TABLES.  Comprising  Log- 
arithmic and  Trigonometrical  Tables,  and  Tables  of  Squares,  Square  Roots, 
and  Reciprocals.  By  J.  T.  Bottomlky,  M.A.,  Lecturer  in  Natural  Philosophy 
in  the  University  of  Glasgow.     8vo.     2s.  6d. 

HAYWARD.— THE  ALGEBRA  OF  CO-PLANAR  VECTORS  AND  TRIGONO- 
METRY.    By  R.  B.  Hayward,  M.A.,  F.R.S.     Cr.  8vo.     8s.  6d. 

JOHNSON.— A  TREATISE  ON  TRIGONOMETRY.  By  W.  E.  Johnson,  M.A., 
late  Mathematical  Lecturer  at  King's  College,  Cambridge.    Cr.  8vo.    8s.  6d. 

JONES.— LOGARITHMIC  TABLES.  By  Prof.  G.  W.  Jones,  Cornell  University. 
8vo.    4s.  6d.  net. 

*LEVETT  — DAVISON.— THE  ELEMENTS  OP  PLANE  TRIGONOMETRY. 
By  Rawdon  Levett,  M.A.,  and  C.  Davison,  M.A.,  Assistant  Masters  at  King 
Edward's  School,  Birmingham.     Gl.  8vo.     6s.  6d. ;  or,  in  2  parts,  3s.  6d.  each. 

LOCK. — Works  by  Rev.  J.  B.  Lock,  M.A.,  Senior  Fellow  and  Bursar  of  Gonville 
and  Caius  College,  Cambridge. 
♦THE  TRIGONOMETRY  OF  ONE  ANGLE.     Gl.  8vo.     28.  6d. 
•TRIGONOMETRY  FOR  BEGINNERS,  as  far  as  the  Solution  of  Triangles.    3rd 

Ed.     Gl.  8vo.     2s.  6d.     KEY,  for  Teachers.     Cr.  8vo.     tis.  6d. 
•ELEMENTARY  TRIGONOMETRY.     6th  Ed.     GL   Svo.     4s.   6d.     KEY,   for 

Teachers.    Cr.  8vo.    8s.  6d. 
HIGHER  TRIGONOMETRY.    5th  Ed.    4s.  6d.     Both  Parts  complete  in  One 
Volume.     7s.  6d.  [KMY  in  preparation. 

M'CLELLAND  —  PRESTON.  —  A  TREATISE  ON  SPHERICAL  TRIGONO- 
METRY. By  W.  J.  M'Clelland,  M.A.,  Principal  of  the  Incorporated  Society's 
School,  Santry,  Dublin,  and  T.  Preston,  M. A.  Cr.  Svo.  8s.  6d.,  or :  Part  I. 
To  the  End  of  Solution  of  Triangles,  4s.  6d.     Part  II.,  5s. 

MATTHEWS.— MANUAL  OF  LOGARITHMS.     By  G.  F.  Maithews,  B.A.     Svo. 

PALMER.— PRACTICAL  LOGARITHMS  AND   TRIGONOMETRY.     By  J.  H. 
Palmer,  Headmaster,  R.N.,  H.M.S.  Cambridge,  Devonport.     Gl.  Svo.     4s.  6d. 
SNOWBALL.— THE  ELEMENTS  OF  PLANE  AND  SPHERICAL  TRIGONO- 
METRY.    By  J.  C.  Snowball.     14th  Ed.     Cr.  Svo.     7s.  6d. 
TODHUNTER.— Works  by  Isaac  Todhunteb,  F.R.S. 
♦TRIGONOMETRY  FOR  BEGINNERS.    ISmo.   2s.  6d.      KEY.   Cr.  Svo.   8s.  6d. 
PLANE  TRIGONOMETRY.     Cr.  8vo.     6s.     KEY.     Cr.  Svo.     10s.  6d. 
A  TREATISE  ON  SPHERICAL  TRIGONOMETRY.     Cr.  Svo.     4s.  6d. 
TODHUNTER— HOGG.— PLANE    TRIGONOMETRY.      By    Isaac    Todhuntkr. 
Revised  by  R.  W.  Hogg,  M.A.     Cr.  Svo.     5s.  [KEY  in  preparation. 

WOLSTENHOLME.— EXAMPLES  FOR  PRACTICE  IN  THE  USB  OF  SEVEN- 
FIGURE  LOGARITHMS.  By  Joseph  Wolstenholme,  D.Sc,  late  Professor 
of  Mathematics,  Royal  Indian  Engineering  Coll.,  Cooper's  Hill.    Svo.    5s. 

ANALYTICAL  GEOMETRY  (Plane  and  Solid). 

DYER.-EXERCISBS  IN  ANALYTICAL  GEOMETRY.    By  J.  M.  Dyer,  M.A., 

Assistant  Master  at  Eton.     Hlustrated.     Cr.  Svo.     4s.  6d. 
FERRERS.— AN    ELEMENTARY   TREATISE    ON    TRILINBAR   CO-ORDIN- 
ATES, the  Method  of  Reciprocal  Polars,  and  the  Theory  of  Projectors.      By 
the  Rev.  N.  M.  Ferrers,  D.D.,  F.R.S.,  Master  of  Gonville  and  Caius  College, 
Cambridge.     4th  Ed.,  revised.     Cr.  Svo.     6s.  6d. 
FROST.— Works  by  Percival  Frost,  D.Sc,  F.R.S.,  Fellow  and  Mathematical 
Lecturer  at  King's  College,  Cambridge. 
AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING.     Svo.     12s. 
SOLID  GEOMETRY.     3rd  Ed.     Demy  Svo.     ICs. 
HINTS  FOR  THE  SOLUTION  OF  PROBLEMS  in  the  above.     Svo.    88.  Od. 
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JOHNSON.— CURVE    TRACING  IN  CARTESIAN  CO-ORDINATES.      By  W. 

WooMET  JoHSSON,  Professor  of  Mathematics  at  the  U.S.  Naval  Academy, 
Annapolis,  Maryland.     Cr.  8vo.     is.  6d. 
MCCLELLAND.— A  TREATISE  ON  THE  GEOMETRY  OF  THE  CIRCLE,  and 
.some  extensions  to  Conic  Sections  by  the  Method  of  Reciprocation.    By  W.  J.- 
M-Clella>-d,  M.A.     Cr.  8vo.     6s. 
PUCKLE.— AN  ELEMENTARY  TREATISE  ON  CONIC  SECTIONS  AND  AL- 
GEBRAIC GEOMETRY.    By  G.  H.  Pockij:,  M.A.    5th  Ed.    Cr.  8vo.    7s.  6d. 
SMITH.— Works  bv  Chas.  Smith,  M.A.,  Master  of  Sidney  Sassex  ColL,  Cambridge. 
CONIC  SECTIONS.     7th  Ed.     Cr.  Svo.     7s.  6d.     KEY.     Cr.  8vo.     10s.  6d. 
AN  ELEMENTARY  TREATISE  ON  SOLID  GEOMETRY.     Cr.  Svo.     9s.  6d. 
TODHUNTER.— Works  by  Isaac  Todhukteb,  F.R.S. 
PLANE  CO-ORDINATE  GEOMETRY,  as  applied  to  the  Straight  Line  and  the 

Conic  Sections.     Cr.  Svo.    73.  Gd.     KEY.     Cr.  8vo.     10s.  6d. 
EXAMPLES   OF  ANALYTICAL   GEOMETRY   OF  THREE   DIMENSIONS. 
New  Ed.,  revised.    Cr.  Svo.    4s. 

PROBLKMS  &  QUESTIONS  IN  MATHEMATICS. 

ARMY  PRELIMINARY  EXAMINATION,  PAPERS  1882 -Sept.  1891.  With 
Answers  to  the  Mathematical  Questions.    Cr.  Svo.    3s.  6d. 

BALL.— MATHEMATICAL  RECREATIONS  AND  PROBLEMS  OF  PAST  AND 
PRESENT  TIMES.  By  W.  W.  Rouse  Ball,  M.A,  Fellow  and  Lecturer  of 
Trinitv  College  ;  Cambridge,  2nd  Ed.     Cr.  Svo.     7s.  net. 

CAMBRIDGE    SENATE -HOUSE    PROBLEMS    AND    RIDERS,    WITH    SOLU- 
TIONS :— 
1875— PROBLEMS  AND  RIDERS.    Bv  A.  G.  Greeshii.l,  F.R.S.  Cr.  Svo.  Ss.  6d. 
1873— SOLUTIONS  OF  SENATE-HOUSE  PROBLEMS.     Edited  by  J.  W.  L. 
Glaisher,  F.B.S.,  Fellow  of  Trinitv  College,  Cambridge.     Cr.  Svo.     12s. 

CHRISTIE.— A  COLLECTION  OF  ELEMENTARY  TEST-QUESTIONS  IN  PURE 
AND  MIXED  MATHEMATICS.    Bv  J.  R.  Christie.  F.R.S.    Cr.  Svo.    8s.  6d. 

CLIFFORD.— MATHEMATICAL  PAPERS.     By  W.  K.  Clifford.     8vo.     30s. 

MACMILLAN'S  MENTAL  ARITHMETIC.     (See  page  21.) 

MILNE.— WEEKLY  PROBLEM  PAPERS.     By  Rev.  John  J.  Milne,  M.A.    Pott 
Svo.     4s.  6d. 
SOLUTIONS  TO  THE  ABOVE.     By  the  same.     Cr.  8vo.     lOs.  6d. 
COMPANION  TO  WEEKLY  PROBLEM  PAPERS.     Cr.  Svo.     lOs.  6d. 

♦RICHARDSON.— PROGRESSIVE  MATHEMATICAL  EXERCISES  FOR  HOME 
WORK.  By  A.  T.  Richabdsox,  M.A.  GL  Svo.  First  Series.  2s,  With 
Answers,  23.  6d.     Second  Series.     3s.     With  Answers,  3s.  Cd. 

SANDHURST  MATHEMATICAL  PAPERS,  for  Admission  into  the  Royal  MiUtary 
College,  1SS1-1S89.     Eiiited  by  E.  J.  Brooksmith,  B.A.     Cr.  Svo.     33.  6d. 

THOMAS.— ENUNCIATIONS  IN  ARITHMETIC,  ALGEBRA,  EUCLID,  AND 
TRIGONOMETRY,  with  Examples  and  Notes.    By  P.  A.  Thomas,  B.A. 

[In  the  Press. 

WOOLWICH  MATHEMATICAL  PAPERS,  for  Admission  into  the  Royal  Military 
Aoademv,  Woolwich,  1SS0-1S90  inclusive.     Bv  the  same.     Cr.  Svo.     6s. 

WOLSTENHOLME.— MATHEMATICAL  PROBLEMS,  on  Subjects  included  in 
the  First  and  Second  Divisions  of  Cambridge  Mathematical  Tripos.    By  Joseph 
Wolstesholme,  D.Sc.     3rd  Ed.,  greatly  enlarged.     Svo.     183. 
EXAMPLES   FOB   PRACTICE   IN  THE   USE  OF  SEVEN -FIGURE   LOG- 
ARITHMS.   By  the  same.    Svo.    5s. 
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AIRY.— Works  by  Sir  G.  B.  Airt,  K.C.B.,  formerlv  Astronomer-RoyaL 
ELEMENTARY  TREATISE  ON  PARTIAL  DIFFERENTIAL  EQUATIONi 

With  Diagrams.     2nd  Ed.     Cr.  Svo.     6s.  6d. 
ON   THE  ALGEBRAICAL  AND  NUMERICAL  THEORY  OF  ERRORS  OP 
OBSERVATIONS     AND     THE     COMBINATION     OF    OBSERVATIONa 
2nd  Ed.,  revised.     Cr.  Svo.     6s.  6d. 
BOOLE.— THE  CALCULUS  OF  FINITE  DIFFERENCES.     By  G.  Boole.    3rd 
Ed.,  revised  by  J.  F.  Moultok,  Q.C.    Cr.  8vo.    10s.  6d. 
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EDWARDS.— THE  DIFFERENTIAL  CALCULUS.    By  Joseph  Edwards,  M.A. 

With  Applications  and  numerous  Examples.    New  Ed.    8vo.    14s. 
THE   DIFFERENTIAL  CALCULUS  FOR  SCHOOLS.     By  the    Same.      Gl. 

8vo.     4s.  6d. 

THE  INTEGRAL  CALCULUS.    By  the  same.  [In  preparuHon. 

THE  INTEGRAL  CALCULUS  FOR  SCHOOLS.    By  the  same.    [In  preparation. 

FORSYTH. -A  TREATISE  ON  DIFFERENTIAL  EQUATIONS.      By  Andrew 

Russell  Forsyth,  F.R.S.,  Fellow  and  Assistant  Tutor  of  Trinity  College, 

Cambridge.     2nd  Ed.     8vo.     14s. 

FROST.— AN  ELEMENTARY  TREATISE  ON  CURVE  TRACING.    By  Pekoival 

Frost,  M.A.,  D.Sc.     8vo.     12s. 
GRAHAM.— GEOMETRY  OF  POSITION.    By  R.  H.  Graham.    Cr.  Svo.    7s.  6d. 
GREENHILL.— DIFFERENTIAL  AND   INTEGRAL    CALCULUS.      By  A.   G 
Greenhill,  Professor  of  Mathematics  to  the  Senior  Class  of  Artillery  Officers, 
Woolwich.    New  Ed.    Cr.  Svo.    10s.  6d. 
APPLICATIONS  OF  ELLIPTIC  FUNCTIONS.     By  the  same.     Svo.     12s. 
HEMMING.— AN  ELEMENTARY  TREATISE  ON  THE  DIFFERENTIAL  AND 

INTEGRAL  CALCULUS.    By  G.  W.  Hemming,  M.A.    2nd  Ed.    8vo.    9s. 
JOHNSON.— Works  by  W.  W.  Johnson,  Professor  of  Mathematics  at  the  U.S. 
Naval  Academy. 
INTEGRAL  CALCULUS,  an  Elementary  Treatise.      Founded  on  the  Method 

of  Rates  or  Fluxions.     Svo.     9s. 
CURVE  TRACING  IN  CARTESIAN  CO-ORDINATES.     Cr.  Svo.     4s.  6d. 
A  TREATISE  ON  ORDINARY  AND  DIFFERENTIAL  EQUATIONS.     Ex.  cr. 
Svo.     15s. 
KELLAND—TAIT.— INTRODUCTION  TO    QUATERNIONS,   with    numerous 
examples.     By  P.  Kelland  and  P.  G.  Tait,  Professors  in  the  Department  of 
Mathematics  in  the  University  of  Edinburgh.     2nd  Ed.     Cr.  Svo.     7s.  6d. 
KEMPE.— HOW  TO  DRAW  A  STRAIGHT  LINE :  a  Lecture  on  Linkages.    By  A. 

B.  Kempe.     Illustrated.     Cr.  Svo.     Is.  6d. 
B:N0X.— DIFFERENTIAL  CALCULUS  FOR  BEGINNERS.      By  Alexandkb 

Knox,  M.A.     Fcap.  Svo.     Ss.  6d. 
EICE— JOHNSON.— AN   ELEMENTARY  TREATISE  ON   THE   DIFFEREN- 
TIAL CALCULUS.    Founded  on  the  Method  of  Rates  or  Fluxions.    By  J.  M. 
Rice  and  W.  W.  Johnson.     3rd  Ed.    Svo.    18s.    Abridged  Ed.    9s. 
TODHUNTER.— Works  by  Isaac  Todhunter,  F.R.S. 

AN    ELEMENTARY    TREATISE    ON    THE    THEORY    OF    EQUATIONS. 

Cr.  Svo.     7s.  6d. 
A  TREATISE  ON   THE   DIFFERENTIAL  CALCULUS.     Cr.   Svo.      10s.   6d. 

KEY.     Cr.  Svo.     10s.  6d. 
A  TREATISE  ON  THE  INTEGRAL  CALCULUS  AND  ITS  APPLICATIONS. 

Cr.  Svo.     10s.  6d.     KEY.     Cr.  Svo.     10s.  6d. 
A  HISTORY  OF  THE  MATHEMATICAL  THEORY  OF  PROBABILITY,  from 
the  time  of  Pascal  to  that  of  liaplace.    Svo.    18s. 
WELD.— SHORT   COURSE    IN    THE   THEORY   OF    DETERMINANTS.      By 
L.  G.  Weld,  M.A.  [In  the  Press. 

MECHANICS :  Statics,  Dynamics,  Hydrostatics, 
Hydrodynamics.     (See  also  Physics.) 

ALEXANDER— THOMSON.— ELEMENTARY  APPLIED  MECHANICS.  By 
Prof.  T.  Alexander  and  A.  W.  Thomson.  Part  II.  Transverse  Stress. 
Cr.  Svo.     10s.  6d. 

BALL.— EXPERIMENTAL  MECHANICS.  A  Course  of  Lectures  delivered  at  the 
Royal  College  of  Science,  Dublin.  By  Sir  R.  S.  Ball,  F.R.S.  2nd  Ed. 
Illustrated.    Cr.  Svo.    6s. 

CLIFFORD.— THE  ELEMENTS  OF  DYNAMIC.  An  Introduction  to  the  Study  of 
Motion  and  Rest  in  Solid  and  Fluid  Bodies.  By  W.  K.  Cliki^ord.  Part  I,— 
Kinematic.    Cr.  Svo     Books  I.-III.  7s.  6d. ;  Book  IV.  and  Appendix,  68. 
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OOTTBRILL. —APPLIED  MECHANICS:     An  Elementary   General    Introdac- 

tion  to  the  Theory  of  Structures  and  Machines.     By  J.  H.  Cotterii.l,  F.R.S., 

Professor  of   Applied  Mechanics  in  the   Royal  Naval   College,   Greenwich. 

3rd  Ed.     Revised.     Svo.     18s. 
COTTERILL  —  SLADE.  — LESSONS   EN    APPLIED    MECHAMCS.     By    Prof. 

J.  H.  CoTTEBiLL  and  J.  H.  Slade.     Fcap.  Svo.     53.  6d. 
GANGUILLET— KUTTEE.— A  GENERAL   FORMULA  FOR  THE   UNIFORM 

FLOW  OF  WATER  IN  RIVERS  AND  OTHER  CHANNELS.     By  E.   Gas- 

ouu-LET  and  W.  R.  Kctter.    Translated  by  R.  Herlkg  and  J.  C.  TRAxrrwETE, 

Svo.     173. 
GRAHAM.— GEOMETRY  OF  POSmON.     By  R.  H.  Graham.    Cr.  Svo.    Ts.  6d. 
♦GERA.VES.— STATICS  FOR  BEGIN^'ERS.     By  John  Greaves,  M.A.,  Fellow 

and  Mathematical  Lecturer  at  Christ's  College,  Cambridge.     GL  Svo.     3.s.  6d. 
A  TREATISE  ON  ELEMENTARY  STATICS.     By  the  same.     Or.  Svo.     6s.  6d. 
OBEENHILL.— ELEMENTARY  HYDROSTATICS.     By  A.  G.  Gbeeshiix,  Pro- 
fessor of  Mathematics  to  the  Senior  Class  of  Artillery  Ofllcers,  Woolwich.     Cr. 

Svo.  [Tn.  thi  Press. 

•mCKS.— ELEMENTARY  DYNAMICS  OF  PARTICLES  AND  SOLIDS.      By 

W.  M.  Hicks,  D.Sc,  Principal  and  Professor  of  Mathematics  and  Physics,  Firth 

College,  Sheffield.     Cr.  Svo.     6s.  6d. 
HOSKINS.— ELEMENTS  OF  GRAPHIC  STATICS.    By  L.  M.  HosKixs.    Sva 

10s.  net. 
KENNEDY.— THE  MECHANICS  OF  MACHINERY.     By  A.  B,  W.  KianreDT, 

F.R.S.     niustrated.     Cr.  Svo.     8s.  6d. 
LANGMAID— GAISFORD.— (5ee  Engineering,  p.  39.) 
LOCK.— Works  by  Rev.  J.  B.  Lock,  M.A. 
♦MECHANICS  FOR  BEGINNERS.     GL  Svo.     Part  I.  MECHAincs  of  Solids. 

2s.  6d.  [Part  II.  Mechanics  of  Fluids,  in  preparation, 

•ELEMENTARY  STATICS.    2nd  Ed.    Gl.  Svo.    3s.  6d.    KEY.     Cr.  Svo.    Ss.  6d. 

•ELEMF.NTARY  DYNAMICS.    3rd  Ed.    Gl.  Svo.    3s.  6d.    KEY.   Cr.  Svo.   8s.  6d. 

♦ELEMENTARY  DYNAMICS  AND  STATICS.     Gl.  Svo.     6s.  6d. 

ELEMENTARY  HYDROSTATICS.     GL  Svo.  {In  preparation. 

MACGEEGOR.— KINEMATICS  AND  DYNAMICS.       An  Elementary  Treatise. 

By  J.  G.  MacGregor,  D.Sc.,  Munro  Professor  of  Physics  in  Dalhousie  College, 

HaUf:ix,  Nova  Scotia.     Illustrated.     Cr.  Svo.     10s.  6d. 
PARKINSON.— AN    ELEMENTARY   TREATISE    ON    MECHANICS.       By    8. 

Pabkissox,  D.D.,  F.R.S.,  late  Tutor  and  Praelector  of  St  John's  College, 

Cambridge.     6th  Ed.,  revised.     Cr.  Svo.    9s.  6d. 
PIRIE.— LESSONS  ON  RIGID  DYNAMICS.    By  Rev.  G.  Pibie,  M.A.,  Professor 

of  Mathematics  in  the  University  of  Aberdeen.    Cr.  Svo.    6s. 
EOUTH.— Works  by  Edward  John  Routh,  D.Sc,  LL.D.,  F.R.S.,  Hon.  Fellow 

of  St.  Peter's  College,  Cambridge. 
A  TREATISE  ON  THE  DYNAMICS  OF  THE  SYSTEM  OF  RIGID  BODIES. 

With  numerous  Examples.     Two  vols.     Svo.     5th  Ed.     Vol.  I. — Elementary 

Parts.     14s.     Vol.  II.— The  Advanced  Parts.     14s. 
STABILITY  OF  A  GIVEN  STATE  OF  MOTION,  PARTICULARLY  STEADY 

MOTION.     Adams  Prize  Essay  for  1S77.     Svo.     8s.  6d. 
•SANDERSON. —HYDROSTATICS  FOR  BEGINNERS.     By  F.  W.  Saitdebsok, 

M.A.,  Assistant  Master  at  Dulwich  College.     GL  Svo.     4s.  6d. 
SYLLABUS  OP  ELEMENTARY  DYNAMICS.      Part  I.  Linear  Dynamics.     With 

an  Appendix  on  the  Meanings  of  the  Symbols  in  Physical  Equations.    Prepared 

by  the  Association  for  the  Improvement  of  Geometrical  Teaching.     4to.     Is. 
TATT- STEELE.— A   TREATISE    ON    DYNAMICS   OF  A   PARTICLE.      By 

Professor  Tait,  M.A.,  and  W.  J.  Steele,  B. A.   6th  Ed.,  revised.   Cr.  Svo.    12a. 
TODHUNTEE.— Works  by  Isaac  Todhuntee,  F.R.S. 
♦MECHANICS  FOR  BEGINNERS.     18mo.     4s.  6d.     KEY.     Cr.  Svo.     6s.  6d. 
A  TREATISE  ON  ANALYTICAL  STATICS.     5th  Ed.     Edited  by  Prof.  J.  D. 

Everett,  F.R.S.     Cr.  Svo.     lOs.  6d. 
WEISBACH  —  HEEMANK.— MECHANICS  OF  HOISTING  MACHINERY.     By 

Dr.  J.  Weisbach  and  Prof.  G.  Hesua^-n.     Translated  by  K.  P.  Dahl-strom, 

M.E.  [In  the  Fres*. 
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PHYSIOS :  Sound,  Light,  Heat,  Electricity,  Elasticity, 
Attractions,  etc.     (See  also  Mechanics.) 

AIRY.— ON  SOUND  AND  ATMOSPHERIC  VIBRATIONS.    By  Sir  G.  B.  Airy, 

K.C.B.,  formerly  Astronomer-Royal.    With  the  Mathematical  Elements  of 

Music.     Or.  8vo.     9s. 
BARKER.— PHYSICS.    Advanced  Course.     By  Prof.  G.  P.  Barker     8vo.    21s. 
GUMMING.— AN    INTRODUCTION    TO   THE   THEORY   OF    ELECTRICITY. 

By  LiNNiEus  CuMMiNa,  M.A.,  Assistant  Master  at  Rugby.    Illustrated.   Cr.  8vo. 

8s.  6d. 
DANIELL.— A  TEXT-BOOK  OF  THE  PRINCIPLES  OF  PHYSICS.    By  Alfred 

Daniell,  D.So.  Illustrated.  2nd  Ed.,  revised  and  enlarged.  8vo.  2l8. 
DAY.— ELECTRIC  LIGHT  ARITHMETIC.  By  R.  E.  Day.  Pott  8vo.  2s. 
EVERETT.— ILLUSTRATIONS  OF  THE  C.  G.  S.  SYSTEM  OF  UNITS  WITH 

TABLES  OF   PHYSICAL  CONSTANTS.     By  J.  D.  Everett,  P.R.S.,  Pro- 
fessor of  Natural  Philosophy,  Queen's  College,  Belfast.    New  Ed.    Ex.  fc;ip. 

8vo.    6s. 
FESSENDEN.  — PHYSICS    FOR    PUBLIC    SCHOOLS.      By    C.    Pbssenden, 

Principal,   Collegiate    Institute,   Peterboro,   Ontario.      Illustrated.      Fcap. 

8vo.    3s. 
GEAY.— THE  THEORY  AND  PRACTICE  OF  ABSOLUTE  MEASUREMENTS 

IN  ELECTRICITY  AND  MAGNETISM.     By  A.  Gray,  F.R.S.E.,  Professor 

of  Physics,  University  College,  Bangor.    Two  vols.    Cr.  8vo.    Vol.  I.    12s.  6d. 

Vol.  II.     In  2  Parts.     25s. 
ABSOLUTE  MEASUREMENTS  IN  ELECTRICITY  AND  MAGNETISM.     2nd 

Ed.,  revised  and  greatly  enlarged.    Fcap.  8vo.     5s.  6d. 

ELECTRIC  LIGHTING  AND  POWER  DISTRIBUTION.  [In  preparation. 

HANDBOOK  OF  ELECTRIC  LIGHT  ENGINEERING.  [In  preparation. 

HEAVISIDE.— ELECTRICAL  PAPERS.    By  O.  Heaviside.    2  vols.   8vo.  30s.net. 

IBBETSON.— THE  MATHEMATICAL   THEORY  OF  PERFECTLY   ELASTIC 

SOLIDS,  with  a  Short  Account  of  Viscous  Fluids.    By  W.  J.  Ibbetson,  late 

Senior  Scholar  of  Clare  College,  Cambridge.    8vo.    21s. 
JACKSON.— TEXT -BOOK    ON    ELECTRO -MAGNETISM    AND    THE    CON- 
STRUCTION OP  DYNAMOS.     By  Prof.  D.  C.  Jackson.  [In  the  Press. 
JOHNSON.— NATURE'S   STORY  BOOKS.     SUNSHINE.     By  Amy  Johnson, 

LL.A.     Ulusti-ated.     Cr.  8vo.     6s. 
*JONES.— EXAMPLES    IN    PHYSICS.       With    Answers   and  Solutions.      By 

D.  E.  Jones,  B.Sc,  late  Professor  of  Physics,  University  College  of  Wales, 

Aberystwith.     2nd  Ed.,  revised  and  enlarged.     Fcap.  8vo.     3s.  6d. 
♦ELEMENTARY  LESSONS  IN  HEAT,  LIGHT,  AND  SOUND.    By  the  same. 

Gl.  8vo.     28.  6d. 
LESSONS  IN  HEAT  AND  LIGHT.    By  the  same.     Globe  8vo.    3s.  6d. 
KELVIN.— Works  by  Lord  Kelvin,  P.R.8.,  Professor  of  Natural  Philosophy  in  the 

University  of  Glasgow. 
ELECTROSTATICS    AND    MAGNETISM,    REPRINTS    OP    PAPERS    ON. 

2nd  Ed.     8vo.     18s. 
POPULAR  LECTURES  AND  ADDRESSES.     3  vols.     Illustrated.     Cr.  8vo. 

Vol.  I.  Constitution  of  Matter.    7s.  6d.    Vol.  III.  Navigation.    7s.  6d. 
LODGE.— MODERN  VIEWS  OF  ELECTRICITY.    By  Oliver  J.  Lodge,  F.R.S., 

Professor  of  Physics,  University  College,  Liverpool.    UIus.    Cr.  8vo.    6s.  M. 
LOEWY.— *QUESTIONS  AND  EXAMPLES  ON  EXPERIMENTAL  PHYSICS : 

Sound,  Light,  Heat,  Electricity,  and  Magnetism.    By  B.  I^oewy,  Examiner  in 

Experimental  Physics  to  the  College  of  Precejitors.     Fcap.  8vo.     2s. 
*A  GRADUATED  COURSE  OF  NATURAL  SCIENCE  FOR  ELEMENTARY 

AND  TECHNICAL  SCHOOLS  AND  COLLEGES.    By  the  same.     Part  I. 

First  Year's  Course.    Gl.  8vo.    2s.    Part  II.    2s.  Od. 
LUPTON.— NUMERICAL    TABLES    AND    CONSTANTS    IN    ELEMENTARY 

SCIENCE.     ByS.  LuPTON,  M.A.     Ex.  fcap.  8vo.     2s.  6d. 
M'AULAY.— UTILITY  OF  QUATERNIONS  IN  PHYSICS.    By  Alex.  M'Aulay. 

8vo.  [In  the  Press. 

MACFARLANE.— PHYSICAL  ARITHMETIC.    By  A.  Macfarlane,  D.Sc,  late 

Examiner  in  Mathematics  at  the  University  of  Edinburgh.    Cr.  Svo.    7s.  6d. 
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•MATER.— SOUND :  A  Series  of  Simple  Experimenta.  By  A.  IL  Matkb,  Ppot 
of  Physics  in  the  Stevens  Institute  of  Technology,  niastnted.  <Sr.  Sro. 
3s.  6d. 

'MAYER— BARNARD.— LIGHT :  A  Series  of  Simple  Experiments.  By  A.  M. 
Matzr  and  C.  Barkard.     Illustrated.     Cr.  8to.     2s.  6d. 

MOLLOT.— GLEA>'I>'GS  IN  SCIENCE :  Popular  Lectures.  By  Rev.  Gerald 
MoLLOY,  D.Sc,  Rector  of  the  Catholic  University  of  Ireland.     8vo.     7s.  6d. 

NEWTON.— PRINCIPIA.     Edited  by  Prof.  Sir  W.  Thomsos,  P.RS,  and  Prof. 
Blackbursk.     4to.     31s.  6d. 
THE  FIRST  THREE  SECTIONS  OF  NEWTON'S  PRINCIPIA.     With  Notes, 
Illustrations,  and  Problems.     Bv  P.  Frost,  M. A.,  D.Sc.     3rd  Ed.     8to.    lis. 

PARKINSON.— A  TREATISE  ON  OPTICS.  By  S.  Parkissox,  D.D.,  F.R.S.. 
late  Tutor  of  St.  John's  College,  Cambridge.    4tli  Ed.     Cr.  8vo.     lOs.  6d. 

PEABODT.— THEBMODTNAMICS  OF  THE  8TBAM-ENGINE  AND  OTHER 
HEAT-ENGINES.     By  Cecil  H.  Pkabodt.    8vo.     21s. 

PERRY.— STEAM  :  An  Elementary  Treatise.  By  Johm  Pkrrt,  Prof,  of  Applied 
Me-hanics,  Technical  College,  Finsbory.     ISmo.     4s.  6d. 

PICKERING.— ELEMENTS  OF  PHYSICAL  MANIPULATION.  By  Prof.  Ed- 
ward C.  PicKERWo.    Medium  8vo.    Part  I.,  12s.  6d.    Part  U.,  143. 

PRESTON.— THE  THEORY  OF  LIGHT.     By  Thoilas  Pbbston,  M.A.     lUns- 
trated.     8vo.     15s.  net. 
THE  THEORY  OF  HEAT.     By  the  same.    8vo.  [In  the  Prtss. 

RAYLEIGH.— THE  THEORY  OF  SOUND.  By  Lord  Ratlmgh,  F.R.a  8va 
Vol.  L,  12s.  6d.     Vol.  II.,  12s.  6d. 

SANDERSON.— ELECTRICITY  AND  MAGNETISM  FOR  BEGINNERS.  By 
F.  W.  Saxdebsok.  [/n  prqoaration. 

SKANN.— AN  ELEMENTARY  TREATISE  ON  HEAT,  IN  RELATION  TO 
STEAM  AND  THE  STEAM-ENGINE.     ByG.  Sha.vk,  MA.     Cr.  Sro.     4s.  6d. 

SPOTTISWOODE.— POLARISATION  OF  LIGHT.  By  the  late  W.  Spoitiswoodb, 
F.KS.     Illustrated.     Cr.  8vo.     33.  6d. 

STEWART.— Works  by  Balfour  Stewart,  F.R.S.,  late  Langworthy  Professor  of 

Physics,  Owens  College,  Manchester. 
*A  PRIMER  OF  PHYSICS.     Illustrated.     With  Questions.     18mo.     Is. 
*LE.SSONS  IN  ELEMENTARY  PHYSICS.     lOustrated.     Fcap.  8vo.     4s.  6d. 
♦QUESTIONS.     Bv  Prof.  T.  H.  Core.     Fcap.  Svo.     2s. 

STEWART  — GEE.— LESSONS  IN  ELEMENTARY  PRACTICAL  PHYSICa 
By  Balfour  Stewart,  F.R.S.,  and  W.  W.  Haldank  Gee,  B.Sc  Cr.  8va 
Vol.  I.  General  Physical  Processes.  6s.  VoL  II.  ELECTRicmr  a>-d 
Magketism.    Vs.  6d.  [Vol.  III.  Optics,  Heat,  asd  Souxd.    In  the  Press. 

•PRACTICAL  PHYSICS  FOR  SCHOOLS  AND  THE  JLTf  lOR  STUDENTS  OP 
COLLEGES.    Gl.  Svo.    Vol.  I.  Electricity  and  Mao-etism.    2s.  6d. 

[VoL  II.  Optics,  Heat,  axd  Socxd.     In  the  Press. 

STOKES.— ON  LIGHT.  Burnett  Lectures.  By  Sir  G.  G.  Stokes,  F.RS.,  Lucasian 
Professor  of  Mathematics  in  the  University  of  Cambridge.  I.  On  the  Nature 
OF  Light.  U.  On  Light  as  a  Means  of  Djvestigation.  III.  On  the  Bene- 
ficial Effects  of  Light.    2nd  Ed.    Cr.  Svo.    Ts.  6d. 

STONE.— AN  ELEMENTARY  TREATISE  ON  SOUND.  By  W.  H.  Stone. 
Illustrated.     Fcap.  Svo.    3s.  6d. 

TAJT.— HEAT.    By  P.  G.  Tait,  Professor  of  Natural  Philosophy  in  the  University 
of  Edinburgh.     Cr.  Svo.     6s. 
LECTURES  ON  SOME  RECENT  ADVANCES  IN  PHYSICAL  SCIENCE.     By 
the  same.     3rd  Edition.     Crown  Svo.    9s. 

TAYLOR.— SOUND  AND  MUSIC.  An  Elementary  Treatise  on  the  Physical  Con- 
stitution of  Musical  Sounds  and  Harmony,  including  the  Chief  Acoustical 
Discoveries  of  Prof.  Helmholtz.     By  8.  Taylor,  M.A.      Ex  cr.  Svo.     Ss.  6d. 

•THOMPSON.  —  ELEMENTARY  LESSONS  IN  KLKCTRICITY  AND  MAGNET- 
ISM. By  SiLVANUs  P.  Thohpson,  Principal  and  Professor  of  Physics  in  the 
Technical  College,  Finsbury.     lUustrated.     Fcap.  Sro.    4s.  6d. 

THOMSON.— Works  by  J.  J.  Thomson,  Professor  of  Experimental  Physics  in  the 
Universltv  of  Cambridge. 
A  TREATISE  ON  THE^MOTION  OF  VORTEX  RINGS.     Svo.     6s. 
APPLICATIONS  OF  DYNAMICS  TO  PHYSICS  AND  CHEJilSTBY.    Or.  8to 
7*.6d. 
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TURNER.— A  COLLECTION  OF  EXAMPLES  ON  HEAT  AND  ELECTRICITY. 

By  H.  H.  Turner,  Fellow  of  Trinity  College,  Cambridge.    Cr.  8vo.    2s.  6d. 
WRIGHT.— LIGHT:  A  Course  of  Experimental  Optics,  chiefly  with  the  I-antern. 

By  Lewis  Wright.    Illustrated.    New  Ed.    Cr.  8vo.    78.  6d. 

ASTRONOMY. 

AIRT. — Works  by  Sir  G.  B.  Airy,  K.O.B.,  formerly  Astronomer-Royal. 
•POPULAR  ASTRONOMY.     Revised  by  H.  H.  Turner,  M.A.     18mo.     4s.  6d. 
GRAVITATION :  An  Elementary  Explanation  of  the  Principal  Perturbations  In 
the  Solar  System.     2nd  Ed.     Cr.  8vo.     7s.  6d. 
OHEYNE.— AN  ELEMENTARY  TREATISE  ON  THE  PLANETARY  THEORY. 

By  C.  H.  H.  Cheyne.    AVitli  Problems.    3rd  Ed.,  revised.    Cr.  8vo.    7s.  6d. 
CLARK— SADLER.— THE    STAR    GUIDE.      By  L.    Clark   and    H.   Sadler 

Roy.  8vo.     5s. 
OROSSLEY—GLEDHILL— WILSON.— A  HANDBOOK  OP  DOUBLE   STARS. 
By  B.  Crossley,  J.  Gledhill,  and  J.  M.  Wilson.    8vo.    21s. 
CORRECTIONS  TO  THE  HANDBOOK  OF  DOUBLE  STARS.     Svo.     Is. 
FORBES.— TRANSIT  OF  VENUS.     By  G.  Forbes,  Professor  of  Natural  Philo- 
sophy in  the  Andersonian  University,  Glasgow.     Illustrated.    Cr.  Svo.    3s.  6d. 
GODFRAY. — Works  by  Hugh  Godfbay,  M.  A.,  Mathematical  Lecturer  at  Pembroke 
Cojlege,  Cambridge. 
A  TREATISE  ON  ASTRONOMY.     4th  Ed.     Svo.     12s.  6d. 
AN  ELEMENTARY  TREATISE  ON  THE  LUNAR  THEORY.    Cr.  Svo.     58.  6d. 
LOCKYER.— Works  by  J.  Norman  Lockyeb,  F.R.S. 
*A  PRIMER  OF  ASTRONOMY.     Illustrated.    ISmo.     Is. 

•ELEMENTARY  LESSONS  IN  ASTRONOMY.     With  Spectra  of  the  Sun,  Stars, 
and  Nebulae,  and  Ulus.  36th  Thousand.  Revised  throughout.  Fcap.  Svo.  5s.  6d. 
•QUESTIONS  ON  THE  ABOVE     By  J.  Forbes  Robertson.    18mo.    Is.  6d. 
THE  CHEMISTRY  OF  THE  SUN.     Illustrated.     Svo.     14s. 
THE    METEORITIC    HYPOTHESIS    OP    THE    ORIGIN    OF    COSMICAL 

SYSTEMS.     Illustrated.     Svo.     17s.  net. 
STAR-GAZING  PAST  AND  PRESENT.     Expanded  from  Notes  with  the  assist- 
ance of  G.  M.  Seabroke,  F.R.A.S.     Roy.  Svo.     21s. 
LODGE.— PIONEERS  OF  SCIENCE.    By  Oliver  J.  Lodge.    Ex.  Cr.  Svo.    7s.  6d. 
NEWCOMB.— POPULAR  ASTRONOMY.      By  S.   Newcomb,   LL.D.,   Professor 
U.S.  Naval  Observatory.    Illustrated.    2nd  Ed.,  revised.    Svo.    18g. 

HISTORICAL. 

BALL.— A  SHORT  ACCOUNT  OF  THE  HISTORY  OF  MATHEMATICS.    By  W. 
W.  Rouse  Ball,  M.A.    2nd  ed.    Cr.  Svo.    10s.  6d. 
MATHEMATICAL     RECREATIONS,    AND    PROBLEMS    OP    PAST    AND 
PRESENT  TIMES.    By  the  same.    Cr.  Svo.    7s.  net. 

NATURAL   SCIENCES. 

Chemistry ;  Physical  Geography,  Geology,  and.  Ifllneralogy ;  Biology 
{Botany,  Zoology,  General  Biology,  Physiology) ;  Medicine. 

CHEMISTRY. 

ARMSTRONG.— A  MANUAL  OF  INORGANIC  CHEMISTRY.  By  H.  B.  Ab»» 
STKONO,  F.R.S.,  Professor  of  Chemistry,  City  and  Guilds  Central  Institute 

[In  prevaration. 

BEHRENS.— MICRO -CHEMICAL  METHODS  OF  ANALYSIS.  By  Prof. 
Behkens.     With  Preface  by  Prof.  J.  W.  J udd.     Cr.'Svo.  [In preparatin)u 

•COHEN.— THE  OWENS  COLLEGE  COURSE  OF  PRACTICAL  ORGANIC 
CHEMISTRY.  By  Julius  B.  Cohen,  Ph.D.,  Assistant  Lecturer  on  Chemistry, 
Owens  College,  Manchester.     Fcap.  Svo.     2s.  Cd. 

♦DOBBIN— WALKER.— CHEMICAL  THEORY  FOR  BEGINNERS.  By  L. 
Dobbin,  Ph.D.,  and  Jas.  Walker,  Ph.D.,  Assistants  in  the  Chemistry  Depart- 
ment, University  of  Edinburgh.    18mo.    2s.  6d. 


CHEMISTRY  31 

FLEISUHKH.— A  8TSTKM  OP  TOLFMETRIC  ANALYSIS.    By  Kmh.  Flkbchkb. 

Translated,  with  Additions,  by  M.  M.  P.  Mcie,  F.RS.E.    Cr.  Sro.    78.  8d- 
FEANKLAND.— AGRICULTURAL  CHEMICAL  ANALYSIS.    (See  Agricultore.) 
HARTLEY.— A  COUBSE  OF  QUANTITATIVE  ANALYSIS  FOK  STUDBNTS. 
By  W.  N.  Habtley,  F.R.8.,  Professor  of  Chemi-stry,  Royal  Collie  of  Science^ 
Dublin.     GL  8vo.     5?. 
HEMPEL.— METHODS  OF  GAS  ANALYSIS.    By  Dr.  Walther  Hqcpku    Trans- 
lated by  Dr.  L.  M.  Denxis.     Cr.  8vo.    7s.  6d. 
HIORNS.— Works   by  A.  H.  Hioaxs,  Principal  of  the  School  of   MetaUorgy, 
BirLair.gham  and' Midland  Institute.     Gl.  bvo. 
A  TEXT-BOOK  OF  ELEMENTARY  METALLURGY.     4s. 
PRACTICAL  METALLURGY  AND  ASSAYING.     6s. 
IKON  AND  STEEL  MANUFACTURE.     For  Beginners.    3s.  6d. 
MIXED  METALS  OR  METALLIC  ALLOYS.    6s. 
METAL  COLOURING  AND  BRONZING.     By  the  same. 
JONES.— THE  OWENS  COLLEGE  JUNIOR  COURSE  OF  PRACTICAL  CHEM- 
ISTRY.  By  Fkascis  Joes,  F.R.S.E.,  Chemical  Master  atthe  Grammar  School, 
ilanchester.     IllastTated.     Fcap.  Svo.     f!s.  6d. 
•QUESTIONS  ON  CHEMISTRY.    Inorganic  and  Organic    By  the  same.    Fcap. 

?T0.      3s. 

LANDAUEB.— BLOWPIPE  ANALYSIS.  By  J.  LASiBACiiB.  Translated  by  J. 
Tatix>b,  B.Sc     Revised  Edition.    GL  Svo.    48.  6d. 

LAURIE.— <5(r«  Agriculture,  p.  40.) 

LOCKYER.— THE  CHEMISTRY  OF  THg  SXTS.  By  J.  Xorscas  Lockter,  F.  R.a 
lilnstrated.    Svo.     14s. 

LUPTON.— CHEMICAL  ARITHMETIC.  With  1200  Problems.  By  8.  Lcfios, 
M.A.     2nd  Ed.,  revised.    Fcap.  Svo.    4s.  6d. 

MELDOLA— THE  CHEMISTRY  OF  PHOTOGRAPHY.  By  Raphael  Mxloola, 
F.R.S.,  Professor  of  Chemistry,  Technical  Collie,  Finsbnry.    Cr.  Svo.    68. 

METER.— HISTORY  OF  CHEMISTRY  FROM  THE  EARLIEST  TIMES  TO 
THE  PRESENT  DAY.  By  Ersst  vos  Meter,  Ph.D.  Translated  by  Georgk 
McGowAX,  Ph.D.    Svo.     14s.  net. 

MIXTEB.— AN  ELEMEN"TARY  TEXT-BOOK  OF  CHEMISTRY.  By  W.G.Mixter, 
Professor  of  Chemi.stry,  Yale  College.     2nd  Ed.     Cr.  Svo.     7s.  6d. 

MUIR. —PRACTICAL  CHEMISTRY  FOR  MEDICAL  STUDENTS:  First  M.B. 
Course.  By  M.  M.  P.  MuiB,  F.R.S.E.,  Fellow  and  Pralectorin  Chemistry  at 
GonviUe  and  Caius  College,  Cambrid;:e.     Fcap.  Svo.     Is.  6d. 

MUIR  —  WILSON.— THE  ELEMENTS  OF  THERMAL  CHEMISTRY.  By  M. 
M.  P.  Muir,  F.RS.E.  ;  assisted  by  D.  M.  Wilsox.    Svo.     12s.  6d. 

OSTWALD.— OUTLINES  OF  GENERAL  CHEMISTRY:  Physical  and  Theo- 
retical.   By  Prot  W.  Ostwald.    Trans,  by  Jas.  Walker,  D.Sc    Svo.    IDs.  net 

RAMSAY.— EXPERIMENTAL  PROOFS  OF  CHEMICAL  THEORY  FOR  BE- 
GINNERS. By  William  Raksav,  F.RS.,  Professor  of  Chemistry,  Univer- 
sity College,  London.    ISmo.    2s.  6d. 

EEMSEN. — Works  by  Ira  Remsest,  Prot  of  Chemistry,  Johns  Hopkins  University. 
•THE  ELEMENTS  OF  CHEMISTRY.     For  Beginnere,     Fcap.  Svo.     2s.  6d. 
AN    INTRODUCTION    TO    THE    STUDY    OF    CHEMISTRY   (INORGANIC 

CHEMI.STRY).     Cr.  Svo.     6s.  6d. 
COMPOUNDS    OF   CARBON:    an    Introduction  to   the   Study   of  Oiganic 

CheTr.:sn-T.     Cr.  Svo.     6s.  6d. 
A  TEXT-BOOK  OF  IN-ORGANIC  CHEMiarTRT.    Svo.     Ifis. 

EOSCOE.— Works  by  Sir  Hentit  E.  Roscoe,  F.R.S.,  formerly  Professor  of  Chemistiy, 
Owens  C<jUeee.  Manchester. 
♦A  PRIMER  OF  CHEMISTRY.     Dlustrated.    With  Questions.    18mo.    Is. 
•CHEMISTRY  FOR  BEGINNERS.     Gl.  Svo.  [S^Tft.  1S93L 

•LESSONS  IN  ELEMENTARY  CHEMISTRY,  INORGANIC  AND  ORGANIC. 
With  lUnstrations  and  Chromolitho  of  the  Solar  Spectrnm,  and  of  the  Alkalies 
?.v.-\  Alkaline  Earths.     New  Ed.,  1S9-2.     Fcap.  Svo.     4s.  Ci. 

ROSCOE-SCHORLEMMER.— A  TREATISE  ON  INORGANIC  AND  ORGANIC 
CHEMISTRY.    By  Sir  Heshy  Roscoe,  F.ILS.,  and  Piot  C  ScHOi 
F.R.a    6V0. 


82  NATURAL  SCIENCES 

Vols.  I.  and  II.— INORGANIC  CHEMISTBY.    Vol.  I.— The  Non-MetaUio  Ele- 
ments.    2nd  Ed.     21s.     Vol.  II.  Two  Parts,  18s.  each. 
Vol.  III.— ORGANIC  CHEMISTRY.     THE    CHEMISTRY  OF  THE  HYDRO- 
CARBONS and  tlieir  Derivatives.      Parts  I.   II.   IV.   and  VI.      21s.   each. 
Parts  III.  and  V.     ISs.  each. 

ROSCOE  —  SCHUSTER.— SPECTRUM  ANALYSIS.  By  Sir  Henry  Roscoe, 
P.R.S.  4th  Ed.,  revised  by  the  Author  and  A.  Schuster,  F.R.S.,  Professor  of 
Applied  Mathematics  in  tlie  Owens  College,  Manchester.     8vo.     21s. 

SCHORLEMMER.— RISE  AND  DEVELOPMENT  OF  ORGANIC  CHEMISTRY. 
By  Prof.  ScHORLEMMER.  N.  E.    Edited  by  Prof.  A.  H.  Smithells.   [In  the  Press. 

SCHULTZ  — JULIUS.— SYSTEMATIC  SURVEY  OF  THE  ORGANIC  COLOUR- 
ING MATTERS.  By  Dr.  G.  Schdltz  and  P.  Julics.  Translated  and  Edited, 
with  extensive  additions,  by  Arthur  G.  Green,  F.I.C,  F.C.S.,  Examiner  in 
Coal  Tar  Products  to  the  City  and  Guilds  of  London  Institute.    Royal  8vo. 

*THORPE.— A  SERIES  OF  CHEMICAL  PROBLEMS.  With  Key.  By  T.  B.' 
Thorpe,  F.R.S.,  Professor  of  Chemistry,  Royal  College  of  Science.  New  Bd. 
Fcap.  8vo.     2s. 

THORPE- RtJOKER.— A  TREATISE  ON  CHEMICAL  PHYSICS.  By  Prof.  T.  B. 
Thorpe  and  Prof.  A.  W.  RLicker.     8vo.  [In  preparation. 

*TURPIN.— ORGANIC  CHEMISTRY.  By  G.  8.  Turpin,  M.A.  Part  I.  Elemen- 
tary.   Gl.  8vo.  [In  the  Press. 

WURTZ.— A  HISTORY  OF  CHEMICAL  THEORY.  By  Ad.  Wurtz.  Translated 
by  Henry  Watts,  F.R.S.    Crown  8vo.    6s. 

WYNNE.— COAL  TAR  PRODUCTS.    By  W.  P.  Wynne,  Royal  College  of  Science. 

[771  preparation. 

PHYSICAL  aEOGRAPHY,  GEOLOGY,  AND 
MINERALOGY. 

BLANFORD.— THE  RUDIMENTS  OF  PHYSICAL  GEOGRAPHY  FOR  INDIAN 

SCHOOLS ;  with  Glossary.     By  H.  F.  Blanford,  F.G.S.     Cr.  8vo.     2s.  6d. 
FERREL.— A  POPULAR  TREATISE  ON  THE  WINDS.     By  W.  Ferrel,  M.A., 

Member  of  the  American  National  Academy  of  Sciences.     8vo.     17s.  net. 

FISHER.— PHYSICS  OF  THE  EARTH'S  CRUST.    By  Rev.  Osmond  Fisher,  M.A., 

F.G.S.,  Hon.  Fellow  of  King's  College,  London.    2nd  Ed.,  enlarged.    8vo.    12s. 

GEE.— SHORT  STUDIES  IN  EARTH  KNOWLEDGE.    By  William  Gee.    Gl. 

8vo.     Illustrated.  [In  the  Press. 

GEIKIE.— Works  by  Sir  Archibald  Geikie,   F.R.S.,   Director-General  of  the 

Geological  Survey  of  the  United  Kingdom. 
*A  PRIMER  OF  PHYSICAL  GEOGRAPHY.    Ulus.   With  Questions.   18mo.    Is. 
•ELEMENTARY  LESSONS  IN  PHYSICAL  GEOGRAPHY.    Illustrated.    Fcap. 

8vo.     4s.  6d.     *QUEST10NS  ON  THE  SAME.     Is.  6d. 
«A  PRIMER  OF  GEOLOGY.     Illustrated.     18mo.     Is. 

♦CLASS-BOOK  OF  GEOLOGY.     Illustrated.    Cheaper  Ed.    Cr.  8vo.    48.  6d. 
TEXT-BOOK  OF  GEOLOGY.     Illustrated.     3rd  Bd.     8vo.     28s. 
OUTLINES  OF  FIELD  GEOLOGY.     Ulustrated.     New  Ed.     Gl.  8vo.     8s.  6d. 
THE  SCENERY  AND  GEOLOGY  OF  SCOTLAND,  VIEWED  IN  CONNEXION 
WITH  ITS  PHYSICAL  GEOLOGY.     Illustrated.     Cr.  8vo.     12s.  6d. 
HUXLEY.— PHYSIOGRAPHY.    An  Introduction  to  the  Study  of  Nature.    By 

T.  H.  Hu.xLEY,  F.R.S.     Illustrated.     Cr.  8vo.     6s. 
LESSING.— TABLES  FOR  THE  DETERMINATION  OF  THE  ROCK-FORMING 
MINERALS.    Compiled  by  F.  L.  Loewinson-Lessino,  Professor  of  Geology 
at  the  University  of  Dorpat.    Translated  from  the  Russian  by  J.  W.  Gregory, 
B.Sc,  F.G.S.,  of  the  British  Museum.   With  a  Glossary  added  by  Prof.  G.  A.  J. 
Cole,  F.G.S.    8vo. 
LOOKYER.— OUTLINES  OF  PHYSIOGRAPHY— THE  MOVEMENTS  OF  THE 
EARTH.    By  J.  Norman  Lockyer,  P.R.S.,  Examiner  in  Physiography  for  the 
Science  and  Art  Department.     Illustrated.     Cr.  8vo.     Sewed,  Is.  6d. 
LOUIS.— HANDBOOK  OF  GOLD  MILLING.    By  Henry  Louis.     [In  the  Press. 
♦MARR- BARKER.    PHYSIOGRAPHY  FOR  BEGINNERS.    By  J.  E.  Mark, 
M.A.,  and  A.  Harker,  M.A.    Gl.  8vo.  [In  the  Press. 
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MIERS.— A  TBEATISE  ON  MINERALOGY.     By  H.  A.  Mieks,  of  the  British 

Museum.     8v-o.  [In  preparaUon, 

MIERS-CR0SSE:EY.— {S«  Hygiene,  p.  40.)  x.  t,  o   .,       o- 

PHILLIPS.— A  TREATISE  ON  ORE  DEPOSITS.  By  J.A.Phillips, F.R.S.  8vo.  2as. 
WILLIAMS.— ELEMENTS  OF  CRYSTALLOGRAPHY,  for  students  of  Chemiatly, 

Physics,  and  Mineralogy.     By  G.  H.  Williams,  Ph.D.     Cr.  8vo.     6s. 

BIOLOGY. 

{Botany,  Zoology,  General  Biology,  Physiology.) 

Botany. 

ALX-EN.— ON  THE  COLOURS  OF  FL0WER3,  as  Illustrated  in  the  British  Flora. 

Bv  GR.O.-T  Allen.     Illustrated.     Cr.  8vo.     3s.  6d. 
BALFOUR— WARD.— A  GENERAL  TEXT-BOOK  OF  BOTANY.    By  Prof.  I.  B. 

Balfoub,  F.R.S.,  University  of  Edinburgh,  and  Prof.  H.  Marshall  Wakd, 

F  R  S.,  Roy.  Indian  Engineering  Coll.  [In  preparation. 

♦BETTANT.— FIRST  LESSONS  IN  PRACTICAL  BOTANY.     By  G.  T.  BEiTAsr. 

ISmo.     Is. 
♦BOWER.— A  COURSE  OF  PRACTICAL  INSTRUCTION  IN  BOTANY.     By  F. 

O.  Bower,  D.Sc,  F.R.S.,  Regius  Professor  of  Botany  in  the  University  of 

Glasgow.     Cr.  8vo.     10s.  6d.  [Abridged  Ed.  in  preparation. 

CHURCH— VINES.— MANTJAL  OF  TTEGETABLE    PHYSIOLOGY.       By    Prof. 

A.  H.  Chl-bch,  F.R.S.,  and  S.  H.  Vines.    Illustrated.     Cr.  Svo.  [In  prep. 

GOODALE.— PHYSIOLOGICAL   BOTANY.      L    Outlines    of   the    Histology  of 

Phsnogamous  Plants.    IL  Vegetable  Physiology.    By  G.  L.  Goodale,  M.A., 

M  D  ,  Professor  of  Botany  in  Harvard  University.     Svo.     10s.  6d. 
GRAY.— STRUCTURAL   BOTANY,    OR   ORGANOGRAPHY   ON  THE   BASIS 

OF  MORPHOLOGY.     By  Prof.  Asa  Gray,  LL.D.     Svo.     IDs.  6d. 
HARTIG.— TEXT-BOOK  OF  THE  DISEASES  OF  TREES.  (See  Agriculture,  p.  30.) 
HOOKER.— Works  by  Sir  Joseph  Hookek,  F.R.S.,  ic 
*PRIMER  OF  BOTANY.     Illustrated.     ISmo.     Is. 
THE  STUDENT'S  FLORA  OF  THE  BRITISH  ISLANDS.     3rd  Ed.,  revised. 

Gl.  Svo.     10s.  t>l. 
LUBBOCK— FLOWERS,  FRUITS,  AND  LEAVES.     By  the  Right  Hon.  Sir  J. 

Li-BBOCK,  F.R.S.     Illustrated.  ■;  2nd  Ed.     Cr.  Svo.     4s.  tjd. 
MiJLLER.— THE    FERTILISATION   OF    FLOWERS.      By  Heiima>->-  MClleb. 

Translated  by  D'Abct  W.  Thompson,  B.A.,  Professor  of  Biology  in  University 

College,  Dundee.     Preface  by  Charles  Darwin.     Illustrated.     Svo.     21s. 
NISBET.— BRITISH  FOREST  TREES.     (See  Agriculture,  p.  40.) 
OLIVER.— 'LESSONS  IN  ELEMENTARY  BOTANY.    By  Daniel  Oliver,  F.R.3., 

late  Professor  of  Botany  in  University  College,  London.     Fcap.  Svo.     4s.  6d. 
FIRST  BOOK  OF  INDIAN  BOTANY.     By  the  same.     Er.  fcap.  Svo.     6s.  6d. 
SMITH.— DISEASES  OF  FIELD  AND  GARDEN  CROPS.  (See  Agriculture,  p.  40.) 
WARD.— TIMBER  AND  SOME  OF  ITS  DISEASES.     (See  Agriculture,  p.  40.) 

Zoology. 

BALFOUR.— A  TREATISE  ON   COMPARATIVE   EMBRYOLOGY.      By  P.  M. 

B.vLFOCR,  F.B.S.     Illustrated.     2  vols.     Svo.     Vol.  L     ISs.     Vol.  IL     2l3. 
BERNARD— THE  APODIDAE.    By  H.  M.  Bernard,  M.A..  LL.D.    Cr.  Svo.  7s.  6d. 
BUCKTON.— MONOGRAPH   OF    THE   BRITISH  CICADA,  OR  TETTIGIDJI. 

By  G.  15.  BucKTON.     2  vols.     Svo.     33s.  6d.  each,  net 
COUES.— HANDBOOK    OF   FIELD  AND    GENERAL    ORNITHOLOGY.      By 

Prof.  Elliott  Coues,  M.A.     Illustrated.     Svo.     10s.  net. 
FLOWER— GADOW.— AN     INTRODUCTION    TO    THE    OSTEOLOGY    OP 

THE  MAMMALIA.     By  Sir  W.  H.  Flower,  F.RS.,  Director  of  the  Natural 

History  Museum.    Illus.    Srd  Ed.,  revised  with  the  help  of  Hans  Gadow,  Ph. D. 

Cr.  Svo.     10s.  6d. 
FOSTER  — BALFOUR.  — THE    ELEMENTS    OF    EMBRYOLOGY.      By    Prof. 

MicHAJEL  Foster,  M.D.,  F.R.3.,  and  the  late  F.  M.  Balfoch,  F.R.S.,  2nd  Ed. 

revised,  by  A.  Sedgwick,  M.A.,  Fellow  and    Assistant  Lecturer  of   Trinity 

College,  Cambridge,  and  W.  Heaps,  M.A     Illustrate  J.     Cr.  Svo.     lOs.  6d.    ■ 
GtJNTHEB.— GUIDE  TO  BRITISH  FISHES.    By  Dr.  A.  GtfuTHER.    Cr.  Svo. 

[IntKePra*. 
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HEEDMAN.— BRITISH  MARINE  FAUNA.    By  Prof.  W.  A.  Herdman.    Cr.  8vo. 

[In  preparation. 
LANG.— TEXT-BOOK  OF  COMPARATIVE  ANATOMY.     By  Dr.  Arnold  Lano, 

Professor  of  Zoology  in  the  University  of  Zurich.     Transl.  by  H.  M.  and  M. 
'  Bkrnard.    Introduction  by  Prof.  Haeckel.    2  vols.   Illustrated.   8vo.    Part  I. 

17s.  net.  [Part  II.  in  the  Press. 

LUBBOCK.— THE  ORIGIN  AND  METAMORPHOSES  OF  INSECTS.     By  the 

Right  Hon.  Sir  John  Lubbock,  F.R.8.,  D.C.L.     UIus.     Cr.  8vo.     3s.  6d. 
MARTIN— MOALE.— ON   THE   DISSECTION   OP  VERTEBRATE   ANIMALS. 

By  Prof.  H.  N.  Martin  and  W.  A.  Moale.    Cr.  8vo.  [In  preparation. 

MEYRICK.— BRITISH  LEPIDOPTERA.     By  L.  Meyrick.  [In  preparation. 

MIALL.— AQUATIC  INSECTS.     By  Prof.  L.  C.  Miall.  [In  preparation. 

MIVART.— LESSONS  IN  ELEMENTARY  ANATOMY.    By  St.  G.  Mi v art,  F.R.S., 

Lecturer  on  Comparative  Anatomy  at  St.  Mary's  Hosjiital.    Fcap.  8vo.    6s.  fid. 
PARKER.— A  COURSE   OF  INSTRUCTION   IN   ZOOTOMY  (VERTEBRATA). 

By  T.  Jeffery  Parker,  F.R.S.,  Professor  of  Biology  in  the  University  of 

Otago,  New  ZeAland.     Illustrated.     Cr.  8vo.     8s.  M. 
PARKER— KASWELL.— A  TEXT-BOOK  OF  ZOOLOGY.   By  Prof.  T.  J.  Parker, 

F.R.S.,  and  Prof.  Haswell.     Svo.  [In  prciKiration. 

SEDGWICK.— TREATISE   ON  EMBRYOLOGY.     By  Adam  Sedowick,  F.R.S., 

Fellow  and  Lecturer  of  Trinity  College,  Cambridge.     Svo.  [In  preparation. 

SHUFELDT.— THE   MYOLOGY  OF  TUB   RAVEN  (Corvus  corax  sinuatus).     A 

Guide  to  the  Study  of  the  Muscular  System  in  Birds.    By  R.  W.  Shufeldt. 

Illustrated.     Svo.     13s.  net. 
WIEDERSEEIM.— ELEMENTS     OF    THE    COMPARATIVE    ANATOMY    OF 

VERTEBRATES.     By  Prof.   R.   'Wiedeesheim.     Adapted   by  W.   Newton 

Parker,  Professor  of  Biology,  University  College,  Cardiff.    Svo.    12s.  Gd. 

General  Biology. 

BALL.— ARE  THE  EFFECTS  OF  USE  AND  DISUSE  INHERITED?    By  W. 

Platt  Ball.     Cr.  Svo.     3s.  6d. 
BATESON.— MATERIALS  FOR  THE  STUDY  OF  VARIATION  IN  ANIMALS. 

Part  I.  Discontinuous  Variation.    By  W.  Bateson.    Svo.    Illus.     [In  the  Press. 
CALDERWOOD.— EVOLUTION  AND  MAN'S  PLACE  IN  NATURE.     By  Prof. 

H.  Calderwood,  LL.D.    Cr.  Svo.    78.  CA. 
EIMER.— ORGANIC  EVOLUTION  as  the  Result  of  the  Inheritance  of  Acquired 

Characters  according  to  the  Laws  of  Organic  Groivth.      By  Dr.  G.  H.  T. 

EiMER.      Transl.  by  J.  T.  Cunningham,  F.R.S.E.     Svo.     128.  6d. 
HOWES.— AN  ATLAS  OF  PRACTICAL  ELEMENTARY  BIOLOGY.     By  G.  B. 

HowF.s,  Assistant  Professor  of  Zoology.  Roval  College  of  Science.     4to.     14s. 
♦HUXLEY.— INTRODUCTORY  PRIMER  OF  SCIENCE.    By  Prof.  T.  II.  Huxley, 

F.R.S.     ISmo.     Is. 
HUXLEY  —  MARTIN.— A    COURSE    OF    PRACTICAL    INSTRUCTION     IN 

ELEMENTARY   BIOLOGY.     By  Prof.  T.  II.  Huxley,  F.R.S.,  assisted   by 

H.  N.  Martin,  F.R.S.,  Professor  of  Biology  in  the  Johns  Hopkins  University. 

New  Ed.,  revised  by  G.  B.  Howes,  Assistant  Professor,  Royal  College  of  Science, 

and  D.  H.  Scott,  D.Sc.     Cr.  Svo.     10s.  6(1. 
LUBBOCK.— ON   BRITISH  WILD  FLOWERS  CONSIDERED  IN  RELATION 

TO  INSECTS.    By  the  Right  Hon.  Sir  J.  Lubbock,  F.R.S.    Illustrated.    Cr. 

Svo.     4s.  Cd. 
PARKER.— LESSONS  IN  ELEMENTARY  BIOLOGY.    By  Prof.  T.  Jeffery 

Parker,  F.R.S.    Illustrated.    2nd  Ed.     Cr.  Svo.     lOs.  6d. 
VARIONY.— EXPERIMENTAL  EVOLUTION.    By  H.  de  Variony.    Cr.Svo.    Ss. 
WALLACE. — Works  by  Alfred  Ru.ssel  Wallace,  LL.D. 
DARWINISM  :  An  Exposition  of  the  Theory  of  Natural  Selection.    Or.  Svo.    Oa. 
NATURAL  SELECTION:  AND  TROPICAL  NATURE.    New  Ed.     Or.  Svo.    68. 
ISLAND  LIFE.     New  Ed.     Cr.  Svo.     6s. 

Physiology. 

FfiARNLET.— A   MANUAL  OF    ELEMENTARY  PRACTICAL   niSTOLOGY. 
By  Wii.MAii  Fearnlky.     Illuetrated.     Cr.  8to.     7«.  6d. 
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FOSTEE.— Works  by  Michasl  Fostkb,  ILD.,  F.R.S.,  Professor  of  Physiology  in 

the  Uaivetsity  of  Csmbridge. 
•A  PRIMER  OF  PHYSIOLOGY,  mastrated.  18mo.  Is. 
A  TEXT-BOOK  OF  PHYSIOLOGY,  ninstiated.  5th  Bd.,  Isigdy reTised.  8to. 
Part  I.  Blood — The  Tissnes  of  If  oTement,  The  Yaacnlar  Mechamsm.  lOs.  6d. 
Fart  IL  The  Tissnes  of  Chemical  Action,  with  tiuor  BespectiTe  Hechanisms 
— N'atrition.  10s.  6d.  Part  IH.  The  Central  Nerroos  Syatem.  7a.  6d.  Part 
rv.  The  Senses  and  some  Special  Hoscolar  Mechanisms.  The  Tissues  and 
Mechanisms  of  Reproduction.  10s.  6d.  APPEXDIX— THE  CHEMICAL 
BASIS  OF  THE  ACTUAL  BODY.     By  A.  S.  Lea,  M.A.     7s.  Cd. 

F(»TEB— LANGLEY.— A  COCRSE  OF  ELEME>'TARY  PRACTICAL  PHY- 
SIOLOGY AND  HISTOLOGY.  By  Piof.  Michakl  Fostkk,  and  J.  N.  Lajtglky, 
F.R.S.,  Feliow  of  Triijity  Collie,  Cambridge.     6th  Ed-     Or.  8to.     Ts.  6d. 

FOSTER— SHORE.— PHYSIOLOGY  FOR  BEGLSTSEBS.  By  Michaxl  Fogtes, 
M.A.,  and  L.  E.  Shore,  M.A.     GI.  Svo.  [InHuFrest. 

GAMGEE.— A  TEXT -BOOK  OF  THE  PHYSIOLOGICAL  CHBlQSTBY  OF 
THE  ANIMAL  BODY.      By  A.  Gamgee,  M.D.,  F.R.S.     Sto.    VoL  L     18s. 

[VoL  IL  in  the  Pnss. 

•HUXLET.— LESSONS   IK   ELEMEXTAHY  PHYSIOLOGY.      By  Prof.  T.  H. 
Huxley,  F.R.S.    Hlnst.    Fcap.  8to.    4s.  6d. 
•QUESTIONS  ON  THE  ABOVE.    By  T.  AroocK,  M.D.    18ma    Is.  6d. 
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BLYTH.— (S«  Hygiene,  p.  40). 

BRUKTON.— Works  by  T.  LArDm  Bruxtox,  M.D.,  F.B.&,  BxamiiMr  in  Materia 
Medica  in  lie  CniTersity  of  London,  in  the  Victoria  UniTersity,  and  in  the 

Royal  College  of  Physicians,  London.       

A  TEXT-BOOK  OP  PHARMACOLOGY,  THERAPKOTICS,  AND   MATERIA 

MEDICA.    Adapted  to  the  United  States  Pharmacopoeia  by  F.  H.  Whxiahs, 

M.D.,  Boston,  Mass.    3rd  Ed.      Adapted  to  the  Kew  British  Pharmacopoeia, 

1SS5.  and  additions,  189L    Sto.    2l8.    Or  in  3  vols.    22s.  6d.    Supplement.   Is. 

TABLES   OF    MATERIA   MEDICA:    A  Companion  to  the  Matoia  Medica 

Mnsenmu    Illustrated.     Cheaper  Issue.     Svo.     5s. 
AN  INTRODUCTION  TO  MODERN  THERAPEUTICS.     8vo.     3s.  6d.  net. 

GRIFFITHS.— LESSONS  ON  PRESCRIPTIONS  ANT)  THE  ART  OF  PRESCRIB- 
ING.  By  W.  H.  GKITTITH3.  Adapted  to  the  Pharmacopoeia,  1885.   ISmo.   3s.  6d. 

HAMlCLTON.— A  TEXT-BOOK  OF  PATHOLOGY,  SYSTEMATIC  AND  PRAC- 
TICAL. By  D.  J.  H4im.T0}.-,  F.B.S.E.,  Professor  of  Pathological  Anatomy, 
UniTersity  of  Aberdeen.    Illustrated.    VoL  L    Sto.    25s.  [VoL  II.  in  flk«  Pnss. 

KT.TTW. — Works  by  E.  Kjlkik,  F.B.S.,  Lecturer  on  General  Anatomy  and  Physio- 
logy in  the  Medical  School  of  St.  Bartholomew's  Hospital,  London. 
MICRO-ORGANISMS  ANT)   DISEASK.     An  Introduction  into  the  Study  of 

Specific  Micro-Organisms.    Illustrated.    3rd  Kd.,  reviaed.    Cr.  Sto     6a. 
THE  BACTERIA  IN  ASIATIC  CHOLERA.    Cr.  Sra     58. 

VOK  K AHT.DEN.  —HANDBOOK  OF  HISTOLOGICAL  METHODS.  By  Dr. 
Vox  Kahldkx.  Translated  by  H.  Morlbt  Fletchbb,  M-D.  Sto.  Being  a 
Companion  to  Ziegler's  "Pathological  Anatomy."  [In  prepanUioH. 

WHITE.- A  TEXT- BOOK  OF  GENERAL  THERAPEUTICS.  By  W.  Hal* 
White.  M.D.,  Senior  Assistant  Physician  to  and  Lecturer  in  lf«tgria  Medica  at 
Guj-s  HcspitaL    Illustaated.    Cr.  8Ta    8s.  6d. 

WILLOUGHBY.— (Sm  Hygiene,  p.  40.) 

ZIEGLER— MAC  A  T.TSTEB — TEXT -BOOK  OF  PATHOLOGICAL  ANATOMY 
AND  PATHOGENBSia  By  Prof.  E.  Zmnxs.  Translated  and  Edited  by 
DoxAXD  3La.cAijsteb,  M.A.,  M.D.,  Fellow  and  Medical  Lecturer  of  St.  John's 
College,  Cambridge.  Illustrated.  Svo. 
Part  L— GENERAL  PATHOLOGICAL  ANATOMY.  2nd  Ed.  12s.  6d. 
Part  n.— SPECIAL  PATHOLOGICAL  ANATOMY.  Sections  L-VIIL  2nd  W. 
12a.  6d.     Sections  IX.-XIL     12a.  6d. 
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HUMAN   SCIENCES. 

Mental  and  Moral  Pbilosophy ;  Political  Economy ;  Law  and  PoUtlos ; 
Anthropology;  Education. 

MENTAL  AND  MORAL  PHILOSOPHY. 

BALDWIN— HANDBOOK  OF  PSYCHOLOGY:    SENSES  AND   INTELLECT. 

By  Prof.  J.  M.  Baldwin,  M.A.,  LL.D.     2nd  Ed.,  revised.     8vo.     123.  6d. 
FEELING  AND  WILL.    By  the  same.    8vo.    12s.  6d. 
BOOLE.— THE  MATHEMATICAL  ANALYSIS  OF  LOGIC.      Being  an  Essay 

towards  a  Calculus  of  Deductive  Reasoning.    By  Georqe  Boole.    8vo.    5s. 
CALDERWOOD.— HANDBOOK  OP  MORAL  PHILOSOPHY.     By  Rev.  Henrt 

Calderwood,  LL.D.,  Professor  of  Moral  Philosophy  in  the  University  of 

Edinburgh.     14th  Ed.,  largely  rewritten.     Cr.  Svo.     6s. 
CLIFFORD.— SEEING  AND  THINKING.     By  the  late  Prof.  W.  K.  Clifford, 

F.R.8.    With  Diagrams.    Cr.  Svo.    3s.  6d. 
HOFFDING.— OUTLINES  OF  PSYCHOLOGY.    By  Prof.  H.  Hoffdino.    Trans- 
lated by  M.  B.  Lowndes.     Cr.  Svo.     6s. 
JAMES.— THE  PRINCIPLES  OF  PSYCHOLOGY.     By  Wm.  James,  Professor 

of  Psychology  in  Harvard  University.    2  vols.    Svo.    25s.  net. 
ATEXT-BOOK  OF  PSYCHOLOGY.    By  the  same.    Cr.  Svo.    Is.  net. 
JARDINE.— THE  ELEMENTS  OF  THE  PSYCHOLOGY  OP  COGNITION.     By 

Rev.  Robert  Jardine,  D.Sc.    3rd  Ed.,  revised.    Or.  Svo.    68.  6d. 
JEVONS.— Works  by  W.  Stanley  Jevons,  P.R.S. 
*A  PRIMER  OF  LOGIC.     ISmo.     Is. 
"ELEMENTARY  LESSONS  IN  LOGIC,  Deductive  and  Inductive,  with  Copious 

Questions  and  Examples,  and  a  Vocabulary.    Pcap.  Svo.    8s.  6d. 
THE  PRINCIPLES  OF  SCIENCE.     Cr.  Svo.     12s.  6d. 
STUDIES  IN  DEDUCTIVE  LOGIC.     2nd  Ed.     Cr.  Svo.     6s. 
PURE   LOGIC:   AND   OTHER  MINOR  WORKS.     Edited  by  R.    Adamson, 

M.A.,  LL.D.,  Professor  of  Logic  at  Owens  College,  Manchester,  and  Harriet 

A.  Jevons.     With  a  Preface  by  Prof.  Adamson.    Svo.     10s.  6d. 
KANT— MAX  MtfLLER.— CRITIQUE  OP  PURE  REASON.     By  Immanuel  Kant. 

2  vols.     Svo.     16s.  each.     Vol.  L   HISTORICAL  INTRODUCTION,  by  Lod- 

wio  NoiRfe ;  Vol.  II.  CRITIQUE  OP  PURE  REASON,  translated  by  P.  Max 

MUller. 
KANT  — MAHAFFY  — BERNARD.  — KANT'S  CRITICAL  PHILOSOPHY  FOR 

ENGLISH  READERS.     By  J.  P.  Mahaffy,  D.D.,  Professor  of  Ancient  History 

in  the  University  of  Dublin,  and  John  H.  Bernard,  B.D.,  Fellow  of  Trinity 

College,  Dublin.    A  new  and  complete  Edition  in  2  vols.    Cr.  Svo. 

Vol.   I.    The  Kritik  of  Pure  Reason  explained  and  defended.    7s.  6d. 

Vol.  II.    The  Prolegomena.    Translated  with  Notes  and  Appendices.    6s. 
KANT.— KRITIK  OF  JUDGMENT.    Translated  with  Introduction  and  Notes  by 

J.  H.  Bernard,  D.D.    Svo.     10s.  net. 
KEYNES.— FORMAL  LOGIC,  Studies  and  Exercises  in.    By  J.  N.  Keynes,  D.Sc. 

2nd  Ed.,  revised  and  enlarged.     Cr.  Svo.     IDs.  6d. 
McCOSH. — Works  by  James  McCosh,  D.D.,  President  of  Princeton  College. 
PSYCHOLOGY.     Cr.  Svo.     I.  THE  COGNITIVE  POWERS.     6s.  6d.     II.  THE 

MOTIVE  POWERS.     6s.  6d. 
FIRST  AND  FUNDAMENTAL  TRUTHS:  a  Treatise  on  Metaphysics.    Svo.    9s. 
THE  PREVAILING  TYPES  OF  PHILOSOPHY.     CAN  THEY  LOGICALLY 

REACH  REALITY  ?    Svo.     3s.  6d. 
MAURICE.— MORAL    AND    METAPHYSICAL    PHILOSOPHY.      By    P.     D. 

Maurice,  M.  A.,  late  Professor  of  Moral  Philosophy  in  the  University  of  Cam- 
bridge.    4th  Ed.     2  vols.     Svo.     163. 
•RAY.— A  TEXT-BOOK  OF  DEDUCTIVE  LOGIC  FOR  THE  USE  OF  STUDENTS. 

By  P.  K.  Ray,  D.Sc,  Professor  of  Logic  and  Philosophy,  Presidency  College, 

Calcutta.    4th  Ed.    Globe  Svo.    4s.  6d. 
SIDGWICK.— Works  by  Henry  Sidgwick,  LL.D.,  D.C.L.,  Knightbridge  Professor 

of  Moral  Philosophy  in  the  University  of  Cambridge. 
THB  METHODS  OP  ETHICS.     4th  Ed.     Svo.    146. 
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OUTLnrES  OP  THB  HISTOBT  of  ethics.    3rd  Kd.    Cr.  Sra    Ss.  6d. 

VENW.— Works  by  Johh  Vcof,  F.R.S.,  Examiner  in  Moral  Philosophy  in  the 
Unirersity  of  London. 
THB  LOGIC  OF  CHANCB.    An  Kasay  on  the  Foundations  and  Province  of  the 
Theory  of  Probability.    3id  Bd-,  rewritten  and  enlarged.    Cr.  Svo.    10s.  6d. 

8TMBOLIO  LOGIC.     Cr.  8to.     10s.  6d.  

THE  FRrSCrPLES  OF  EMPIRICAL  OR  EvDUCnVE  LOGia    8to.     18s. 

WILLIAMS.— REVIEW  OF  THE   SYSTEM  OF  ETHICS  FOUNDED  OX  THB 
THEORY  OF  EVOLUTION.    By  C.  M.  Williams.    Ex.  Cr.  Svo.    12s.  net 

POLITIOAL  ECONOMY. 

BASTABUB.— PUBLIC  FINANCE.     By  C.  P.  Bastablk,  Professor  of  Political 

Economy  in  the  University  of  Dublin.     Svo.    12b.  6d-  nek. 
BOHM-BAWERK.— CAPITAL  AND  INTEREST.  Tmislated  by  Wuxiam  Sxast, 

M.A.     Svo.     12s.  net. 
THE  POSITIVE  THEORY  OF  CAPITAL.     By  the  same.    Svo.    12s.  net 
CAIRNES.— THE   CHARACTER  AND  LOGICAL  METHOD  OP   POLITICAL 

ECONOMY.     Bv  J.  E.  Cairxes.    Cr.  Svo.     6s. 
SOME  LEADING'  PRINCIPLES  OF  POLITICAL  ECONOMY  NEWLY  EX. 

POUNDED.    By  the  same.    Svo.    143. 
CLARE.— ABC  OF  THE  FOREIGN  EXCHANGE.    By  Geoece  Ciabk.    Crown 

8vo.     3s.  net 
COSSA.— INTRODUCTION    TO   THE   STUDY    OP    POLITICAL   BCOSOMY. 

Being  an  entirely  rewrittan  third  edition  of  the  Guide  to  the  Study  of  Political 

Economy  by  Lcigi  Co«ba,  ProCnBcv  in  the  Royal  Univenity  of  Pkria.    I'nns- 

lated,  with  the  aathor's  sanctaon  and  assistance,  from  the  original  Italian  by  a 

former  Taylraian  scholar  in  Italian  of  the  University  of  Oxford.    Crown  Svo. 

[7»  Vu  Prtss. 
•FAWCETT.— POLITICAL  ECONOMY  FOR  BBGINNBBS,  WITH  QUESTIONa 

By  Mrs.  Hecbt  Fiwcrrr.    7th  Ed.     ISma    2s.  6d. 
FAWCETT.— A  MANUAL  OF  POLITICAL  ECONOMY.  By  the  Kght  Hon.  Hkhbt 

Fawcett,  F.R.S.    7th  Ed.,  revised.     Cr.  8va     12s. 
AN  EXPLANATORY  DIGEST  of  above.    By  C.  A.  Waters,  B.  A.    Cr.  Sva    gs.6d. 
GILMAK.— PROFIT  -  SHARING   BETWEEN   EMPLOYER  AND  EMPLOYBB. 

By  N.  P.  GiLiiAN.     Cr.  Svo.     75.  6d. 
SOCIAUSM  AND  THE  AMERICAN  SPIRIT.    By  the  Same.    Cr.  Sro.    «b.  <d. 
6UMTON.— WEALTH  AND  PROGRESS :  An  examination  of  the  Wages  Question 

and  its  Bconomic  Relation  to  Social  Reform.   By  Gbobgk  Gcstox.  Cr.  8va   6s. 
HOWELL.— THB  CONFUCTS  OF  CAPITAL  AND  LABOUR  HISTORICALLY 

AND  ECONOMICALLY  CONSIDERED.     Being  a  History  and  Review  of  the 

Trade  Unions  of  Great  Britain.    By  Gsobgk  Howux,  M.P.    2nd  Ed.,  revised. 

Cr.  Svo.    7s.  6d- 
JEV0K8.— Works  by  W.  SrAXiir  Jbvoss,  P.RS. 
♦PRIMER  OF  POLITICAL  ECONOMY.     ISmo.     la. 

THE  THEORY  OF  POUTICAL  ECONOMY.    3rd  Bd.,  revised.     Svo.     lOs.  6d. 
KEYNES.— THB  SCOPE  AND   METHOD   OP   POLITICAL  ECONOMY.      By 

J.  N.  Kktsts,  D.Sc    7s.  net 
MARSHALL-— PRINCIPLB8  OF  BOONOMICS.    By  Ai-fhkd  Kaxshall,  M.A., 

Professor  of  Political  Bconomy  in  the  University  of  Oamhridge.    3  vols.    Sva 

VoL  I.     2nd  Ed.     128.  6d.  net 
ELEMENTS  OP  BOONOMICS  OP  INDUSTRY.     By  the  same.     New  Bd., 

1S92.     Cr.  Svo.     3s.  6d. 
PALGRAVE.— A  DICTIONARY  OP  POLITICAL  ECONOMY.  By  varioos  Writers. 

Eiite<l  bv  R.  H.  Isglis  PaijGravi,  F.R.a    Ss.  6d.  each,  net    No.  I.  Julf  189L 
PAKTALEONL— MANUAL  OF  POLITICAL  ECONOMY.    By  Prot  M.  Pahka- 

LEOT.    Translated  bv  T.  Bospos  Bruck.  [In  prqiaratio*. 

SIDGW1CK-— THE    PRINCIPLBS  OP  POLITICAL  ECONOMY.     By  He^tbt 

SiDOWicr,  LL.D.,  D.C.L.,  Knic^thridge  Professor  of  Moral  Philosophy  in  the 

University  of  Cambridge.    2nd  Ed.,  revised.      Svo.    16s. 
KMART —AN  INTRODUCTION  TO  THE  THEORY  OF  VALUE.    By  William 

Smart,  M  JL     Crown  Sva     Ss.  net. 
THOMPSON.— THE  THEORY  OP  WAGES.   By  H.  M.  Thompsos.   Cr.Svo.  Ss.6d. 
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WALKER.— Works  by  Francis  A.  Walker,  M.A. 

FIRST  LESSONS  IN  POLITICAL  ECONOMY.     Cr.  8to.     5s. 

A  BRIEF  TEXT-BOOK  OF  POLITICAL  ECONOMY.     Cr.  8vo.     68.  6d. 

POLITICAL  ECONOMY.    2nd  Ed.,  revised  and  enlarged.    8vo.     12s.  Gd. 

THE  WAGES  QUESTION.     Ex.  Cr.  8vo.     83.  6d.  net. 

MONEY.     Ex.  Cr.  8vo.     8s.  6d.  net. 
WIOKSTEED.— ALPHABET  OF  ECONOMIC  SCIENCE.     By  P.  H.  Wicksteed, 
M.A.    Part  I.    Elements  of  the  Theory  of  Value  or  Worth.    Q\.  8ro.     2s.  6d. 

LAW  AND  POLITICS. 

BALL.— THE  STUDENT'S  GUIDE  TO  THE  BAR.    By  W.  W.  Rouse  Ball,  M.  A., 

Fellow  of  lYinity  College,  Cambridge.     4th  Ed.,  revised.     Cr.  8vo.     2s.  6d. 
BOUTMY.  — STUDIES    IN    CONSTITUTIONAL    LAW.      By    Emilb    Boutmy. 
Translated  by  Mrs.  Dicey,  with  Preface  by  Prof.  A.  V.  Dicey.    Cr.  8vo.    6s. 
THE  ENGLISH  CONSTITUTION.    By  the  same.    Translated  by  Mrs.  Eaden, 
with  Introduction  by  Sir  F.  Pollock,  Bart.    Cr.  8vo.    6s. 
•BUCKLAND.— OUR  NATIONAL  INSTITUTIONS.    By  A.  Bcckland.    18mo.  Is. 
CHERRY.— LECTURES  ON  THE  GROWTH  OF  CRIMINAL  LAW  IN  ANCIENT 
COMMUNITIES.    By  R.  R.  Cherry,  LL.D.,  Reid  Professor  of  Constitutional 
and  Criminal  Law  in  the  University  of  Dublin.     8vo.     5s.  net. 
DICEY.- INTRODUCTION  TO  THE  STUDY  OF  THE  LAW  OF  THE  CONSTITU- 
TION.    By  A.  V.  Dicey,  B.C.L.,  Vinerian  Professor  of  English  Law  in  the 
University  of  Oxford.     3rd  Ed.     8vo.     12s.  6d. 
HOLMES.— THE  COMMON  LAW.    By  O.  W.  Holmes,  Jun.    Demy  Svo.    12s. 
JENKS.— THE    GOVERNMENT    OF   VICTORIA.      By  Edward   Jenks,  B.A., 

LL.B.,  late  Professor  of  Law  in  the  University  of  Melbourne.     143. 
MUNRC— COMMERCIAL  LAW.     (.See  Commerce,  p.  41.) 
PHILLIMORE.— PRIVATE  LAW  AMONG  THE  ROMANS.    Prom  the  Pandects. 

By  J.  G.  Phillimore,  Q.C.    Svo.     16s. 
POLLOCK.— ESSAYS  IN  JURISPRUDENCE  AND  ETHICS.    By  Sir  Frederick 
Pollock,  Bart.    Svo.    10s.  6d. 
INTRODUCTION  TO  THE  HISTORY  OF   THE   SCIENCE    OF   POLITICS. 
By  the  same.     Cr.  Svo.     2s.  6d. 
SIDGWICK.— THE  ELEMENTS  OF  POLITICS.    By  Henry  Sidqwick,  LL.D. 

Svo.     14s.  net. 
STEPHEN.— Works  by  Sir  James  Fitzjames  Stephen,  Bart. 
A  DIGEST  OF  THE  LAW  OF  EVIDENCE.     5th  Ed.     Cr.  Svo.     6s. 
A  DIGEST  OF  THE  CRIMINAL  LAW  :  CRIMES  AND  PUNISHMENTS.     4th 

Ed.,  revised.    Svo.    16s. 

A  DIGEST  OF  THE  LAW  OF  CRIMINAL  PROCEDURE  IN  INDICTABLE 

OFFENCES.    By  Sir  J.  F.  Stephen,  Bart.,  and  H.  Stephen.    Svo.    12s.  6d. 

A  HISTORY  OF  THE  CRIMINAL  LAW  OF  ENGLAND.     3  vols.     Svo.     48s. 

A  GENERAL  VIEW  OF  THE  CRIMINAL  LAW  OF  ENGLAND.     Svo.     14s. 

ANTHROPOLOaY. 

TYLOR,— ANTHROPOLOGY.    By  E.  B.  Tvlor,  F.R.S.,  Reader  in  Anthropology 
in  the  University  of  Oxford.    Illustrated.     Cr.  Svo.    7s.  6d. 

EDUCATION. 

ARNOLD.— REPORTS  ON  ELEMENTARY  SCHOOLS.    1852-18S2.   By  Matthew 

Arnold.     Edited  by  Lord  Sandford.     Cr.  Svo.     3s.  6d. 
HIGHER  SCHOOLS  AND  UNIVERSITIES  IN  GERMANY.     By  the  same. 

Crown  Svo.     6s. 
A  FRENCH   ETON,   AND   HIGHER  SCHOOLS  AND   UNIVERSITIES  IN 

PRANCE.     By  the  same.    Cr.  Svo.    6s. 
BALL.— THE  STUDENT'S  GUIDE  TO  THE  BAR.    (See  Law,  above.) 
•BLAKISTON.— THE  TEACHER.     Hints  on  School  Management.      By  J.  R. 

Blakiston,  H.M.I.S.     Cr.  Svo.     28.  6d. 
OALDERWOOD.— ON  TEACHING.    By  Prof.  Henry  Calderwood.    New  Ed. 

Ex.  fcap.  Svo.    2s.  6d. 
FEARON.— SCHOOL  INSPECTION.  By  D.  R.  Fearon.    6th  Ed.   Cr.  Svo.   28.  6d. 
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FITCH.— NOTES   ON   AMERICAN   SCHOOLS  AND  TRADflNG   COLLEGES. 

Br  J.  G.  Fitch,  M.A.,  LL.D.     Gl.  8to.     2s.  6d. 
GEIKiE.— THE  TEACHING  OF  GEOGRAPHY.     (See  Geography,  p.  41.) 
GLADSTONE.— SPELLING  REFORM  FROM  A  NATIONAL  POINT  OF  VIEW 

By  J.  H.  Gladstone.     Cr.  8vo.     Is.  t5<l. 
HERTEL.— OVERPRESSURE  IN  HIGH  SCHOOLS  IN  DENMARK.     By  Dr. 

Hertel.     IntriDd.  bv  Sir  J.  Crichtos-Browse,  F.R.S.     Cr.  8vo.     3a.  6d. 
RECORD  OF  TECHNICAL  AND  SECONDARY  EDDCATION.      8vo.      Sewed, 

2s.,  net    Part  I.     Nov.  1S91. 

TECHNICAL  KNOWLEDGE. 

Civil  and  Mechanical  Enginoering ;  Military  and  Naval  Science ; 
Agriculture ;  Domestic  Economy ;  Hygiene ;  Commerce ;  Manual  Training. 

CIVIL  AND  MECHANICAL  ENGINEERING-. 

ALEXANDER  — THOMSON.— ELEMENTARY  APPLIED  MECHANICS.  (See 
Mechanics,  p.  26.) 

CHALMERS.— GRAPHICAL  DETERMINATION  OF  FORCES  LN  ENGINEER- 
ING STRUCTURES.     By  J.  B.  Chauieks,  C.E.     Illustrated.     Svo.     "243. 

COTTERILL.— APPLIED  MECHANICa     (See  Mechanics,  p.  27.) 

COTTERILL—SLADE.— LESSONS  IN  APPLIED  MECHANICa  (See  Mechan- 
ioa,  p.  27.) 

GRAHAM.— GEOMETRY  OF  POSITION.     (See  Mechanics,  27.) 

KENNEDY.— THE  MECHANICS  OF  MACHINERY.    (See  Mechanics,  27.) 

LANGMAID—GAISFORD.— ELEMENTARY  LESSONS  IN  STEAM  MACHIN- 
ERY AND  IN  MARINE  STEAM  ENGINES.  By  T.  Laugmaid,  Chief  Engineer 
R.N..  and  H.  Gaisford,  R.N.  [Shcrrtlv. 

PEABODY.— THERMODYNAMICS  OF  THE  STEAM-ENGINE  AND  OTHER 
HEAT-ENGINES.     (5^«  Phvsics,  p.  29.) 

SHANN.— AN  ELEMENTARY  TREATISE  ON  HEAT  IN  RELATION  TO 
STEAM  AND  THE  STEAM-ENGINE.    (See  Physics,  p.  29.) 

YODNG.— SIMPLE  PRACTICAL  METHODS  OF  CALCULATING  STRAINS  ON 
GIRDERS,  ARCHES,  AND  TRUSSED    By  E.  W.  Yocso,  C.E.    Svo.    7s.  6d. 

MILITARY  AND   NAVAL  SCIENCE. 

ARMY  PRP.T.TMTVARY  EXAMINATION  PAPERS,  1882-1891.  (See  Mathematics.) 
FLAGG.— A  PRIMER  OF  NAVIGATION.  Bv  A.  T.  Fij.gg.  ISmo.  [In pref<iration. 
KELVIN.— POPULAR    LECTURES    AND    ADDRESSES.      By  Lord    Kelviij, 

P.RS.     3  vols.     Illustrated.     Cr.  Svo.     VoL  IIL  Navigation.     73.  6d. 
MATTHEWS.— MANUAL  OF  LOGARITHMS    (See  Mathematics,  p.  24.) 
MAURICE.— WAR.     By  Col.  G.  F.  Maurice,  C.B.,  R.A.     Svo.     5s.  net 
MERCUR.— ELEMENTS  OF   THE  ART  OF  WAR.      Prepared  for  the  use  of 
Calt-ts  of  the  United  States  Military  Academy.    By  jAiira  Merccr.    Svo.    ITa, 
PALMER.— TEXT-BOOK  OF  PRACTICAL  LOGARITHMS  AND  TRIGONO- 
METRY.    (See  Mathematics,  p.  24.) 
ROBINSON.— TREATISE    ON    MARINE    SURVEYING.      For   younger    Naval 

Orficers.     Bv  Rev.  J.  L.  R.>eiss<jn-.     Cr.  Svo.     7s.  dd. 
SANDHURST  MATHEMATICAL  PAPERS.     (See  Mathematics,  p.  25.) 
SEORTLAND.— NAUTICAL  SURVEYING.   By  Vice-Adm.  Shortlaxd.   Sto.    21a. 
WOLSELEY.— Works  bv  General  Viscount  Wolsex-ev.  G.G.M.G. 
THE  SOLDIER'S  POCKET-BOOK  FOR  FIELD  SERVICE.     16mo.    Roan.    5s. 
FIELD  POCKET-BOOK  FOR  THE  AUXILIARY  FORCES.     16mo.     Is.  6d. 
WOOLWICH  MATHEMATICAL  PAPERS.    (See  Mathematics,  p.  25.) 

AGRICULTURE  AND  FORESTRY. 

FRANKLAND.— AGRICULTURAL  CHEMICAL  ANALYSIS.  By  P.  F.  FtLXSK- 
LAND,  F.R.S..  Prof,  of  C'l.emistrv,  University  College,  Dundee.  Cr.  Svo.  7s.  6d. 

HARTIG.- TEXT- BOOK  OF  THE' DISEASES  OF  TREES.  By  Dr.  Robert 
Habtio.  Translate"!  by  Wm.  Somerville,  B.S.,  D.CE.,  Professor  of  Agriculture 
and  Forestry,  Durham  College  of  Science.    Svo.  [/»  tk*  Press, 
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LASLETT.— TIMBER  AND  TIMBER  TREES,  NATIVE  AND  FOREIGN.      By 

Thomas  Laslett.     Cr.  8vo.     83.  6d. 
LAURIE.— THE  FOOD  OF  PLANTS.    By  A.  P.  Laurie,  M.A.     18mo.    l8. 
MUIR.— MANUAL  OF  DAIRY-WORK.     By  Professor  James  Mum,  Yorkshire 

College,  Leeds.    18mo.    Is. 
NICHOLLS.— A    TEXT-BOOK    OF    TROPICAL    AGRICULTURE.     By  H.   A. 

Alford  NicnoLLS,  M.D.    Illustrated.    Crown  8vo.    6s. 
NISBET.— BRITISH  FOREST  TREES  AND  THEIR  AGRICULTURAL  CHAR- 
ACTERISTICS AND  TREATMENT.    By  John  Nisbet,  D.CE.,  of  the  Indian 

Forest  Service.    Cr.  8vo'    6s. 
SOMERVILLE.— INSECTS  IN  RELATION  TO  AGRICULTURE.     By  Dr.  W. 

SoMERviLLE.     ISiiio.  [In  preparation. 

SMITH.— DISEASES  OF   FIELD   AND  GARDEN  CROPS,  chiefly  such  as  are 

caused  by  Fungi.     By  Worthinoton  G.  Smith,  F.L.S.     Fcap.  8vo.     4s.  6d. 
TANNER.— *ELBMENTARY  LESSONS  IN  THE  SCIENCE  OF  AGRICULTURAL 

PRACTICE.    By  Henry  Tanner,  F.C.S.,  M.R.  A.C.,  Examiner  in  Agriculture 

under  the  Science  and  Art  Department.    Fcap.  8vo.    3s.  6d. 
*FIRST  PRINCIPLES  OF  AGRICULTURE.    By  the  same.     18mo.     Is. 
*THE  PRINCIPLES  OP  AGRICULTURE.     For  use  in  Elementary  Schools.    By 

the  same.    Ex.  fcap.   8vo.    I.  The  Alphabet.    6d.     II.  Furtlier  Steps.    Is. 

III.  Elementary  School  Readings  for  the  Third  Stage.    Is. 
WARD.— TIMBER  AND  SOME  OF  ITS  DISEASES.    By  H.  Marshall  Ward, 

F.R.S.,  Prof,  of  Botany,  Roy.  Ind.  Engin.  Coll.,  Cooper's  Hill.     Cr.  8vo.     6s. 
WRIGHT.— A  PRIMER  OF  PRACTICAL  HORTICULTURE.    By  J.  Wright, 

P.R.H.S.    18mo.    Is. 

DOMESTIC  ECONOMY. 

♦BARKER.— FIRST  LESSONS  IN  THE  PRINCIPLES  OF  COOKING.    By  Lady 

Barker.     18mo.     Is. 
*BARNETT— O'NEILL.— A  PRIMER  OP  DOMESTIC  ECONOMY.     By  E.  A. 

Barnett  and  H.  C.  O'Neill.     18mo.     Is. 
♦COOKERY  BOOK.— THE  MIDDLE-CLASS  COOKERY  BOOK.    Edited  by  the 

Manchester  School  of  Domestic  Cookery.     Fcap.  8vo.     Is.  6d. 
CRAVEN.— A  GUIDE  TO  DISTRICT  NURSES.  By  Mrs.  Craven.  Cr.  8vo.  2s.  6d. 
♦GRAND'HOMME.— CUTTING-OUT  AND  DRESSMAKING.    From  the  French  of 

Mdlle.  E.  Grand'homme.     With  Diagrams.     18mo.     Is. 
♦GRENFELL.— DRESSMAKING.    A  Technical  Manual  for  Teachers.     By  Mrs. 

Henry  Grenfell.     With  Diagrams.     18mo.     Is. 
JEX-BLAKE.— THE  CARE  OP  INFANTS.    A  Manual  for  Mothers  and  Nurses. 

Bv  Sophia  Jex-Blake,  M.D.     18mo.     Is. 
ROSEVEAR.— MANUAL  OF  NEEDLEWORK.    By  E.  Roseveab,  Lecturer  on 

Needlework,  Training  College,  Stockwell.     Cr.  8vo.     6s. 
♦TEGETMEIER.— HOUSEHOLD  MANAGEMENT  AND  COOKERY.    Compiled 

for  the  London  School  Board.     By  W.  B.  Tegetmeier.     18mo.    Is. 
«WRIGHT.-THE  SCHOOL  COOKERY-BOOK.    Compiled  and  Edited  by  C.  E. 

Guthrie  Wright,  Hon.  Sec.  to  the  Edinburgh  School  of  Cookery.    18mo.    Is. 

HYGIENE. 

•BERNERS.— FIRST  LESSONS  ON  HEALTH.    By  J.  Berners.    ISmo.    Is. 

BLYTH.  — A    MANUAL    OP   PUBLIC    HEALTH.       By    A.    Wynter    Blyth, 
M.R.C.S.     8vo.     17s.  net. 
LECTURES  ON  SANITARY  LAW.    By  the  same  Author.    8vo.    [In  the  Press. 

MIERS— CROSSKEY.— THE  SOIL  IN  RELATION  TO  HEALTH.  By  H.  A. 
Miers,  M.A.,  P.G.S.,  F.C.S.,  Assistant  in  the  British  Museum,  and  R.  Cross- 
key,  M.A.,  D.P.H.,  Fellow  of  the  British  Institute  of  Public  Health.  Cr.  8vo. 
3s.  6d. 

REYNOLDS.— A  PRIMER  OP  HYGIENE.  By  E.  S.  Reynolds,  M.D.,  Victoria 
University  Extension  Lecturer  in  Hygiene.     18mo.  [In  preparation. 

WILLOUGHBY.— HANDBOOK  OF  PUBLIC  HEALTH  AND  DEMOGRAPHY. 
By  Dr.  E;  P.  Willoughby.    Fcap.  8vo.  [In  the  Prest. 
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COMMERCE. 

aiACTVm.T.AN'S  ELEMENTARY  COMMERCIAL  CLASS  BOOKS.     Edited  bj 

James  Gow,  Litt.D.,  Headmaster  of  the  High  School,  Xotiingham.  Globe  8vo. 
•THE  HISTORY  OF  COMMERCE  I^•  EUROPE.     By  H.  de  B.  Gibbins,  M.A. 

3s.  6d. 
•COMMERCIAL  ARITHMETIC.     By  S.  Jackso.v,  M.A     3s.  6d. 
ADVANCED  BOOKKEEPIXG.    By  J.  Thornton.  [7n  the  Press. 

COMMERCIAL  GEOGRAPHY.    By  E.  C.  K.  Gonner,  M.A,,  Professor  of  Poli- 
tical Economy  in  University  College,  Liverpool.  [In  preparation, 
•INTRODUCTION    TO    COMMERCIAL    GERMAN.      By  F.   C.  Smith,   B.A., 

formerly  Scholar  of  Magdalene  College,  Cambridge.     3s.  6d. 
COMMERCLAL    FRENCH.      By  James    B.   Patse,    King's    CoUege    School, 

London.  [/n  preparatioji. 

COMMERCIAL  SPANISH.     By  Prof:  Delbos,  Instructor,  H.M.S.  Britannia, 

Dartmouth.  [In  preparation. 

COMMERCIAL  LAW.     By  J.  E.  C.  MtrNRO,  LL.D.,  late  Professor  of  Law  and 

Political  Economy  in  the  Owens  College,  Manchester.  [In  the  Prtss. 

MANUAL  TRAINING. 

BENSON.— ELEMENTARY  HANDICRAFT.     By  W.  A.  S.  Benson.  [In  the  Press 
DEGERDON.— THE  GRAMMAR  OF  WOODWORK.     By  W.  E.  Degekdon,  Head 

Instructor,  Whitechapel  Craft  School.     4to.     23. 
LETHABT.— CAST  IRON  AND  LEAD  WORK.    By  W.  R.  Lkthaby.    Hlustrated. 

Cr-  8vo.  [In  preparation. 

GEOGRAPHY. 

(See  also  PHYSICAL  GEOGRAPHY,  p.  32.) 

BARTHOLOMEW.— •THE  ELEMENTARY  SCHOOL  ATLAS.     By  John  Bar- 
tholomew, F.R.G.S.     4to.     Is. 
•MACMILLAN'S  SCHOOL  ATLAS,   PHYSICAL  AND  POLITICAL.     80  Maps 

and  Index.    By  the  same.     Royal  4to.    8s.  6d.     Half-morocco,  lOs,  6d. 
THE    LIBRARY    REFERENCE  ATLAS  OF  THE    WORLD.     By  the  same. 
84  Maps  and  Index  to  100,000  places.  Half-morocco.  Gilt  edges.  Folio.  £2  :  12  : 6 
net.     Also  in  parts,  5s.  each,  net.     Index,  "s.  6d.  net. 
*CLARKE.— CLASS-BOOK  OF  GEOGRAPHY.     By  C.  B.  Clarke,  F.R.S.     With 

IS  Maps.     Fcap.  8vo.     3s.  ;  sewed,  2s.  6d. 
•GREEN.— A  SHORT  GEOGRAPHY  OP  THE  BRITISH  ISLANDS.     By  John 

Richard  Green,  LL.D.,  and  A.  S.  Green.  With  Maps.  Fcap.  8vo.  3s  6d 
•GROVE.— A  PRIMER  OF  GEOGRAPHY.  By  Sir  George  Grove.  ISmo.  Is 
KTEPERT.— A  MANUAL  OF  ANCIENT  GEOGRAPHY.      By  Dr.  H.  Kiepert. 

Cr.  8vo.     5s. 
MACMILLAN'S  GEOGRAPHICAL  SERIES.— Edited  by  Sir  Archibald  Gkikie, 
F.R.S.,  Director-General  of  the  Geological  Survey  of  the  United  Kingdom. 
•THE  TEACHING  OF  GEOGRAPHY.    A  Practical  Handbook  for  the  Use  of 

Teachers.     By  Sir  Archibald  Geikie,  F.R.S.     Cr.  8vo.     23. 
•MAPS  AND  MAP-DRAWING.     By  W.  A.  Elderton.     ISmo.     Is. 
•GEOGRAPHY  OF  THE  BRITISH  ISLES.    Bv  Sir  A  Geikie,  F.R.S.    18mo.    Is 
•AN  ELEMENTARY  CLASS-BOOK  OF  GENERAL  GEOGRAPHY.    By  H.  P.. 

Mill,  D.So.     Illustrated.     Cr.  8vo.     3a.  6d. 
•GEOGRAPHY  OF  EUROPE.     By  J.  Sime,  M.A.     niustrated.     Gl.  8vo.     3s. 
•ELEMENTARY  GEOGRAPHY  OF  INDIA,  BURMA,  AND  CEYLON.     By  H 

F.  Blanford,  F.G.S.     Gl.  Svo.     2s.  6d. 
GEOGRAPHY  OF  NORTH  AMERICA.   By  Prof.  N.  S.  Shaleb.    [In preparaticyn. 
•ELEMENTARY  GEOGRAPHY  OF  THE  BRITISH  COLONIES.     By  G.  M. 

Dawson,  LL.D.,  and  A.  Sutherland.     Globe  Svo.     33. 
STRACHEY.— LECTURES  ON  GEOGRAPHY.    By  General  Richard  Strachey, 

R.E.     Cr.  Svo.     4s.  6d. 
♦TOZEB.— A  PRIMER  OF  CLASSICAL  GEOGRAPHY.     By  H.  F.  Tozer,  M.A 
18mo.     Is. 
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ARNOLD.— THE  SECOND  PUNIC  WAR.    (See  Antiquities,  p.  12.) 
ARNOLD.— A  HISTORY  OP  THE  EARLY  ROMAN  BMriRE.    (See  p.  12.) 
*BEESLY.— STORIES  FROM  THE  HISTORY  OP  ROME.     (See  p.  12.) 
BRYCE.— THE  HOLY  ROMAN  EMPIRE.      By  James    Brvcb,   M.P.,   D.O.L., 

Cr.  8vo.     73.  Gd.     Library  Edition.     8vo.     14s. 
*BUCKLEY.— A  HISTORY  OF  ENGLAND  FOR  BEGINNERS.     By  Arabella 

B.  Buckley.     With  Maps  and  Tables.    Gl.  8vo.    3s. 
BURY.— A  HISTORY  OP  THE  LATER  ROMAN  EMPIRE  PROM  ARCAD1U8 

TO  IRENE.     (See  Antiquities,  p.  12.) 
CASSEL.— MANUAL  OF  JEWISH  HISTORY  AND  LITERATURE.     By  Dr.  D. 

Cassel.    Translated  by  Mrs.  Henry  Lucas.    Pcap.  Svo.    2s.  6d. 
ENGLISH  STATESMEN,  TWELVE.    Or.  Svo.    2s.  6d.  each. 
William  the  Conqueror.    By  Edwarb  A.  Freeman,  D.O.L.,  LL.D. 
Henry  II.     By  Mrs.  J.  R.  Green. 
Edward  I.    By  Prof.  T.  P.  Tout. 
Henry  VII.    By  James  Gairdner. 
Cardinal  Wolsey.    By  Bishop  Creiqhton. 
Elizabeth.    By  E.  S.  Beesly. 
Oliver  Cromwell.    By  Frederic  Harrison. 
William  IIL    By  H.  D.  Traill. 
Walpolb.    By  John  Morley. 

Chatham.    By  John  Morley.  [In  preparation. 

Pitt.    By  Lord  Rosebery. 
Peel.    By  J.  R.  Thursfield. 
FISKE. — Works  by  John  Fiske,  formerly  Lecturer  on  Philosophy  at  Harvard 
University. 
THE  CRITICAL  PERIOD  IN  AMERICAN  HISTORY,  17S3-1789.     lOa.  6d. 
THE  BEGINNINGS  OF  NEW  ENGLAND.     Cr.  8vo.     7s.  6d. 
THE  AMERICAN  REVOLUTION.     2  vols.     Cr.  8vo.     ISs. 
THE  DISCOVERY  OF  AMERICA.     2  vols.     Cr.  Svo.     ISs. 
FREEMAN.— Works  by  the  late  Edward  A.  Freeman,  D.C.L. 
♦OLD  ENGLISH  HISTORY.     With  Maps.     Ex.  fcap.  Svo.     6s. 
METHODS  OF  HISTORICAL  STUDY.     Svo.     10s.  6d. 
THE  CHIEF  PERIODS  OP  EUROPEAN  HISTORY.     Svo.     10s.  6d. 
HISTORICAL  ESSAYS.    Svo.     First  Series.     10s.  6d.    Second  Series.    10s.  6d. 

Third  Series.     12s.     Fourth  Series.     12s.  6d. 
THE  GROWTH  OP  THE  ENGLISH  CONSTITUTION  PROM  THE  EARLIEST 
TIMES.     5th  Ed.     Cr.  Svo.     5s. 
GREEN. — Works  by  John  Richard  Green,  LL.D. 

*A  SHORT  HISTORY  OP  THE  ENGLISH  PEOPLE.     Cr.  Svo.     Ss.  6d. 
*Also  in  Four  Parts.     With  Analysis.     Crown  Svo.     3s.  each.     Part  I.  607-1265. 
Part  IL   1204-1553.     Part  III.    1540-1689.     Part   IV.    1660-1873.     lUustrated 
Edition.    Svo.    Monthly  parts,  Is.  net.    Part  I.  Oct.  1891.    Vols.  I.  and  IL 

HISTORY  of' THE  ENGLISH  PEOPLE.    In  four  vols.    Svo.    16s.  each. 
Vol.  I.— Early  England,  449-1071 ;  Foreign    Kings,  1071-1214 ;  The  Charter, 

1214-1291 ;  The  Parliament,  1307-1461.     8  Maps. 
Vol.  IL— The  Monarchy,  1461-1540  ;  The  Reformation,  1540-1603. 
Vol.  III.— Puritan  Enylaiid,  1G03-1660  ;  The  Revolution,  1660-1688.     4  Maps. 
Vol.  IV.— Tlie  Revolution,  168S-1760;  Modern  England,  1760-1815. 
THE  MAKING  OP  ENGLAND  (449-829).     With  Maps.     Svo.     16s. 
THE    CONQUEST    OP    ENGLAND    (758-1071).      With    Maps   and    Portrait 

Svo.     18s. 
•ANALYSIS  OF  ENGLISH  HISTORY,  based  on  Green's  "  Short  History  of  the 

English  People."    By  C.  W.  A.  Tait,  M.A.     Crown  Svo.     4s.  6d. 
•READINGS  IN  ENGLISH  HISTORY.    Selected  by  J.  R.  Green.    Three  Parts. 
Gl.  Svo.    Is.  6d.  each.    I.  Hengist  to  Cressy,    II.  Cressy  to  CroinwelL    UL 
Cromwell  to  Balaklava. 
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GUEST.— LECTURES  ON  THE  HISTORY  OP  EN"GLA>T).    By  M.  J.  GcxsT. 

With  Maps.     Ct.  Svo.     63. 
mSTORIGAL  COURSE  FOR  SCHOOLS.— Edited  by  E.  A.  Freemak.     18mo. 
GENERAL  SKETCH  OF  EUROPEAN  HISTORY.    By  E.  A.  Frskmas.    3s.  6d. 
HISTORY  OF  ENGLAND.     By  Edith  Thompson?.     2s.  6d. 
HISTORY  OF  SCOTLAND.     By  Maegabet  Macarthdb.     23. 
HISTORY  OF  FRANCE.     By  Chablotte  M.  Yosgk.     3s.  60. 
HISTORY  OF  GERilANY.     By  J.  Siire,  M.A.     33. 
HISTORY  OF  ITALY.     By  Rev.  W.  Hunt,  M.A.     3s.  6d. 
HISTORY  OF  A3IERICA.     By  John  A.  Doyle.     4s.  6d. 
HISTORY  OF  EUROPEAN  COLONIES.     By  E.  J.  Patxe,  M.A.     4s.  6(1. 
♦HISTORY  PRIMERS.— Edited  by  Johs  Richakd  Geeex,  LL.D.    18mo.    la.  each. 
ROME.     By  Bisliop  CREiGHTOii. 

GREECE.    By  C.  A.  Frm:,  M.A.,  late  Fellow  of  University  College,  Oxford. 
EUROPE.     By  E.  A.  Freemax,  D.C.L. 
FRANCE.     By  Charlotte  M.  Yonge. 

ROMAN  ANTIQUITIES.     By  Prof.  WiLKn.-s,  Utt.D.     Illustiated. 
GREEK  ANTIQUITIES.    By  Rev.  J.  P.  Mahatft,  D.D.    Illustrated. 
GEOGRAPHY.     By  Sir  G.  Grove,  D.C.L.     M.11.3. 
CLASSICAL  GEOGRAPHY.     By  H.  F.  Tozee.'M.A. 
ENGLAND.     By  Arabella  B.  Buckley. 

ANALYSIS  OF  ENGLISH  HISTORY.     By  Prof.  T.  F.  Tout,  M.A. 
INDIAN  HISTORY  :  ASIATIC  AND  EUROPEAN.    By  J.  Talbots  Wheeler. 
HOLE.— A  GENEALOGICAL  STEMMA  OF  THE  KJNGS  OF  ENGLAND  ANT) 

FRANCE.    By  Rev.  C.  Hole.    On  Sheet    Is. 
JENNINGS.— CHRONOLOGICAL  TABLES  OF  ANCIENT  HISTORY.     By  Rev. 

A.  C.  Jeksisgs.     Svo.     53. 
LABBERTON.— NEW  HISTORICAL  ATLAS  AND  GENERAL  HISTORY.     By 

R,  H.  Labberton.    4to.    ISs. 
LETHBRIDGE.— A  SHORT  MANTJAL  OF  THE  HISTORY  OF  INDIA.     With 

an  Account  of  Isdia  as  it  is.    By  Sir  Roper  Lkthbridoe.    Cr.  Svo.    Ss. 
♦MACMELLAN'S  HISTORY  READERS.    Adapted  to  the  New  Code,  1893.    GL  Svo. 
Book  L    9d.    Book  U.    10.1.    Book  HI.    Is.    Book  IV.    Is.  3d-     Book  V. 
Is.  6d.    Book  VI.    Is.  6d.    Book  VIL    Is.  6d. 
MAHAFFY.— GREEK   LIFE   AND   THOUGHT   FROM  THE  AGE  OP  ALEX- 
ANDER TO  THE  ROMAN  CONi^UEST.     {See  Classics,  p.  13.) 
THE  GREEK  WORLD  UNDER  ROMAN  SWAY.     {Set  Classics,  p.  13.) 
PROBLEMS  IN  GREEK  HISTORY.     (See  Classics,  p.  13.) 
MARRIOTT.— THE  MAKERS  OF  MODERN  ITALY :  MAZzrai,  Catocb,  Gari- 

BALDL     By  J.  A.  R.  Marriott,  M.A.     Cr.  Svo.     Is.  6d. 
MICHELET.— A  SUMMARY  OF  MODERN  HISTORY.    By  M.  Michklet.    Trans- 
lated by  M.  C.  M.  SiMPSos.     Gl.  Svo.     4s.  6d. 
KORGATE.— ENGLANT)  UNTJER  THE  ANGEVIN  KINGa     By  Kate  Norgatk. 

Witii  Maps  and  Plans.     2  vols.     Svo.     32s. 
OTTfi.— SCANDINAVIAN  HISTORY.    By  E.  C.  Otte.    With  Maps.    GL  Svo.    63. 
RHOADES.  — HISTORY  OP  THE   UNITED  STATED     1850 -ISSO.      By  J.   F. 

Rhoades.     2  vols.     Svo.     243. 
SHUCKBURGH.— A  SCHOOL  HISTORY  OF  ROME.    (See  p.  13.) 
SEELEY.— THE  EXPANSION  OP  ENGLAND.     By  J.  R.  Seelet,  M.A.,  R^us 
Professor  of  Modem  History  in  the  University  of  Cambridge.    Cr.  Svo.    4s.  6d. 
OUR  COLONIAL  EXPANSION.    Extracts  from  the  above.    Cr.  Svo.    Sewed.  Is. 
SEWELL— YONGE.— EUROPEAN  HISTORY.     Selections  from  the  Best  Author- 
ities.   Edited  by  E.  M.  Sewell  and  C.  M.  Yonoe.    Cr.  Sva     First  Series, 
1003-1154.     63.     Second  Series,  10S3-1228.     68. 
•TATT.- ANALYSIS  OP  ENGLISH  HISTORY.    (See  under  Green,  p.  42.) 
WHEELER.— Works  by  J.  Talbots  Wheeler. 
*A  PRIMER  OF  INDIAN  HISTORY.     ISmo.     Is. 

♦COLLEGE  HISTORY  OF  INDIA.    With  Maps.    Cr.  Svo.    3s. ;  sewed,  2s.  6d. 

A  SHORT   HISTORY  OF  INDIA  AND  OF  THE   FRONTIER  STATES  OP 

AFGHANISTAN,  NEPAUL,  AND  BURMA.    WitOi  Maps.    Or.  Svo.    123. 
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YON0E.— Works  by  Charlotte  M.  Tonge. 

CAMEOS  FROM  ENGLISH  HISTORY.  Ex.  fcap.  8vo.  53.  each.  (1) 
From  Rollo  to  Edward  II.  (2)  The  Wars  in  France.  (3)  The  Wars  of  the 
Roses.  (4)  Reformation  Times.  (5)  England  and  Spain.  (6)  Forty  Years  of 
Stewart  Rule  (1603-1643).     (7)  Rebellion  and  Restoration  (1642-1678). 

THE  VICTORIAN  HALF  CENTURY.    Cr.  8vo.    Is.  6d. ;  sewed,  Is. 

ART. 

•ANDERSON.  — LINEAR  PERSPECTIVE   AND    MODEL    DRAWING.      With 

Questions  and  Exercises.    By  Laurence  Akderson.    Illustrated.    8vo.    2s. 
COLLIER.— A  PRIMER  OF  ART.    By  Hon.  John  Collier.    18mo.     Is. 
COOK.— THE  NATIONAL  GALLERY,   A  POPULAR   HANDBOOK  TO.      By 

E.  T.  Cook,  with  preface  by  Mr.  Ruskin,  and  Selections  from  his  Writings. 

3rd  Ed.     Cr.  8vo.     Half-mor.,  14s.     Large  Paper  Edition.     2  vols.     8vo. 
DELAMOTTE.— A  BEGINNER'S  DRAWING  BOOK.      By  P.   H.   Delamotte, 

F.S.A.    Progressively  arranged.    Cr.  8vo.    3s.  6d. 
ELLIS.— SKETCHING  FROM  NATURE.    A  Handbook.    By  Tristram  J.  Ellis. 

Illustrated  by  H.  Stacy  Marks,  R.A.,  and  the  Author.    Cr.  8vo.    3s.  6d. 
GROVE.— A  DICTIONARY  OF  MUSIC  AND  MUSICIANS.     1450-1889.    Edited 

by  Sir  George  Grove.  4  vols.  Svo.  21s.  each.  INDEX.  7s.  6d. 
HUNT.— TALKS  ABOUT  ART.  By  William  Hunt.  Cr.  Svo.  3s.  6d. 
HUTCHINSON.— SOME  HINTS  ON  LEARNING  TO   DRAW.     Containing  Ex- 

amples  from  Leighton,  Watts,  Poynter,  etc.    By  G.  W.  C.  Hutchinson,  Art 

Master  at  Clifton  College.    Sup.  Roy.  Svo.     8s.  6d. 
LETHABY.— (Se€  under  Manual  Training,  p.  41.) 
MELDOLA.— THE  CHEMISTRY  OF  PHOTOGRAPHY.    By  Raphael  Meldola, 

F.R.S.,  Professor  of  Chemistry  in  theTechnical  College,  Finsbury.  Cr.  Svo.  6s. 
TAYLOR.— A  PRIMER  OP  PIANOFORTE-PLAYING.  By  F.Taylor.  ISmo.  Is. 
TAYLOR.— A    SYSTEM    OP    SIGHT-SINGING    FROM    THE    ESTABLISHED 

MUSICAL  NOTATION  ;  based  on  the  Principle  of  Tonic  Relation.   By  Sedley 

Taylor,  M.A.    Svo.    5s.  net. 
TYRWHITT.— OUR  SKETCHING  CLUB.    Letters  and  Studies  on  Landscape 

Art.    By  Rev.  R.  St.  John  Tyrwhitt.    With  reproductions  of  the  Lessons  and 

Woodcuts  in  Mr.  Ruskiii's  "  Elements  of  Drawing."    Cr.  Svo.    7s.  6d. 
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The  Bible ;  History  of  the  Christian  Church ;  The  Church  of 
England ;  The  Fathers ;  Hymnology. 

THE  BIBLE. 

EUtory  of  the  BibZ«.— THE  ENGLISH  BIBLE  ;   A  Critical  History  of  the  various 
English  Translations.    By  Prof.  John  Badie.    2  vols.    Svo.    288. 
THE  BIBLE  IN  THE  CHURCH.    By  Right  Rev.  B.  F.  Westcoti,  Bishop  of 
Durham.     10th  Ed.     18mo.     4s.  6d. 
BiblicMl  History.— BIBLE  LESSONS.     By  Rev.  E.  A.  Abbott.     Cr.  Svo.     4s.  6d. 
SIDE-LIGHTS  UPON  BIBLE  HISTORY.  By  Mrs.  Sydney  Buxton.  Cr.  Svo.  8s. 
STORIES  FROM  THE  BIBLE.      By  Rev.  A.  J.  Church.      Illustrated.      Cr. 

Svo.     2  parts.     3s.  6d.  each. 
•BIBLE   READINGS   SELECTED   FROM    THE    PENTATEUCH  AND   THE 

BOOK  OF  JOSHUA.    By  Rev.  J.  A.  Cross.    G1.  Svo.    2s.  6d. 
•THE  CHILDREN'S  TREASURY  OF  BIBLE  STORIES.     By  Mrs.  H.  Gaskoin. 
18mo.     Is.   each.      Part    I.    Old   Testament.      Part  II.    New  Testament. 

♦A  CLASS-BOOK  OF  OLD  TESTAMENT  HISTORY.    By  Rev.  G.  P.  Maclear, 

D.D.     18mo.     4s.  6d. 
•A  CLASS-BOOK  OF  NEW  TESTAMENT  HISTORY.     18mo.     5s.  6d. 
•A  SHILLING  BOOK  OF  OLD  TESTAMENT  HISTORY.     ISmo.     Is. 
•A  SHILLING  BOOK  OP  NEW  TESTAMENT  HISTORY.    18mo.    U. 
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•SCRIPTiniE  READINGS  FOR    SCHOOLS  AXD    FAMILIES.       By   C.  M. 

ToNGK.      Globe    8vo.      Is.   6<i.    each ;    also    with  comments,   3s.   6d.   each. 

Genesis  to  Dectebosomt.    Joshva  to  Solomok.     Kixoa  axd  the  Prophets. 

The  Gospel  Times.    Apostolic  Times. 
The   Old   Testament.— TE.^  PATRIARCHS  AST)  LAWGIVERS  OF  THE  OLD 

TESTAME^rr.     By  F.  D.  Macbice.     Ct.  8vo.     3s.  6d. 
THE  PROPHETS  AXD  KINGS  OF  THE  OLD  TESTAMENT.     By  the  same. 

Cr.  Sto.     3s.  6d. 
THE   CANON   OF  THE   OLD   TESTAMENT.     By  Rev.   H.  E.   Rtle,  B.D., 

Hulsean  Professor  of  Divinity  in  the  University  of  Cambridge.     Cr.  8vo.     63. 
THE  EARLY  NARRATIVES  OF  GENESIS.     By  the  same.    Cr.  Svo.    Ss.  net. 
THE    DIVINE   LIBRARY   OF   THE   OLD  TESTAMENT.     By  A.   F.  Kirk- 

PATRicK,  M.A.,  Professor  of  Hebrew  in  the  University  of  Cambridge.    Cr.  Svo 

3s.  net. 
The  Pentateuch.— \'S  HISTORICO-CRITICAL  INQORY  INTO   THE   ORIGIN 

AND  COMPOSITION  OF  THE  PENTATEUCH  AND  BOOK  OF  JOSHUA. 

By  Prof.  A-  Kcesex.     Trans,  by  P.  H.  Wicksteed,  M.A.     Svo.     14s. 
The  Psalms.— TUE  PSALMS  CHRONOLOGICALLY  ARRANGED.      By  Four 

Friexbs.     Cr.  Sto.     6s.  net. 
GOLDEN  TREASURY  PSALTER    Student's  Edition  of  above.    18mo.    3s.  6d. 
THE  PSALMS,  WITH   INTRODUCTION  AND  NOTES.     By  A.  C.  Jexsixgs, 

M.A.,  and  W.  H.  Lowe,  M.A.    2  vols.    Cr.  Svo.    10s.  6d.  each. 
INTRODUCTION  TO  THE  STUDY  ANT)  USE  OF  THE  PSALMS.    By  Rev. 

J.  F.  Thkcpp.     '2nd  Ed.     2  vols.     Svo.     21s. 
/jaicA.— ISAIAH  XL.-LXVI.    With  the  Shorter  Prophecies  allied  to  it    Edited  by 

Matthew  Arnold.     Cr.  Svo.     5s. 
ISAIAH  OF  JERUSALEM.     In  the  Authorised  English  Version,  with  Intro- 
duction and  Notes.     By  the  same.    Cr.  Svo.    4s.  6d. 
A   BIBLE-READING    FOR    SCHOOLS,— THE     GREAT     PROPHECY    OP 

ISRAEL'S    RESTORATION    (Isaiah,    Chapters    xl.-lxvi.)      Arranged    and 

Edited  for  Young  Learners.     By  the  same.     ISmo.     Is. 
COMMENTARY  ON  THE  BOOK  OF  ISAIAH :    CRITICAL,  HISTORICAL, 

AND  PROPHETICAL  ;  with  Translation.     By  T.  R.  Birks.     Svo.     lis.  6d. 
THE    BOOK    OF    ISAIAH  CHRONOLOGICALLY   ARRANGED.     By  T.  K. 

Chetne.     Cr.  Svo.     7s.  6d. 
Zechariah.-TELE  HEBREW  STUDENTS   COMMENTARY  ON  ZECHARIAH, 

HEBREW  AND  LXX.     By  W.  H.  Lowe,  M.A.     Svo.     10s.  6d. 
The  Minor  Prop7i«ts.— DOCTRINE  OF  THE  PROPHETS.     By  Prof.  A.  F.  Kibk- 

PATRICK.     Cr.  Svo.     6s. 
The  New  Testament.— TUE  NEW  TESTAMENT.     Essay  on  the  Right  Estimation 

of  MS.  Evidence  in  the  Test  of  the  New  Testament    By  T.  R.  Birks.     Cr. 

Svo.     3s.  6d. 
THE  MESSAGES  OF  THE  BOOKS.    Discourses  and  Notes  on  the  Books  of 

the  New  Testament.     By  Archd.  Farrar.     Svo.     14s. 
THE  CLASSICAL  ELEMENT  IN  THE  NEW  TESTAMENT.     Considered  as  a 

proof  of  its  Genuineness,  with  an  Appendix  on  the  Oldest  Authorities  used 

in  the  Formation  of  the  Canon.     By  C.  H.  Hoole.    Svo.    10s.  6d. 
ON  A   FRESH  REVISION   OF  THE  ENGLISH  N^EW  TESTAMENT.     With 

an  Appendix  on  the  Last  Petition  of  the  Lord's  Prayer.    By  Bishop  Light- 
foot.     Cr.  Svo.     78.  6d. 
THE   UNITY  OF  THE   NEW  TESTAMENT.      By  F.  D.  Maitrick.      2  TOta. 

Cr.  Svo.     12s. 
A  GENERAL  SURVEY  OF  THE  HISTORY  OF  THE  CANON  OF  THE  NEW 

TESTAMENT   DL*RING   THE    FIRST   FOUR   CENTURIES.      By   Bishop 

Westcott.     Cr.  Svo.     10s.  6d. 
THE   NTIW  TESTAMENT  IN  THE  ORIGINAL  GREEK.     The  Text  revised 

by  Bishop  Westcott,  D.D.,  and  Prof.  F.  J.  A.  Hort,  D.D.     2  vols.    Cr.  Svo. 

10s.  6d.  each.     VoL  I.  Text.     Vol.  II.  Introduction  and  Appendix. 
SCHOOL  EDITION  OP  THE  ABOVE.     18mo,  4s.  6d.;   ISmo,  roan,  58.  6d. ; 

morocco,  gilt  edges,  6s.  6d. 
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The  Gosjirfs.— THE  COMMON  TRADITION  OF  THE  SYNOPTIC  G0SPBL8,  In  the 

Text  of  the  Revised  Version.    By  Rev.  E.  A.  Abbott  and  W.  G.  Rusbbrooke. 

Cr.  8vo.    8s.  6d. 
8YN0PTIC0N:    AN  EXPOSITION  OF  THE  COMMON  MATTER  OF  THE 

SYNOPTIC  GOSPELS.    By  W.  G.  Rushbrookk.     Printed  in  Colours.    In  six 

Parts,  and  Appendix.    4to.    Part  I.  33.  6d.    Parts  II.  and  III.   7s.    Parts  IV. 

V.  and  VI.,  with  Indices,  lOs.  6d.  Appendices,  10s.  6d.   Complete  in  1  vol.   35s. 
"  Indispensable  to  a  Theological  Student."— T/i«  Cambridge  Guide. 
ESSAYS  ON  THE  WORK  ENTITLED  "SUPERNATURAL  RELIGION."    A 

discussion  of  the  authenticity  of  the  Gospels.    By  Bishop  Liohtfoot.    8vo. 

10s.  6d. 
INTRODUCTION  TO  THE  STUDY  OF  THE  FOUR  GOSPELS.     By  Bishop 

Westcott.     Cr.  8vo.     10s.  6d. 
THE  COMPOSITION  OF  THE  FOUR  GOSPELS.    By  Rev.  A.  Wright.    Or. 

8vo.     5s. 
The  Gospel  according  to  St.  Jl/atttew.— ♦THE  GREEK  TEXT    With  Introduction  and 

Notes  by  Rev.  A.  Sloman.     Fcap.  8vo.     2s.  6d. 
CHOICE  NOTES  ON  ST.  MATTHEAV.     Drawn  from  Old  and  New  Sources. 

Cr.  8vo.     4s.  6d.     (St.  Matthew  and  St.  Mark  in  1  vol.     9s.) 
The  Gospel  according  to  St.  Marfc.— •SCHOOL  READINGS  IN  THE  GREEK  TESTA- 
MENT.   Being  the  Outlines  of  the  Life  of  our  Lord  as  given  by  St.  Mark,  with 

additions  from  the  Text  of  the  other  Evangelists.     Edited,  with  Notes  and 

Vocabulary,  by  Rev.  A.  Calvert,  M.A.    Fcap.  8vo.    23.  6d. 
THE    GREEK    TEXT,   with    Introduction    and    Notes.      By  Rev.  J.   O.   F. 

Murray,  M.A.  [In  preparation. 

CHOICE  NOTES  ON  ST.  MARK.    Drawn  from  Old  and  New  Sources.    Cr.  8vo. 

4s.  6d.    (St.  Matthew  and  St.  Mark  in  1  vol.    9s.) 
The  Gospel  according  to  St.  iwfce.— *TnE  GREEK  TEXT,  with  Introduction  and 

Notes.    By  Rev.  J.  Bond,  M.A.     Fcap.  8vo.    2s.  6d. 
CHOICE  NOTES  ON  ST.  LUKE.    Drawn  from  Old  and  New  Sources.    Cr.  8vo. 

4s.  6d. 
THE  GOSPEL  OF  THE  KINGDOM  OF  HEAVEN.    A  Course  of  Lectures  on 

the  Gospel  of  St.  Luke.    By  F.  D.  Maurice.    Cr.  8vo.    3s.  6d. 
The  Gospel  according  to  St.  John.— THE  GOSPEL  OF  ST.  JOHN.     By  F.   D. 

Maurice.    8th  Ed.    Cr.  8vo.    6s. 
CHOICE  NOTES  ON  ST.  JOHN.    Drawn  from   Old  and  New  Sources.    Cr. 

8vo.    4s.  6d. 
The  Acts  of  the  ^pos«es.— 'THE  GREEK  TEXT,  with  Notes  by  T.  B.  Page,  M.A. 

Fcap.  8vo.     33.  6d. 
THE  CHURCH  OF  THE  FIRST  DAYS:   THE  CHURCH  OF  JERUSALEM, 

THE  CHURCH  OF  THE  GENTILES,  THE  CHURCH  OF  THE  WORLD. 

Lectures  on  the  Acts  of  the  Apostles.    By  Very  Rev.  C.  J.  Vaughan.    Cr. 

8vo.  10s.  6d. 
THE  CODEX  BBZAE  OF  THE  ACTS  OF  THE  APOSTLES.  By  Rev.  F.  H. 

Chase.  [  In  the  Press. 

The  Epistles  of  St.  Paul-  THE  EPISTLE  TO  THE  ROMANS.    Tlie  Greek  Text,  with 

English  Notes.     By  the  Very  Rev.  C.  J.  Vaughan.     7th  Ed.     Cr.  Svo.     7s.  Cd. 
THE  EPISTLES  TO  THE  CORINTHIANS.    Greek  Text,  with  Commentary. 

By  Rev.  W.  Kay.     8vo.     9s. 
THE  EPISTLE  TO  THE  GALATIANS.    A  Revised  Text,  with  Introduction, 

Notes,  and  Dissertations.    By  Bishop  Liohtfoot.    10th  Ed.    8vo.    12s. 
THE  EPISTLE  TO  THE  PHILIPPIANS.    A  Revised  Text,  with  Introduction, 

Notes,  and  Dissertations.     Bv  the  same.     Svo.     12s. 
THE  EPISTLE  TO  THE  PHILIPPIANS.     With  Translation,  Paraphrase,  and 

Notes  for  English  Readers.    By  Very  Rev.  C.  J.  Vaughan.    Cr.  Svo.    5s. 
THE  EPISTLE  TO  THE  COLOSSIANS  AND  TO  PHILEMON.      A  Revised 

Text,  with  Introductions,  etc.     By  Bishop  Lightfoot.    9th  Ed.    Svo.    12s. 
THE  EPISTLES  TO  THE  EPHESIANS,  THE  COLOSSIANS,  AND  PHILE- 

MON.     With  Introduction  and  Notes.     By  Rev.  J.  Lu  Davies.     Svo.     7s.  6d. 
THE  FIRST  EPISTLE   TO  THE   THESSALONIANS.     By  Very  Rev.  0.  J. 

Vaughan.     Svo.    Sewed,  Is.  M. 
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THE  EPISTLES  TO  THE  THESSALONIANS.     Commentary  on  the  Greek 

Text.     By  Prof.  John  Eadie.     8vo.     123. 
INTRODUCTORY  LECTURES  OX  THE  EPISTLES  TO  THE  ROMANS  AND 

TO  THE  EPHESIANS.     By  the  late  Prof.  Hort.     Or.  8vo.     [In  preparation. 
The  Epistle  of  St.  James.— TRE  GREEK  TEXT,  wth  Introduction  and  Notes.     By 

Rev.  Joseph  B.  Mayor.     Svo.     1-ls. 
Tlte  Epistits  o/St.  John.— TBE  EPISTLES  OF  ST.  JOHN.     By  E   D.  Maurice. 

Cr.  Svo.     33.  6d. 
THE  GREEK  TEXT,  irith  Notes.    By  Bishop  Westcott.   2nd  Ed.   Svo.    123.  6d. 
The  EpistU  to  the  Hebrews.— GREEK  ANT)  ENGLISH.  Edited  by  Bev.  F.  Bkmsaix. 

Or.  Svo.  Cs. 
ENGLISH  TEXT,  -Hrith  Commentary.     By  the  same.     Or.  Svo.    78.  6d. 
THE  GREEK  TEXT,  with  Notes.     By  Very  Rev.  C.  J.  VAtOHAN.    Cr.   Svo. 

7s.  6d. 
THE  GREEK  TEXT,  with  Notes  and  Essays.     By  Bishop  Westcott.   Svo.   14s, 
£«frfa<ioru— LECTURES  ON  THE  APOCALYPSE.     By  F.  D.  Maurice.     Cr. 

Svo.     3s.  6d. 
THE  REVELATION  OF  ST.  JOHN.     By  Prof.  W.  MiixiGAJf.     Cr.  Svo.     73.  6d. 
LECTURES  ON  THE  APOCALYPSE.     By  the  same.    Cr.  Svo.     53. 
DISCU.SSIONS  ON  THE  APOCALYPSE.     Bv  the  same.     Crown  Svo.     6s. 
LECTURES  ON   THE   REVELATION  OF  ST.  JOHN.     By  Very  Rev.  C.  J. 

Vacghajj.     5th  Ed.    Cr.  Svo.    lOs.  6d. 

WRIGHT.— THE  BIBLE  WORD-BOOK.    By  W.  Aldis  Wright.    Cr.  Svo.    7s.  6d. 

HISTORY  OP  THE  CHRISTIAN  CHURCH. 

CUNNINGHAM.— THE  GROWTH  OF  THE  CHURCH  IN  ITS  ORGANISATION 

AND  INSTITUTIONS.     By  Rev.  Jobs  Ccsxikgham.     Svo.     Qs. 
CUNNINGHAM.- THE  CHURCHES  OF  ASIA  :  A  METHODICAL  SKETCH  OF 

THE  SECOND  CENTURY'.     By  Rev.  William  CrsxiUGHAir.     Cr.  Svo      Cs 
DALE.— THE  SYNOD  OF  ELVIRA,  AND  CHRISTIAN  LIFE  IN  THE  FOURTH 

CENTURY.     By  A.  W.  W.  Dale.     Cr.  Svo.     lOs.  Cd. 
HARDWICK.— Works  bv  Archdeacon  Hardwick. 
A  HISTORY  OF  THE  CHRISTIAN  CHURCH:   MIDDLE  AGE.     Edited  by 

Bishop  Stubbs.     Cr.  Svo.     10s.  6d. 
A  HISTORY  OF  THE  CHRISTLA.N  CHURCH  DURING  THE  REFORMATION. 
9th  Ed.,  revised  by  Bishop  Stubbs.     Cr.  Svo.     10s.  6d. 
HOET.— TWO  DISSERTATIONS.     1.  ON  MOXOrENH2  eE02  IN  SCRIPTURB 
AND  TRADITION.      IL  ON   THE    "  CONSTANTINOPOLITAN "  CREED 
AND  OTHER  CREEDS  OF  THE  FOURTH  CENTURY.    By  the  late  Prof. 
HoRT.    Svo.     7s.  6d. 
LECTURES  ON  JUDAISTIC  CHRISTIANTTY.    By  the  same.    Cr.  Svo. 

[In  the  Press. 
LECTURES  ON  EARLY  CHURCH  HISTORY.    By  the  same.     Cr.  Svo. 

[In  the  Press. 
KILLEN.— ECCLESIASTICAL  HISTORY  OF  IRELAND,  from  the  earliest  date 

to  tlie  pre.sent  time.     By  W.  D.  Killes.     2  vols.     Svo.     253. 
SIMPSON.— AN  EPITOME  OF  THE  HISTORY  OF  THE  CHRISTLAN*  CHURCH 

Bv  Rev.  W.  Simpson.     7th  Ed.     Fcap.  Svo.     3s.  6d. 
VAUGHAN.— THE   CHURCH   OF   THE    FIRST    DAYS:    THE   CHURCH   OF 
JERUSALEM,  THE  CHURCH  OF  THE  GENTILES,  THE   CHURCH   OF 
THE  WORLD.     By  Very  Rev.  C.  J.  Valghax.     Cr.  Svo.     10s.  6d. 

THE  CHURCH  OF  ENGLAND. 

BENHAM.— A  COMPANION  TO  THE  LECTIONARY.  By  Rev.  W.  Ben-ham. 
B.  D.     Cr.  Svo.     4s.  6d.  ^^ 

COLENSO.— THE  COMMUTSTON  SERVICE  FROM  THE  BOOK  OF  COMMON 
PRAYER.  With  Select  Readings  from  the  Writings  of  the  Rev.  F.  D 
Maurice.    Edited  by  Bishop  Colenso.     6th  Ed.     16mo.    Ss,  6d. 
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MAOLEAR.— Works  by  Rev.  G.  F.  Maclear,  D.D. 
*A  CLASS-BOOK  OF  THE  CATECHISM  OF  THE  CHURCH  OF  ENGLAND. 

18mo.    18.  6d. 
♦A  FIRST  CLASS-BOOK.  OF  THE   CATECHISM   OP  THE  CHURCH  OF 

ENGLAND.     ISmo.     6d. 
THE  ORDER  OF  CONFIRMATION.    With  Prayers  and  Devotions.  32mo.   6d. 
FIRST  COMMUNION.    With  Prayers  and  Devotions  for  the  newly  Confirmed. 

32mo.    6d. 
*A  MANUAL  OF  INSTRUCTION  FOR  CONFIRMATION  AND  FIRST  COM- 
MUNION.    With  Prayers  and  Devotions.     32mo.     2s. 
*AN  INTRODUCTION  TO  THE  CREEDS.     18mo.     33.  6d. 
AN  INTRODUCTION  TO  THE  THIRTY-NINE  ARTICLES.  [In  (he  Press. 

PROCTER.— A  HISTORY  OF  THE  BOOK  OF  COMMON  PRAYER.     By  Rev.  P. 

Procter.    18th  Ed.    Cr.  8vo.    10s.  6d. 
*PROCTER  — MACLEAR.— AN   ELEMENTARY    INTRODUCTION    TO    THE 

BOOK  OF  COMMON    PRAYER.      By  Rev.  F.  Procter  and  Rev.  G.  F. 

Maclear,  D.D.     18mo.     2s.  6d. 
VAUGHAN.— TWELVE    DISCOURSES   ON    SUB.TBCT8   CONNECTED   WITH 

THE  LITURGY  AND  WORSHIP  OF  THE  CHURCH  OF  ENGLAND.     By 

Very  Rev.  C.  J.  Vadohan.     Fcap.  8vo.    6s. 
NOTES    FOR  LECTURES   ON    CONFIRMATION.    With   suitable  Prayers. 

By  the  same.    18mo.    Is.  6d. 

THE  FATHERS. 

CUNNINGHAM.— THE  EPISTLE  OF  ST.  BARNABAS.  A  Dissertation,  in- 
cluding a  Discussion  of  its  Date  and  Authorship.  Together  with  the  Greek 
Text,  the  Latin  Version,  and  a  new  English  Translation  and  Commentary.  By 
Rev.  W.  Cunningham.    Cr.  8vo.    7s.  6d. 

DONALDSON.— THE  APOSTOLICAL  FATHERS.  A  Critical  Account  of  their 
Genuine  Writings,  and  of  their  Doctrines.  By  Prof.  James  Donaldson.  2nd 
Ed.     Cr.  8vo.     7s.  6d. 

GWATKIN.— SELECTIONS  FROM  THE  EARLY  CHRISTIAN  WRITERS.     By 

Rev.  Prof.  GwATKiN.     6vo.  [In  the  Press. 

EARLY  HISTORY  OF  THE  CHRISTIAN  CHURCH.    By  the  same.    [In  prep. 

LIGHTFOOT.— THE  APOSTOLIC  FATHERS.  Part  I.  St.  Clement  of  Rome. 
Revised  Texts,  with  Introductions,  Notes,  Dissertations,  and  Translations. 
By  Bishop  Lightfoot.  2  vols.  8vo.  32s. 
THE  APOSTOLIC  FATHERS.  Part  II.  St.  Ignatius  to  St.  Polycarp. 
Revised  Texts,  with  Introductions,  Notes,  Dissertations,  and  Translations. 
By  the  same.  3  vols.  2nd  Ed.  Demy  8vo.  48s. 
THE  APOSTOLIC  FATHERS.  Abridged  Edition.  With  short  Introductions, 
Greek  Text,  and  English  Translation.    By  the  same.    8vo.    163. 

HYMNOLOGY. 

PALGRAVE.— ORIGINAL  HYMNS.    By  Prof.  F.  T.  Palorave.    18mo.    Is.  6d. 

SELBORNE.  —  THE    BOOK  OF    PRAISE.      By  Earl  of   Selborne.      18mo. 

2s.  6d.  net. 

A  HYMNAL.     A.  32mo.     6d.     B.   ISmo,    larger  type.     Is.     C.   Fine   Paper. 

Is.  6d.    Edited,  with  Music,  by  John  Hullah.    18mo.    8s.  6d. 

WOODS.— HYMNS  FOR  SCHOOL  WORSHIP.   By  M.  A.  Woods.    18mo.    Is.  6d. 
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